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Abstract

A graph G with p vertices and g edges is called a harmonic mean graph if it is possible to label the vertices x€V with distinct

. ! : 2f(Wf ) 2f(W)f @)
+ = =
labels f(x) from {1,2,.....q+1} in such a way that each edge e = uv is labeled with f(uv) [ s (V)l (or) l Fir )J then the

edge labels are distinct. In this case f is called Harmonic mean labeling of G. In this paper we prove that some families of graphs
such as H- super subdivision of Y-Tree HSS(Y,,41), HSS(Y,,41) © K;, HSS(Y,41) @K, HSS(Y,,.1) © K, are harmonic

mean graphs.
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Introduction
Let G=(V,E) be a (p,q) graph with p = |[V(G)| vertices and q =|E(G)| edges, where V(G) and E(G) respectively

denote the vertex set and edge set of the graph G. In this paper, we consider the graphs which are simple, finite and
undirected. For graph theoretic terminology and notations we refer to Harary [4]

The concept of graph labeling was introduced by Rosa in 1967. A detailed survey of graph labeling is available
in Gallian[3].The concept of Harmonic mean labeling of graph was introduced by S.Somasundaram, R.Ponraj and

S.S.Sandhya and they investigated the existence of harmonic mean labeling of several family of graphs .The concept
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was further studied by several authors. We have proved Harmonic mean labeling of subdivision graphs such as
P,OK,, P,OK,, H-graph, crown, C,OK;,C,OK,, quadrilateral snake, Triangular snake and also proved Harmonic
mean labeling of some graphs such as Triple triangular snake T(T,), Alternate Triple triangular snake A[T(T, )] Triple
guadrilateral snake T(Qn), Alternate Triple quadrilateral snake A[T(Qn)], Twig graph T(n), balloon triangular snake T, (C,,), key
graph Ky(m,n),zig-zag triangle Z(T,)), Z (T,,)) © K;, Z( T,,))OK, , Z( T,) © K,, alternate zig-zag triangle A Z (T,,), spiked
snake graph SS(4,n) and harmonic mean labeling of h-super subdivision of path ,cycle graphs . The following definitions

are useful for the present investigation.

Definition: 1.1 [8]
A Graph G = (V, E) with p vertices and g edges is called a Harmonic mean graph if it is possible to label the

vertices v €V with distinct labels f(v) from {1,2,...,q+1} in such a way that when each edge ¢ = uv is labeled with f(uv)

_ [Zf(u)f(v)] (o) lZf(u)f(v)
F+f ) f)+f(v)

of G.

Definition: 1.2 [2]

Let G be a (p,q) graph. A graph obtained from G by replacing each edge e; by a H-graph in such a way that the
ends e; are merged with a pendent vertex in P, and a pendent vertex P,’ is called H-Super Subdivision of G and it is
denoted by HSS(G) where the H-graph is a tree on 6 vertices in which exactly two vertices of degree 3.

Definition: 1.2 [2]

J then the resulting edge labels are distinct. In this case f is called Harmonic mean labeling

A Y-tree Y,,.; (n=2) is a graph obtained from the path B, by appending an edge to a vertex of a path P, adjacent
to an end vertex.

Definition: 1.2 [2]

Let Y,41 beaY-tree (n>2) with n+2 vertices and n+1 edges. Let the vertices of Y, be vy,v,, vs,.... v, 41,U.

The HSS(Y,,,1) is constructed from Y,, ., by replacing each edge by the H-graph. The vertex and edge sets of HSS(Y,,;1)
are as follows

V(HSS(Yn41)) ={{ u,v,u®, v,u® uv, @, uv, @, v, 41}

U{v; U vi40y® U 0640y @ U (41 P U v @ /1 < i < nj}and
E (HSS(Y+1)) = E1 U E, where
E, ={v, v,u® v, u® v, u® v, u® ur,®, ur,® ur,®, uvy,Ou },

&) @)

E, ={v; Ui(i+1)(1)v vi(i+1)(1) ”Vi(i+1)(2)7 vi(i+1)(1) v(i+1)i(1)’ Va+1)i " V(i+1)i
V(s Vipr /1S i< nb

