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ABSTRACT
In this paper, we have to give systematic account of the most important ideas,

methods and results of Summable Families in nuclear Locally Convex Space. We also
found that the combining the topology with linear structure and algebraic structure
under the normal compatibility conditions. In this process, we have also study the
metrizable vector spaces in which topology can be defined by metric by considering
countable bases of neighborhoods. We will proceed to study the Summable Families
in nuclear Locally Convex Space .The Summable Families in details and we will try to
establish some new and useful results.

KEYWORDS: Functional analysis, Topological vector spaces, nuclear locally
convex spaces, Tensor products.

Introduction

Below is a reasonably self-contained explanation of summable families in nuclear
locally convex spaces, including what the notion means, why it is natural, and how it
interacts with nuclearity.

Locally convex space

A locally convex space (LCS) is a topological vector space whose topology
comes from a family of seminorms. All standard spaces used in functional
analysis (Banach, Fréchet, Montel, Schwartz spaces, etc.) are locally convex.

Nuclear space

A locally convex space EEE is nuclear if every continuous linear map from
EEE into an arbitrary Banach space is nuclear in the sense of Grothendieck (the
operator behaves like a trace-class operator). Equivalently, tensor products
behave “as if finite dimensional,” and this leads to very strong summability and
compactness properties.
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Summable Families
Let E be an arbitray locally convex space, In the sequel we shall write

y[El =y {E} oruy(E) = 1 {E}
If the two linear spacevy [E] oru, (E) coincide Witrlmi {E}
without reference to the topology. If the e-topology coincides with the z-
topology as well we shall use the notation
([El= 1 ()= g {E}

Preposition: If E is a nuclear locally convex space, then for each index set | we
have identity

U [E] =y {E} orn(E) = LI{E}.

Proof: Because We Know for each zero neighborhood Ue€ u(E) a zero

neighborhood Ve u (E ) and a sequence of linear formsg € E '
with

> pvo(a,)= 1
N
For which we have the inequality

pAx)= ) [(x,a (| forallx € E
N

Since

>]|<X;6h (| = faye [x |
1

i,

Is true for all families [x; I]€ ju [E], we have the inequality

ﬁU}x I|= Z‘p (x )= Z‘ Z‘|(ﬁ(,a (= ¢ [
i, ! i, N ! i,
Consequently, all weakly summable families in E are also absolutely summable
and we have

GIT ] a{ )
E =1 E =1 E
We have at the same time proved that the e-topology is finer than the -

topology so that the two topologies must coincide.
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As a converse to the assertion of above Proposition. We have the
Proposition: Each locally convex space E for which the identity
BET=HA{EY (1) (}FE)= £ 1)
Holds for some infinite index set}l, IS nuclear.
Proof: in the first place, since the inclusion
HETCH(E) CI{E
Hold for every locally convex space, (2) always follows form (1).

If (2) is valid then thee-topology coincides with the n-topology on
I}( ) 1 { }sothatfor each zero neighborhood Ugy (E ) there is a zero
nei§hbdrhobd &/e u (E ) for which we

have
ndx I|=pe [x 1] |x; 1€l (E
)-

for
We now consider an arbitraryfinite family [x,, (V),u ] from E(V). If |

=iy ......... , ik } Is a finite subset of | which has exactly as many elements as
thesetu ={n, ......... ,n, }, we form the families [y, I| belonging tolz (E )

with y; = 0 for I not belongs to | and yj=X,x for h=1, ....... k. than because of
the identities

s (WI= Q@ )= pm s

> plx,
o Iy 1 n

and
Sl[l)I/) il%l(}ﬁ (V),b{ |:beV EE squ iZ‘H(j' b Lbey i;E

We have the inequality

) T[& Ul = SupiAHX (V),b{]:b

n

Hence the canonical mapping from E(V) onto E(U) is absolutely summing, and
we have shown than the fundamental system U(E) has property (N°).
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By combining the result of above two section
we obtain the

Theorem. A locally convex space E is nuclear if and only if for some resp.
each, infinite index set | the identity

