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1. INTRODUCTION 

The Fourier transform of a complex valued function on a commutative locally compact group G, such as ℝ𝑛, is again a 

complex valued function on the character group X of G. Otherwise, it is family (E σ) 𝜎 ∈ Σ of continuous linear operators 

E σ: H σ→ H σ, whereΣ is the dual object of the compact non commutative group G, and σ a class of irreducible unitary 

representations of G in Hilbert space H σ. 

 In case ℂ is replaced by a Banach space FSα, it is a family of continuous sesquilinear mappings ϕ (σ): H σ× H σ → 

FSα. In fact, for each𝜎 ∈ Σ , we choose once and for all an element U σ in σ, denote its representation space by H σ , and 

fix an orthonormal basis (𝜉1
𝜎 , … … . . 𝜉𝑑𝜎

𝜎 ) of H σ , where                d σ = dimH σ, as a canonical basis. We put 𝑢𝑖𝑗
𝜎 (𝑡) =

⟨𝑈𝑡
𝜎𝜉𝑗

𝜎 , 𝜉𝑖
𝜎⟩ and introduce the operator 𝑈𝜎̅̅ ̅̅  on H σ such that ⟨𝑈̅𝑡

𝜎𝜉𝑗
𝜎, 𝜉𝑖

𝜎⟩  = 𝑢𝑖𝑗
𝜎̅̅ ̅̅ (𝑡), the complex conjugate of 𝑢𝑖𝑗

𝜎 (𝑡). The 

Fourier- Stieltjes transform on G for an FSα-valued bounded vector measure m, where FSα is a normed space is given by ; 

)(,),)((ˆ tdmUm
G

t  

  HH ),( . 

(For details on vector measures see [5] and [6]). The mapping H σ× H σ→ FSα, (ξ, η) → ),)((ˆ m is a continuous and 

sesquilinear [2]This generates a certain number of interesting spaces S p (Σ, FSα) that we specify as follows. 

We write ),()FS,( 



 FSSXHHS 


 is space of continuous sequilinear mapping from         H σ× H σ into FSα. 

S(Σ, FSα) is a linear space with addition and multiplication by scalars, defined coordinate wise. For ∈ 𝑆(Σ, 𝐹𝑆𝛼) , we put: 

sup


 }/)({   

With }.1,1/),)((sup{)(   we denote by ),,( FSS   the space }/),({ 


 FSS  

),,(00 FSS  the space }}0)(|{|),({ isfiniteFSS      and S0(Σ, FSα) is the space 

}})(|{,0),({ isfiniteFSS      

In[3] the author proved that: 
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(1) The mapping 


  is a norm on S∞(Σ, A), and S∞(Σ, A) is a banach space with respect to this norm. 

(2) S00(Σ, A) is dense in S0(Σ, A). 

(3) Every ),()( AHHS    is determined by the 
2

d  elements ),)((   ijija   of A. More precisely, we 

have: ),(ˆ)(
1,

 





ijij

d

ji

uad





ijû being Fourier transform of 


iju  

2. DEFINITIONS 

2.1. Test Function Space: The Space FSα 

A function f defined on 0 < t < ∞, 0 < x < ∞ is said to be member of FSα if ϕ (t, x) is smooth for each non-negative integer l, q. 

 ),()()1(sup),(,,, xtxDDxtxt q

x

l

t

pk

Iqlpk                           (2.1) 

  
pp

lq pAC .       p =1, 2, 3, ------------ 

Where the constant A and C l q depend on the testing function ϕ. 

The space FSα areequiparallel with their natural Housdoff locally topology τα. This topology is respectively generated by the total 

families of semi norms {γk, p, l, q} given by (2.1). 

2.2. Distributional Fourier-Stieltjes transform of generalized function in 
*

FS  

Let 
*

FS  is the dual space FS α. This space 
*

FS consists of continuous linear function on FS α.  

Let
*),(  FSxt   , for some s >0 and k > Re p, then distributional Fourier-Stieltjes Transform F(s, y) of   FS {f (t, x)} = F(s, y) = 

〈 𝑓(𝑡, 𝑥), 𝑒−𝑖𝑠𝑡(𝑥 + 𝑦)−𝑝〉                       (2.2) 

Where for each fixed t (0 < t < ∞), x (0 < x < ∞) the right side of above equation has same as an application of 
*),( FSxtf 

to  𝑒−𝑖𝑠𝑡(𝑥 + 𝑦)−𝑝 ∈ 𝐹𝑆𝛼 . 

3. MAIN RESULTS: 

3.1 The Space Sp(Σ, FSα) 1≤ p ≤∞ 

We define: 

Sp(Σ, FSα) = 
p

ij
ij

dFSS ),)((|),({ 



   <∞},    1≤ p < ∞,                                 

and S∞ (Σ, FSα) as in the introduction. They are linear spaces for point wise operations. 