Then HSS(Y,,1) has 5n+6 vertices and 5n+5 edges.
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In this paper we prove that H- super subdivision of HSS(Y;,4), HSS(Y,,+1) O K3,

HSS(Y,,11) OK,, HSS(Y,,11) © K, are harmonic mean graph

Theorem:2.1

The structure of H- super subdivision of Y-tree HSS(Y,,) is a harmonic mean graphs

Proof:

Let HSS(Y,,,,) be the H- super subdivision of a Y-tree Y,,.; which has 5n+6 vertices and

5n+5 edges. The vertex set

11. Harmonic mean labeling of graphs

] L

V(G) = {{ u, ur,®, ur, @, v, u® v, u® v, . Ju{v; Ux; Ur; Us; Uy} /1< i<n}} and the edge set.

EG) = {{ v, v, u®, v,u® v, u®, v, u® ur,®, uur,®, ur,® vy, @} U { v;x;,

ViVit1 / 1< |Sn }}

Then the resultant graph is harmonic mean labeling of structure of H- super subdivision of

Y-tree graph.

Define a function f: V(G) - {1,2,...,q + 1} by

f)
f(x)
fo
f(@ro)
f(si)
fw
fuv,™)
fuv,®)

5i- 4
5i- 3
5i
5i- 2
5i-1
o5n+2
5n+3
on+4

for
for
for

for

XiTi, XiYis SiVis
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f(wpu®)

f(r,u®) = 5n+6

on+d

Then the resulting edge labels are distinct.

f(vixi) = 5i-4 for 1<i<n
f(xiri) = 5i-3 for 1<i<n
f(xiyi) = 5i-2 for 1<i<n
f(siyi) = 5i-1 for 1<i<n
f(yivier) = 5i

f (v, v,u®) = 5n

f(u uv, ) = 5n+2

fr,Yuv,®) = 5n+3

fur, Y v, u®) = 5n+4

f,u® v,u®) = 5n+5
Thus f provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph.

Example:2.1.1

A harmonic mean labeling of graph G obtained by structure of H- super subdivision of

Y-tree HSS (Y,,,) are shown in fig 2.1.1

fig 2.1.1

Theorem:2.2

The structure of H- super subdivision of Y-tree HSS(Y,,;) © K; is a harmonic mean graph.
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Proof:
Let HSS(Y,,,1) be the H- super subdivision of a Y-tree Y,,; which has 5n+6 vertices and
5n+5 edges and every vertex attached by K; graph. Then the resultant graph is HSS(Y;,;1) © K,
graph whose vertex set
VE) = oz @ @ wez®owe® @ e @ 6@ 00 LY
Unt1, Wna1s Sner YU {wg, v Wi, si, 1 by, X, i 1 1< isn }
U {p;,q;/1<i<n-1}}
And the edge set

EG) = {{ z w,®, z k,V, 2w, Dk, P zw,Dzw,® zw,® k@ 2w, Ow z@ W O
ln(l)v wyzMw, 23, WnZ(Z)ln(z), wnzPBwy, 3 U {villigg, Viwg, Ui Wigr, WiSi, Uity
tiliprs TiXp tYi [ 1SS0 FU D, qivigs / 1 < 1< n-130{ wyvy, Un+1Vn+1, Un+1Wn1,

Wnt1Sn+1 11

Then the resultant graph is harmonic mean labeling of structure of H- super subdivision of HSS(Y,,,;) © K; Y-tree

graph.

Define a function f: V(G) - {1,2,...,q + 1} by
f(u) =
Fw) = 10i- 11 for 2<i<n+l
f@) = 10i- 6 for 1<i<n
f(ney) = 10n+12
fwy) =3
fwy) = 10i- 8 for 2<i<n
fWnyq) = 100
f () = 10i for 1<i<n-1
f(a) = 10i+3 for 1<i<n-1
f(s1) = 2
f(sp) = 10i-9 for 2€i<n+l
f@) = 10i-5 for 1<i<n
F(t) = 10i-2 for 1<i<n
Fx) = 10i-4 for 1<i<n
f) = 10i-3 for 1<i<n
f(2) = 10n+3

flzw,®) = 10n+5
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f(zw,®) = 10n+7

fk,™) = 10n+2
fk,®) = 10n+4
fk,®) = 10n+6

fw,z®) = 10n+9
f(w,z®) = 10n+11
f@,") = 10n+8
f@,%*) = 10n+10

Then the resulting edge labels are distinct.