BE1=tK E () 1{}

B =1 or Ill E =1 FE

holdsly [E 1=, i{E} oy L (E)=
{E }
For a matric locally convex space E the identity

l}[g ]}E}l {E} ot L(ED)= 1

Implies that thee -topology is finer than the n-topology

Consequently the two topologies coincide and we have
i

BE]=}{E} ort L(ED= 1
E }

Therefore, we have metric locally convex space the following sharpening of
above theorem which also holds for dual metric locally convex space because
of above theorem

Theorem: A metric or dual metric locally convex space E is nuclear if and
only for some, resp. each, infinite index set | the identity

BE]I=H{E} ort L (ED=1

2

E}
holds

The question of the generalisation of the previous theorem is posed as a

Problem. What properties must a locally convex space E have so that from
the validity of the identity

For an infinite index set | it follows that E is nuclear?

We now extent the previous result of this section to dual nuclear space. For this
we use the

Lemma. It E is a dual nclear locally convex space than for each bounded
subset B ofly [E ] there is a bounded subset B € B(E) with
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Ypg )= 1 forall [x,I]
I

Proof : By hypothesis the number
ou =sup{y [X%;,1]:[x ,I]€ B
Is bounded for each zero neighborhood U € (E) and we can form the set
A={oy e (E

Which belongs to consequently, we have

 x e€ for [x,lle B | /= 1a e (
)

I

And the inequality
€ [x,I] = 1 forall [x,I]
holds.

We know determine a set Be B (E) with A B such that the canonical
mapping E(A,B) is absolutely summing. Since we can always make the m-norm
of E(A,B) smaller than 1, the inequality

n [x;, I] = € [x,1] foralf[x I}l E

Is vaild and the estimate

Y pgx)=1 forall [x,I]
I

Is proved.

Proposition. If E is a dual nuclear locally convex space, then for each index
set | the identity

Y[El= v 1 (B)= ¢ {E}=y(E)
holds
Proof: Since each weakly summable family [x, I] from E can be regarded

as a bounded singleton fromuy, [E] there is by the lemma just proved a set B
€ B (E) with
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> pgx)= 1
I

Consequently, all weakly Summable families from E are also totally Summable
and we have

Y[El= v1 (BE)= ¢ {E}=y(E)

Proposition. Each dual nuclear space E has property(B).

Proof. Since each bounded subset B of can also be considered as a
bounded subset of there exists by above Lemma a bounded subset B € B (E)
with

Ypgx)= 1 forall [x,I]

Consequently the locally convex space has property (B).
As a converse of the above statements, we have the

Proposition: Each locally convex space E with property (B) for which the
identity

BEI=HEY 1) (INE)= {(E (1)
holds for some infinite index set I is dual nu}c|ear.
Proof: To begin with, we recall that since the inclusion
ME}CH (E) ¢ L[E
is true for every locally conve>]< space E, (2) always from (1).
For an arbitrary set Ae 8B (E)
B={lx,, 1k [E()le fx, ]=

is a bounded subset ofl1,[E ]. Since from (2) it follow that the identity
mapping from E into itself is absolutely asumming , B must by the above
theorem be a bounded subset ofl1 {E } as well. Therefore, there exists a set
Be B (E) with
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YpreG)=1 forall [x, ]
I

Form this statement it follows that te inequality
mex, | = € [x, ] forallfx €1 E (e

Is valid, Consequently, the canonical mapping from E(A) into E(B) is
absolutely summing and we have shown that the fundamental system®B (E)
has property (N).

By combining the result, we obtain the

Theorem. A locally convex space E is dual nuclear if and only if has property
(B) and for some, resp. each, infinite index set | the identity

y[E] =y {E} orn(E) = 1 {E}
I
Holds

As a special case we obtain by means of the following counterpart to theorem

Theorem: A matric or dual metric locally convex space E is dual nuclear if
and only if for some, resp. each, infinite index set | the identity

(€1 = {E} oruyE) = 1 {E}
is valid.

Summary Statement

In a nuclear locally convex space, a family is summable if the sum of its
seminorms is finite; this implies unconditional convergence. Nuclearity ensures
that notions of summability that can differ in general LCS (absolute vs.
unconditional vs. net convergence) become equivalent, making summation
behave almost like in finite-dimensional vector spaces.
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