www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 March 2018 | ISSN: 2320-2882

CERTAIN CLASSES OF UNIVALENT ANALYTIC
FUNCTIONS WITH SOME FIXED INITIAL
COEFFICIENTS

@ K.V.Sitavani, @ V. Srinivas
(™ Research Scholar, @ Professor
M Mathematics Department, Jawaharlal Nehru Technological University, Kakinada, India.
@ Mathematics Department, Dr. B. R. Ambedkar Open University, Hyderabad, India.

Abstract: In this paper, we find a subclass of univalent analytic functions by fixing second, third, fourth Taylor coefficients. We
investigate coefficient bounds, starlikeness, convexity, growth, distortion theorems, and extreme points for this class.

Index Terms: Univalent functions

Introduction
Let S be the class of all functions of the form f(z) = z + >, a,z"
which are analytic and univalentin U = {z € C:|z| < 1}.
Let T be the subclass [4] of S of all functions of the form
f@) =z—-En,an2" 0, 20 D
forz e U.

A function f(z) € T, is said to be starlike[1] of order a if

zf! (z)
Re(ﬁ)Za, 0<ax<l1

A function f(z) € T, is said to be convex [1] of order « if

zf''(z)
f'(z)

R41+ )2%0Sa<1

Silverman [2] proved that if f(z) given by (1) isin T and a, > 0 then a sufficient condition for f(z) to be in T is given by
Yn=3n(n — Da, < 2a, )

Now we introduce a subclass [3] T(b, d, B,)) of T by fixing a,, a; and a, by imposing a generalized form of the condition (2) as
follows:

T(b,d,B,) ={f €T:f(2) =z—bz> —dz* — L sanz"} ¥i_4Bnanss < (2b —dBs) @)

0<d<=

where 0<b < ,
24

B, =2n(n+1).

NN

Section 1
In section 1, we find a coefficient characterization for T'(b, d, B,,), a sufficient condition for starlkeness and a condition for functions
in this class to be convex of order a.
First we find a necessary condition for functions in T(b, d, B,) in terms of Taylor coefficients.

Theorem1l: For0 <b < i,O <d< i,z € U, a function
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f(z) = z—bz? — dz* — ¥¥_.a,z" € T(b,d,B,) if and only if
Youn(n+ 1ay,, <2b—12d.
Proof: Let f(z) = z — bz? — dz* — '%_. a,z" be function defined in the class T(b,d, B,)
we have Yo ,B,apy; <2b—dB;
Yooan(n+1)a,,; <2b—12d

since B, =n(n+1)

2b-12d
< >
Hence a,,; < nrD) n=4
2b-12d
= 5.
or aps T n=5

This completes the proof.
conversely,

Tean(n+1)ag,, <2b—12d,0<b<;,0<d<—.

Ymeoha, =2b+4d+ Y sa,z" <2b+4d+ Yol itz,:?;i z' =

~ f € Tand hence f € T(b,d, B,).

Also, Y2 ,B,a,,; < n(n+ 1) 222 = 2b — 12d.

n(n+1)

This completes the proof.

In the following result we find sufficient condition for starlikeness of the class T(b, d, B,,).

Theorem 2: A function f € T(b,d,B,),0<b < »

E R

Z(n—a)lanl <(l-0)—(2-ob- @<
n=>5

I (1-a)—(2-a)b—(4—a)d N

Equality occurs for (z) = z — bz?> — dz* — , zZ€U.

Proof: Let f € T(b,d,B,) issaid to be starlike of order a if and only if

Re (){(())) >, 0<a<1 forz€ U. This is obtained by

L_1l<1-azeu
f
For ze U,and f(z) = z—bz* — dz* — ¥*_sa,z" we have
f'(z) =1—2bz—4dz> — ¥ sna,z""! (4)
. zf’
these gives |7 - 1|

z —2bz? — 4dz* — ¥7_sna,z"
z—bz? —dz* = Y sa,z"

0<d< L is said to be starlike of order o for some 0 <ax<l1if
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z—2bz’ —4dz* — Y7 sna 2" — z + bz® + dz* + Y sa,7"

z—bz? —dz* - ¥ sa,z"

_ —bz? — 3dz* — 3% (n — Da,z"
z—bz? —dz* - Y sa,7"

br + 3dr® + ¥ s(n — Da,r!
l—br—dr® - Y sa,"!

<b+3d+2f=5(n— Da,
S TT-b-d-3i.a

Now the right hand side expression in above inequality is at the most 1 — a. if

b+d+§}n—n%3(y—@a—b—d—§}@
n=5 n=>5

This is the given condition. Hence completes the proof.

In the next result, we find a sufficient condition for convexity for the function in the classT(b, d, B,,).

0<d<->

Theorem 3: A function f € T(b,d,B,),0 <b < j—‘ =

is convex of order a if

0

> (o = a)lay) < (1 = 0) =22 = b~ 44 ~)d

n=35
0<a<land z€eU.

(1-a)—2Q-aw)b—4(4—a)d Zn, ,eU.

Equality occurs when  f(z) = z — bz? — dz* —

n(n—a)
Proof: A function

f(z) =z —bz? — dz* — ¥ ca,z" € T(b,d,B,) is said to be convex of order a if and only if

2f’ (2)
I%O+fm)2mOSa<l

This is given by

<l-a (5)

Equation (4) gives

f'(2) = =2b—12dz*> = ¥ <n(n — 1)a,z"2
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left hand side of the inequality (5) is

—2bz — 12dz* — ¥*_<n(n — 1a,z""!
1 —2bz — 4dz’ — Y7_sna,z"~!