f(uyvy) = 1

f(viul-ﬂ) = 10i-4 for 1<i<n
f(Uns1Vns1) = 10n+5

f(vywy) = 3

f(vw)) = 10i-8 for 2<i<n
f(ww;) = 10i-10 for 2<i<n
f (Un+1Wnt1) = 10n-1

f(pivis1) = 10i-1 for 1<i<n-1
f(qivis1) = 10i+3 for 1<i<n-1
f(s1wq) =2

f(siw;) = 10i-9 for 2<i<n+l
f(riv) = 10i-6 for 1<i<n
f(tivis) = 10i-2 for 1<i<n
f(rl-xi) = 10i-5 for 1<i<n
f(tiy:) = 10i-3 for 1<i<n
f(zk, ™) = 10n+2

f(z zw, V) = 10n+3

flzw, D k,®) = 10n+4
f(zw,® zw, @) = 10n+6
f(zw, @ k,®) = 10n+7
f(zw, ™ w,z?) = 10n+8

f(wpz® 1,) = 10n+9
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f(WnZ(l) an(z))

10n+10

fwnz® 1,®) 10n+11

Thus f provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph.

Example:2.2.1

A harmonic mean labeling of graph G obtained by structure of H- super subdivision of

Y-tree HSS(Y;,1) © K; are shown in fig 2.2.1
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fig2.2.1
Theorem:2.3

The structure of H- super subdivision of Y-tree HSS(Y,,,,) ©OK, is a harmonic mean graph.
Proof:

Let HSS(Y,,,1) be the H- super subdivision of a Y-tree Y,,; which has 5n+6 vertices and
5n+5 edges and every vertex attached by K, graph. Then the resultant graph is HSS(Y,.,,) OK,
graph whose vertex set

V@) ={{u,vixi, ¥ 2u00 90 7o St ep di fiu ki L/ 1< i <nj}u
{Zn+11sn+1’rn+11W1W Zn(l)' w Zn(z)f ZnW(l): ZnW(Z)’

92D, 92, 92, g2 ®, 92, g0 @, P, 1, P, 1, 0, @3
And the edge set

E(G)={{w gn(l),Wgn(z), W Zn(l) gn(3) W Zn(l) gn(4) W Zn(Z) gn(S), W Zn(Z) gn(6),
wwz, D wz,Dwz, @ wz,® z,w? znw(l)hn(l), an(l)hn(z), znw(z)hn(?’),
2 w@h, @ 2 w® 2 w® 2 w® 7 Yu{ wx;, vixg, Vi Zixs,
YiZiv1, ZiTi, ZiSi, Xity, Yie, tidp, Gifis ek, eli/ 1 < 1<} U{ynznq,

Zn+1Sn+1, Zn+1rn+1}-
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Then the resultant graph is harmonic mean labeling of structure of H- super subdivision of HSS(Y, ) OK, Y-tree

graph.

Define a functionf: V(G) - {1,2,...,q + 1} by
f(x) = 15i-9 for 1<i<n
f) = 15i-1 for 1<i<n
f(u) =1
f(w) = 15i-11 for 2<i<n
f(vy) = 15i- 10 for 1<i<n
f®) = 15i- 2 for 1<i<n
JACD) = 15i for 1<i<n
f(z1) = 4
£(z) = 15i- 14 for 2<i<n-1
f(zney) = 15n+3
F@r) = 15i- 13 for 1<i<n+l
f(si) = 15i-12 for 1<i<n-1
f(sn+1) = 150+l
f(t) = 15i-8 for 1<i<n
f(e) = 15i-4 for 1<i<n
£(d) = 15i-7 for 1<i<n
£(F) = 15i-6 for 1<i<n
f(k) = 15i-5 for 1<i<n
£ = 15i-3 for 1<i<n
Fw) = 15n+5
f(g."?) = 15n+6
f(g®) = 15n+4
f(g.®) = 15n+9
f(gn®) = 15n+7
f(g:,®) = 15n+12
f(g2®) = 15n+10

fwz,M) = 15n+8
f(wz,®) = 15n+11

f(z,w®) = 15n+14
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f(z,w®) = 15n+17
f(h,™) = 15n+13
f(h,Y) = 15n+15
f(h,®) = 15n+16
f(h,") = 15n+18

