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Abstract 

           In this paper, we introduce the so-called (1,2)gr-compactness in bitopological spaces. In particular, several 

inferred properties of the (1,2)gr-compact spaces and their connections with bitopological spaces are studied 

using (1,2)gr-closed sets. 

 

Index terms: (1,2)gr-closed sets, (1,2)gr-continuous maps, (1,2)gr-irresolute, (1,2)gr-compactness. 

 

I. INTRODUCTION 

           Bitopological spaces is introduced by Kelly in 1963, provide a framework for studying topological 

properties using two topologies. Compactness is a fundamental concept in topology, and its study has been 

extended to bitopological spaces. This paper focuses on (1,2)gr-compactness, a compactness notion in 

bitopological spaces, and explores its properties and characterizations using (1,2)gr-closed sets. 

            The notions of compactness is useful and fundamental notions of not only general topology but also of 

other advanced branches of mathematics. Many researchers have analyzed the basic properties of compactness. 

The notions of compactness resulted in motivating mathematicians to generalize these notions further. 

Bhattacharya S. introduced and studied the properties of (1,2)gr-closed sets in topological spaces. The aim of this 

paper is to study (1,2)gr-compactness using (1,2)gr-closed set and also discuss some of their properties. 

 

II. PRELIMINARIES 

            A bitopological space consists of a set 𝑋 with two topologies, say 𝜏1 and 𝜏2 defined on it. These two 

topologies allow us to study how different topological structures interact on the same set. 

           Throughout this paper (𝑋,𝜏1,𝜏2), (𝑌,𝜎1, 𝜎2) (or simply 𝑋 and 𝑌) represent bitopological spaces on which 

no separation axioms are assumed unless otherwise mentioned. For a subset 𝐴 of (𝑋,𝜏1,𝜏2),  Cl1(𝐴) denotes the 

closure of the set 𝐴 with respect to the topology 𝜏1,  and  Int2(𝐴) denotes the interior of the set 𝐴 with respect to 

the topology 𝜏2. 

 

2.1 DEFINITION 

         Let (𝑋,𝜏1,𝜏2) be a bitopological space. Then a subset 𝐴 of  (𝑋,𝜏1,𝜏2) is called regular closed set if 𝐴 =Cl1( 

Int2(𝐴)). 
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2.2 DEFINITION  

          Let (𝑋,𝜏1,𝜏2) be a bitopological space. Then a subset 𝐴 of  (𝑋,𝜏1,𝜏2) is called (1,2)gr-closed set if 𝐴 = 

rCl1(𝐴) ⊆ 𝑈  whenever 𝐴 ⊆ 𝑈 and 𝑈 is open in (𝑋,𝜏1,𝜏2). 

          The complement of the above mentioned (1,2)gr-closed set is (1,2)gr-open set. 

2.3 DEFINITION 

       A function f : (𝑋,𝜏1,𝜏2)→(𝑌,𝜎1, 𝜎2)   is called 

(i) (1,2)gr-continuous if the inverse image of every closed set in (𝑌, 𝜎1, 𝜎2) is (1,2)gr-closed in (𝑋,

𝜏1,𝜏2). 

(ii) (1,2)gr-irresolute if the inverse image of every (1,2)gr-closed set in (𝑌, 𝜎1, 𝜎2) is (1,2)gr-closed in 

(𝑋,𝜏1,𝜏2). 

 

III. (1,2)GR-COMPACTNESS 

3.1 DEFINITION 

          A collection {𝐺𝑖 : ⅈ ∈ 𝐼} of (1,2)gr-open sets in a bitopological space (𝑋,𝜏1,𝜏2) is called a (1,2)gr-open 

cover of a subset 𝐴 of  (𝑋,𝜏1,𝜏2) if 𝐴 ⊂ ∪{𝐺𝑖 : ⅈ ∈ 𝐼}  holds. 

 

3.2 DEFINITION 

         A bitopological space (𝑋,𝜏1,𝜏2) is (1,2)gr-compact if every (1,2)gr-open cover of (𝑋,𝜏1,𝜏2)  has a finite 

subcover. 

 

3.3 DEFINITION 

         A subset 𝐴 of a bitopological space (𝑋,𝜏1,𝜏2) is said to be (1,2)gr-compact relative to (𝑋,𝜏1,𝜏2) if, for every 

collection {𝐺𝑖 : ⅈ ∈ 𝐼}  of (1,2)gr-open subsets of (𝑋,𝜏1,𝜏2) such that 𝐴⊂∪{𝐺𝑖 : ⅈ ∈ 𝐼} there exists a finite subset 

𝐼0 of 𝐼 such that 𝐴 ⊆ ∪{𝐺𝑖 : ⅈ ∈ 𝐼}. 

 

3.4 DEFINITION 

        A subset 𝐵 of a topological space 𝑋 is said to be (1,2)gr-compact if 𝐵 is (1,2)gr-compact as a subspace of 

𝑋. 