We define a norm on Sp(Σ, FSα) by 

 

 

 

Theorem 3.1:For each p, 1 ≤ p ≤ ∞, the space S p (Σ, FSα) is a Banach space.   

p

ij
ji

p
d /1

,

)),)((( 



 


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Proof. The space p = ∞ was in done in [2] 

Let (ϕ n ) be a Cauchy sequence from the space Sp(Σ, FSα). Then𝜎 ∈ Σ, the sequence (ϕ n(σ) )n is a Cauchy sequence  from 

the space S(H σ × H σ, FSα ) which is known to be a Banach space. Thus there exists ϕ (σ) ∈S(H σ × H σ, FSα ) such that  

0)()(lim 


 n
n

                                       (1) 

Set ),)(( ijij    and for all n, ).,)(( ijn

n

ija   

We consider ε > 0. Since (ϕ n ) is a Cauchy sequence , then there exist n0∊ N such that  

p

psrnsr /1

0 ,,                                    (2) 

i.e. 





p
s

ij

r

ij
ji

aad ,,

,
(3) 

Letting s tends to infinity in (3), we have 







p

ij

r

ij
ji

aad ,

,
(4) 

i. e.   
pr

    Pour r ≤ n0  (5) 

We have ‖𝜙‖p = 
prr    

≤
prpr    

≤ ε + 
pr  

Hence ),(  FSS p  . Finally (5) shows that (ϕ n) converges to ϕ in ),( FSS p  .□ 

3.2 Duality in spaces ),( FSS p   

Theorem 3.2. Let p, q be such 1 ≤ p ≤ ∞, 
1

𝑝
+  

1

𝑞
= 1 and 𝐹𝑆𝛼

∗be the dual of FSα .Then the space (S p (Σ, FSα))* is 

isometric to S q (Σ, 𝐹𝑆𝛼
∗). 

Proof:The proof of the case p =1 (which implies q = ∞) can found in [9]. Now let 1 < p <∞. Let T:Sq (Σ, 𝐹𝑆𝛼
∗) →(Σ, 

FSα))*, φ↦Tφ be defined by 



ji

ijij abdT
,

,,, 



  ),(  FSS p   

Where ),)((   ijijb   and ),)((   ijija  . Then theorem is the consequence of the following three lemmas. 

Lemma 3.3 The mapping is linear and bounded. 

Proof. The linearity of T is trivial. Let us show that it is bounded. 

                                  We have  







 
ji

ijij abdT
,

,,  
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




ji

ijij abd
,

, 



  






 ij

ji

ij abd 



,

 

                                                                   









 ij

p

ij

ji

q adbd /1

,

/1




  

                                                                  

p

p

ji

ij

q

q

ij

ji

adbd

/1

,

/1

,



























 

 









  

                                                                  pq
  

So that 
q

T   and therefore T is bounded with 1T .□ 

Lemma 3.4 The equality ‖𝑇‖= 1 holds. 

Proof. From part 1; we have‖𝑇‖ ≤ 1. Let us show that‖𝑇‖ ≥ 1. 

Take a ϵ FS α, Such that‖𝑎‖ = 1. Since a ≠0, we know from Functional analysis that there exists      
**

FSb  such that 

‖𝑏∗‖ = 1 and 〈𝑏∗, 𝑎〉= ‖𝑎‖ = 1. 

Given  we use the Kronecker symbol δ ijto define ψτ ϵ S p (Σ, FSα) by 

                                                       















 




if

ijada
p

ijij

0

),)((

2

ifσ = τ 

and ϕ τ in S q(Σ, 𝐹𝑆𝛼
∗) by : 

                                                         
















 




if

ijbdb
q

ijij

0

),)((

2

ifσ = τ 

We have 12

2

 



 









  dddbddbd

q

ij

ij

q
q

ij

ij

q

q
 

      And  1

2

 


p

ij

ij

p
p

ij

ij

p

p
addad  









  

As such, 
ij

ijij abdT 



  ,,  

                            









ij

ij

p

ij

q adbdd  





22

,  
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







i

pq adbdd

22

,   

                        

pq

qp abdd  













 





1,

2
11

2
 

Hence ‖𝑇‖ ≥ 1 . Finally ‖𝑇‖ = 1. 

Lemma 3.5. The mapping T is surjective. 

Proof: In fact .)),((  FSSf p for  , let 

},0)(|),({    ifFSSV p
 

For  V , let 
  djia ijij ,.......2,1,),,)((  . There exist linear forms  djiFSbij ..,,.........2,1,,  

 such 

that 
ij

ijij abdf 
 ,, . In fact, given 𝑑𝜏

2 scalars 𝜆𝑖𝑗
𝜏  such that 







d

f

ji

ij

,

,

 , there exists 
 FSbij  with 

1, 
ijij ab ; denoting ijijij bb   , we have what is required. 

Now let us consider an element 𝜙 of ),(00 FSS   

Since ),(00 FSS   is subset of ),(2 FSS  , one can write according to Riesz-Fischer theorem, 





 ij

ij

ijuad ˆ


  . In fact, there exists a finite subset  of  such that  




 ij

ij

ijuad ˆ


  

Putting 


 ij

ij

ijuad ˆ  we have 





 . It is clear that  𝜙𝜏 belongs to V  because for   , 0)(ˆ 

iju  ( 

Schur’sorthogonally property), so 0)(ˆ   

 ij

ij

ijua .Thus there exists linear forms   djiFSbij .,,.........2,1,,  
 

such that  


ji

ijij abdf
,

,, 

  

Now by linearity of f 





ji

ijij abdf
,

,, 



  

Defining φ by: 

φ (τ) 
  ijij b),(  if   and  φ (τ) 0),(   ij otherwise , we have 

  FSS ,(00 ) and   ,, Tf  . This 

means that the continuous linear forms of f and Tφ coincide on ),(00 FSS   which is dense subset of ),( FSS p  . 

Hence f = Tφ. 
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The three lemmas show that T is an isometry from ),(  FSS p  onto
 )),(( FSS p . 
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