Then the resulting edge labels are distinct.

f(xiy) = 15i-6 for 1<i<n

f(x12;) = 4

f(xiz) = 15i-12 for 2<i<n

f(yizis1) = 15i for 1<i<n

f(Ynzns1) = 15n+1

f(xquy) =1

f(xiw) = 15i-11 for 2<i<n

f(xivy) = 15i-10 for 1<i<n

f(vipi) = 15i-2 for 1<i<n-1
f (yapn) = 15n-1

f(viq:) = 15i-1 for 1<i<n-1
f(ynPn) = 15n

f(zy11) = 2

f(zir:) = 15i-14 for 2<i<n

f(Zn+17n+1) = 15n+3

f(z151) =3

f(zs;) = 15i-13 for 2<i<n

f(xit) = 15i-9 for 1<i<n

f(yiei) = 15i-3 for 1<i<n

f(t:d;) = 15i-8 for 1<i<n
f(t:f) = 15i-7 for 1<i<n
f(eik;) = 15i-5 for 1<i<n
f(el;) = 15i-4 for 1<i<n
f(z, zow®) = 15n-2

fw g,™") = 15n+5
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fw g,®) = 15n+4
f(wwz, ™) = 15n+6
fwz,Vg,®) = 15n+8
fwz,Vg,®) = 15n+7
fwz,Vwz,@)= 15n+9
fwz,®g,®) = 15n+11
fwz,?g,®) = 15n+10
f(wz, Vz,w®) = 15n+12
f(zaw®h, ) = 15n+13
f(zaw®h,®) = 15n+14
f(zaw®@h,®) = 15n+16
f(zaw@h,®) = 15n+17
f(z,wPz,w®)= 15n+15
Thus f provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph

Example:2.3.1

A harmonic mean labeling of graph G obtained by structure of H- super subdivision of

Y-tree HSS(Y,,,) OK, are shown in fig 2.3.1

7@ =70

fig2.3.1

Theorem:2.4

The structure of H- super subdivision of Y-tree HSS(Y,,,1) © K; is a harmonic mean graph.
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Proof:
Let HSS(Y,,,1) be the H- super subdivision of a Y-tree Y,,; which has 5n+6 vertices and
5n+5 edges and every vertex attached by K, graph. Then the resultant graph is HSS(Y,,;1) O K,
graph whose vertex set
V(G) ={{ uy,vi, i, yi, Zi 0i Qi T S tin e i fi ki i / 1 < 1 < n JJU{py, q; 1 1< i <m -1}
U {Zns1:Sns1 e W W Zn(l)' w Zn(z): ZnW(l): ZnW(z);
9D, 9,@, 9. @ g.@ g ® g ©p O p @ p G p @Y
And the edge set
E@) ={{ wg. P wgn®, g, Vg P ww 2,0 w2, g, wz,® g, g, g, @,
w2, wz, O wz,® g ® Wz ® g ©® g ® g © @,y
2wOn, D 2z W@ p @ p Op @ @ W@ 7 2 w®,
zow® B Zw® R ® P A MY U owx, ww, v, zix,
YiZi+1, ZiTis ZiSi, ViSi, Xity, Yiei, tidi, di fi, ek, egly kil; /1< i<n} U

{ ¥Zn+1) Zns1Sn+1s Zne1Tner b

Then the resultant graph is harmonic mean labeling of structure of H- super subdivision of HSS(Y,,,,) © K, Y-tree

graph.