 

3.5 DEFINITION 

        In bitopological spaces, a surjective function is a continuous function f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2) between two 

bitopological spaces (𝑋,𝜏1,𝜏2) and (𝑌, 𝜎1, 𝜎2) such that f is surjective (onto): For every 𝑦 ∈ 𝑌, there exists 𝑥 ∈ 𝑋 

such that f(𝑥) = 𝑦. 

         In other words, a surjective function in bitopological spaces is a continuous function that maps every point 

in the domain 𝑋 to a point in the codomain 𝑌, and every open set in 𝑌 has an open preimage in 𝑋 with respect to 

both topologies.  

 

3.6 THEOREM  

         If 𝐴 be an open subset and a generalized regular closed subset of (𝑋,𝜏1,𝜏2) then it is a regular closed subset 

of (𝑋,𝜏1,𝜏2). 

Proof  

         Let if possible, 𝐴 is a generalized regular closed subset and an open subset of (𝑋,𝜏1,𝜏2). Therefore 𝐴 = 

Int2(𝐴)  (an open subset of (𝑋,𝜏1,𝜏2)). Hence from definition rCl1 ⊆ Int2(𝐴)  = 𝐴. But we know that A ⊆ rCl1. 

So, 𝐴 = rCl1 i.e., 𝐴 is a regular closed subset of (𝑋,𝜏1,𝜏2). 
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3.7 THEOREM   

         If f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2)  and g : (𝑌,𝜎1, 𝜎2) → (𝑍, γ1, γ2) are functions, then if f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2) 

and are both (1,2)gr-irresolute functions, then g ∘ f: (𝑋,𝜏1,𝜏2) → (𝑍, γ1, γ2) . 
Proof  

          Let 𝑈 be a generalized regular open set in (𝑍, γ1, γ2), since g is (1,2)gr-irresolute ,then g−1(𝑈) is (1,2)gr-

open in (𝑌,𝜎1, 𝜎2), since f is (1,2)gr-irresolute ,then f −1 (g−1(𝑈)) is (1,2)gr-open in (𝑋,𝜏1,𝜏2). Since ( 

g ∘  f)−1(𝑈)= f −1 (g−1(𝑈)) ,then  ( g ∘  f)−1(𝑈) is a (1,2)gr-open set in (𝑋,𝜏1,𝜏2). Thus g ∘  f  is (1,2)gr-irresolute.  

 

3.8 THEOREM   

          If f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2)  and g : (𝑌,𝜎1, 𝜎2) → (𝑍, γ1, γ2) are functions, then if f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2) 

is (1,2)gr-irresolute and g : (𝑌,𝜎1, 𝜎2) → (𝑍, γ1, γ2) is (1,2)gr-continuous ,then g ∘ f: (𝑋,𝜏1,𝜏2) → (𝑍, γ1, γ2) is 

(1,2)gr-continuous . 

Proof 

          Let 𝐹 be a closed set in (𝑍, γ1, γ2), since g is (1,2)gr-continuous ,then g−1(𝐹)  is (1,2)gr-closed in (𝑌,𝜎1, 𝜎2) 

, since f is (1,2)gr-irresolute ,then f −1(g−1(𝐹)) is (1,2)gr-closed in  (𝑋,𝜏1,𝜏2). Since  

( g ∘  f)−1(𝐹)= f −1 (g−1(𝐹)),then  ( g ∘  f)−1(𝑈)   is a (1,2)gr-closed set in (𝑋,𝜏1,𝜏2). Thus g ∘  f is (1,2)gr-

continuous. 

 

3.9 THEOREM  

          Every (1,2)gr-closed subset of a (1,2)gr-compact space (𝑋,𝜏1,𝜏2) is (1,2)gr-compact relative to (𝑋,𝜏1,𝜏2). 

Proof 

           Let 𝐴 be (1,2)gr-closed subset of (1,2)gr-compact space 𝑋. Then 𝐴𝐶  is (1,2)gr-open in 𝑋. Let 𝑀 = {𝐺α: α 

∈ 𝐼} be a cover of 𝐴 by (1,2)gr-open sets in 𝑋. Then, 𝑀∗ = 𝑀∪𝐴𝐶   is a (1,2)gr-open cover of 𝑋. Since 𝑋 is (1,2)gr-

compact,  𝑀∗ is reducible to a finite subcover of 𝑋, say X=𝐺α1
∪𝐺α2

∪...∪𝐺αm
∪𝐴𝐶 , 𝐺αk

 ∈ 𝑀.  But, 𝐴 and 𝐴𝐶   are 

disjoint hence 𝐴⊂ 𝐺α1
∪𝐺α2

∪...∪𝐺αm
, 𝐺αk

 ∈ 𝑀, which implies that any (1,2)gr-open cover 𝑀 of 𝐴 contains a 

finite subcover. Therefore, 𝐴 is (1,2)gr-compact relative to 𝑋. Thus, every (1,2)gr-closed subset of (1,2)gr-

compact space 𝑋 is (1,2)gr-compact. 

 

3.10 THEOREM   

          Every (1,2)gr-compact space is compact.  