2br + 12dr® + ¥ sn(n — a,r™!
= 1 —=2br—4dr® - ¥ na;rm!

2b+ 12d + Y r_sn(n — Da,
T 1—-2b—4d -7 sna,

<l—-a

by the given condition

Zn(n — )la,| < (1 —a) — 22 — )b — 4(4 — a)d

n=5

This completes the proof.
Section 2
In this section we discuss growth, distortion and extreme points for the functions of the class T(b, d, B,).

Now we find growth bounds for the functions in the class T(b, d, B,,) with increasing B,,.

PN

5(2b—12d) and 0<b <

S
1-2b—4d 2

Theorem 4: For B, >

Let {B,} be a non-decreasing sequence with B, = n(n + 1) for n = 4. Then for f € T(b, d, B,,) we have

2b—12d

maX{O.r—br2 —drt —Zb;—mrS] <If@I<r+br +dit + =
4 4

where |z| =1,z € U.

2b—12d
=7,

Equality occurs when f(z) = z — bz> — dz* — s
4

Proof: Forze U, f(z) =z —bz? —dz* — ¥ ca,z" € T(b,d,B,)

By Z?:S e = Z§=4 Bhap = 2b —12d,

since Tisane < 5
Further,
If ()| = max{0, |z| — blz|* — d|z|* — |z T;sa, (6)
> max{0,r — br? — dr* — 1> Zbglm}
and

f(@) <r+b?+dr* +r° Y7 sa, Sr+br2+dr4+2bl;—12dr5
4

This and (6) together complete the proof.
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Now we find distortion bounds for the functions in the class T(b, d, B,) with increasing B,,.

S@b-120) L4 0 < b <

1
Theorem 5: For B, > -
1-2b-4d 2

,0<d <

f €T(b,d (n+ 1)B,) and B, < B,,4, then

max{O,l — 2br — 4dr’ _Mﬁ} < F(2) < 1+ 2br+4de + 221244
B4 B, -
where |z| =1,z € U.

2b—12d
255

Equality occurs when f,(z) = z — bz? — dz* — -
4

Proof: For z€ U, f(z) =z —bz? — dz* — ¥ ca,z" € T(b,d,B,)
Wehave BYosna, <> ,Ba,,; <2b—12d

From (4)

0

, 2b—12d
|f'(@)| = max{0,1 — 2br — 4dr® — Z na,} = max{0,1 — 2br — 4dr> — B—r4}
4

n=5
and

o0

If @] <1+ 2br + 4dr? +r4Znan < 1+ 2br+4dr® +r*

n=5

2b—12d

4

Where |z| = r. This completes the proof.

In the next theorem, we discuss the extreme points of the class T(b, d, B,,).

Theorem 6: The class T(b, d, B,) is a convex subfamily of T.

Proof: For f(z) =z —bz? —dz* — ¥ sa,z" and g(z) = z — bz? — dz* — ¥ b,z"
belonging to T(b, d, B,,) we have

h(z) = AM(z) + (1 —Mg(z)

=A[z — bz? — dz* — Y% ca,z"] + (1 — ) [z — bz? — dz* — ¥ s b,z"]
=z —bz? —dz* — ¥ [Aa,+(1 — V)b, ]z"
=z—bz? —dz* - ¥ Apz".

Since fand g are in T(b,d,B,) € Tand T is convex [3] hence h € T.

Z B,A,, = AZ Buan,; + (1 — x)z B,by., < 2b— 12d
n=4 n=4 n=4

Because f and g are in T(b,d,B,). Thus h € T(b, d, B,) and the theorem is proved.
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Following result characterizes function in T(b, d, B,,).

Also, we discuss the extreme of points of the classT(b, d, B).

. (k+1)(2b-12d) l L _ _ 2 _ 4
Theorem 7: Let By > aozbrizd) 0. 0sb<,,0=<sd=< f3(z) = z — bz* — dz* and
f.(z) =z—bz? —dz* — 2b-12d )n+1 1 > 4 are the extreme points. Then f € T(b,d, B,) if and only if f(z) can be expressed as

n

f(z) = ¥i=s A fa(z)
Where A, =0 forn>4and Y75 A, = 1.

Proof: Suppose that f(z) can be expressed as (4). Then we have
3 > (2b — 12b)A,
f(z) = Z Mf(z)=z- bz? — dz* — Z%Zn-{-l
n=3 oy n

which can be expressed as f(z) =z — Yo, A,z" where A, =b,A; =0,A, =d, A, = (Zb_Bl—zm“ forn > 5.

n

The function f(z) is analytic in U. Since, }7>,nA, <1, we have f€ T.
Further >, B A, < 2b— 124,
Hence we have f € T(b,d,B,).
Conversely, suppose that f (z) = z — bz? — dz* — Y225 a,z" belongs to the class T(b,d, B,,)

Since Yy Bhany; < 2b — 124, for n = 4 we may put

Bnan+1
gty >
}\n 2b—12d’ (n = 4) and

A3 =1 —Y4 Ay Therefore, we have

f(z) =z—bz? —dz* - Y% ca,z”

=2A3(z — bz? —dz*) + X%, A, (z — bz? — dz* — %zn“)

=Yn=3 A fa(2).
This completes the assertion of the theorem.
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