Define a function f: V(G) - {1,2,...,q + 1} by
f(x1) = 8
F(x) = 20i- 13 for 2<i<n
f) = 20i-1 for 1I<i<n
f(z1) =3
£(z) = 20i- 19 for 2<i<n
f(Zn+1) = 20n+3
F(w) = 20i- 15 for 1<i<n
f(v1) =7
f(v) = 20i- 14 for 2<i<n
() = 20i-3 for 1I<i<n-1
f(pn) = 20n-4
f(q) = 20i-2 for 1I<i<n-1
f(qn) = 20n+1
f(r1) =1
£(r) = 20i- 18 for 2<i<n
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f(s1) =2

f(sp) = 20i- 17 for 2<i<n
f(sn+1) = 20n+4

f(t) = 20i-11 for 1<i<n
f(e) = 20i-5 for 1<i<n
f(d,) = 20i- 10 for 1<i<n
f(f) = 20i-9 for 1<i<n
f(k) = 20i-8 for 1<i<n
f) = 20i-6 for 1<i<n
f(w) = 20n+6

f(gn™) = 20n+7

f(g.®) = 20n+5

f(g.®) = 20n+11

f(g.®) = 20n+9

f(g.®) = 20n+15

f(g.®) = 20n+13

f(wz,™) = 20n+10
f(wz,®) = 20n+14
f(zyw®) = 20n+18
f(zuw@®) = 20n+22

f(r, ) = 20n+17
f(h,?) = 20n+19
f(h,®) = 20n+21
f(h,™) = 20n+23

Then the resulting edge labels are distinct.

f(xiy:) = 20i-8 for 1<i<n
f(xiz) = 20i-16 for 1<i<n
f(yizis1) = 20i for 1<i<n
f(Ynzns1) = 20n+1

f(xw;) = 20i-14 for 1<i<n
f(xiv;) = 20i-13 for 1<i<n
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f(wv;) = 20i- 15 for 1<i<n
f(yip:) = 20i-2 for 1<i<n-1
f (yapn) = 20n-3

f(viq) = 20i-1 for 1<i<n-1
f(Yndn) = 20n

f(piq) = 20i-3 for 1<i<n-1
f(Pntin) = 20n-1

f(zry) = 20i-19 for 1<i<n
f(Zn+1Tn+1) = 20n +2

f(z151) =3

f(zs:) = 20i-18 for 2<i<n
f(Zn+15n41) = 20n +4

f(r1s1) = 2

f(ris;) = 20i-17 for 2<i<n
f(xit) = 20i-12 for 1<i<n
f(yie;) = 20i-4 for 1<i<n
f(t:d;) = 20i-11 for 1<i<n
f(tif) = 20i- 10 for 1<i<n
f(dif) = 20i-9 for 1<i<n
f(eik;) = 20i - 6 for 1<i<n
f(ely) = 20i-5 for 1<i<n
f(kily) = 20i-7 for 1<i<n
fw g, ™) = 20n+7

fw g,®) = 20n+5

f(gn™ gn®) = 20n+6

fwwz,™) = 20n+8

fwz,Mg,®) = 20n+9

f(9n®gn®) = 20n+10

fwz,?g,©®) = 20n+13
f(wz,Pwz,®) = 20n+12
f(9.99,) = 20n+14
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f(wz,?g,®) = 20n+15 f(zaw®n,®) =
20n+17

f(ha®Ph,®) = 20n+18

f(zaw®n,®) = 20n+21

f(h,¥n,®) = 20n+22

f(zw®@z,w®) = 20n+20
f(zaw®h,®) = 20n+21
f(ha®z,w®) = 20n+23
f(z,w®z,) = 20n

Thus f provides a harmonic mean labeling of graph G.

Hence G is a harmonic mean graph

Example:2.4.1

A harmonic mean labeling of graph G obtained by structure of H- super subdivision of

Y-tree HSS(Y,,;1) © K, are shown in fig 2.4.1

93

a7
’ 98 g4 ‘

99

g9
101 102 90 ‘

103

O v A NS4

95

17 138 25 26 46 57
3 ' ' ' ' ' ' 31
b 8 19 27 79 ‘
7 76
TS 15 I 29 35 |4E| 55 09 75
10 11 12 14 30 31 32 34 S0 5]-. 52 54 70 71 72 74
fig 2.4.1
Conclusion:

We have presented a few new results on Harmonic mean labeling of certain classes of graphs like the that H-
super subdivision of HSS(Y,,44), HSS(Y;,11) © Ky, HSS(Y,,4+1) OK,, HSS(Y,,4,) © K,. Analogous work can be carried
out for other families and in the context of different types of graph labeling techniques.
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