Proof 

         Let (𝑋,𝜏1,𝜏2)  be a (1,2)gr-compact space. Let {𝐴i : ⅈ ∈ 𝐼} be an open cover of 𝑋. Then {𝐴i : ⅈ ∈ 𝐼} is a 

(1,2)gr-open cover of (𝑋,𝜏1,𝜏2)  as every open set is (1,2)gr-open set. Since (𝑋,𝜏1,𝜏2)  is (1,2)gr-compact, the 

(1,2)gr-open cover {𝐴i : ⅈ ∈ 𝐼} of 𝑋 has a finite subcover, say {𝐴i : ⅈ=1,2…n}  for 𝑋. Hence 𝑋 is compact. 

 

 

3.11 THEOREM  

         Let f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2)  be surjective, (1,2)gr-continuous function. If (𝑋,𝜏1,𝜏2) is (1,2)gr-compact, 

then (𝑌,𝜎1, 𝜎2)  is compact.  

Proof 

          Let {𝐴i : ⅈ ∈ 𝐼} be an open cover of  (𝑌,𝜎1, 𝜎2) . Since f is (1,2)gr-continuous function, then {f −1.  (𝐴i ) : i 

∈ I} is (1,2)gr-open cover of (X, τ₁, τ₂) has a finite subcover, say{𝐴i : ⅈ=1,2…n}. Therefore, 𝑋=⋃ f −1(𝐴i)
n

i=1
 

which implies f(𝑋)= ⋃ (𝐴i)
n

i=1
. Since f is surjective, 𝑌= ⋃ f(𝐴i)

n

i=1
 Thus, {𝐴1 , 𝐴2, … , 𝐴n } is a finite subcover of 

{𝐴i : ⅈ ∈ 𝐼} for (𝑌,𝜎1, 𝜎2) . Hence  (𝑌,𝜎1, 𝜎2)  is compact. 

 

3.1.12 THEOREM  

         If a map f : (𝑋,𝜏1,𝜏2) → (𝑌,𝜎1, 𝜎2) is (1,2)gr-irresolute and a subset 𝐵 of (𝑋,𝜏1,𝜏2) is (1,2)gr-compact relative 

to (𝑌,𝜎1, 𝜎2)then the image f(𝐵) is (1,2)gr-compact relative to (𝑌,𝜎1, 𝜎2).   
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Proof 

          Let {𝐴α : α ∈ 𝐼} be any collection of (1,2)gr-open subsets of (𝑌,𝜎1, 𝜎2)such that f (𝐵) ⊂ ∪{𝐴α : α ∈ 𝐼}. 

Then, 𝐵 ⊂ {f −1(𝐴α): α ∈ I} holds. From the hypothesis, 𝐵 is (1,2)gr-compact relative to (𝑋,𝜏1,𝜏2). Then, there 

exists a finite subset 𝐼0 of 𝐼 such that 𝐵 ⊂ {f −1(𝐴α): α ∈ 𝐼0}. Therefore, we have f (𝐵) ⊂ ∪{𝐴α: α ∈ 𝐼0 }, which 

shows that f(𝐵) is (1,2)gr-compact relative to (𝑌,𝜎1, 𝜎2). 

 

REFERENCES 

 Bhattacharya S. “Study of On generalized regular closed sets” Int. J. Contemp. Math. Sciences. 

2011;6(3):145-152.  

 Gnanambal Y. and Balachandran K. “On gr-continuous functions in topological spaces” Indian J. Pure 

Appl. Math. 1999;30(6):581-593.  

 Hanif PAGE Md. and Hosamath V. T. A View “on Compactness and Connectedness in Topological 

Spaces” Journal of Computer and Mathematical Sciences. 2019;10(6):1261-1268.  

 K. Vithyasangaran , J. Sriranganesan and S. Sathaananthan “On gr-compactness in topological spaces”,  

International Journal of Scientific and Research Publications, Volume 11, Issue 11, November 2021 

ISSN 2250-3153 

 Pushpalatha A. “Studies on Generalizations of Mappings in Topological Spaces” Ph.D. Thesis. 

Bharathiar University. Coimbatore. 2000.  

 Rajeswari R. Darathi S. and Deva Margaret Helen D. “Regular Strongly Compactness and Regular 

Strongly Connectedness in Topological Space” International Journal of Engineering Research and 

Technology (IJERT). 2020;9(2):547-550.  

 S. I. Mahmood Department of Mathematics, College of Science Al-Mustansiriyah University of 

Baghdad, “On Generalized Regular Continuous Functions In Topological Spaces” Ibn Al-Haitham 

Journal for Pure and Applied Science, No. 3, Vol. 25, Year 2012. 

 Sarika M. Patil and Rayanagoudar T. D. “𝛼𝑔∗𝑠-Compactness and 𝛼𝑔∗𝑠-- Connectedness in Topological 

Spaces”. Global Journal of Pure and Applied Mathematics. 2017;13(7):3549-3559.  

 Vivekananda Dembre and Pankaj B Gavali. “Compactness and Connectedness in Weakly Topological 

Spaces” International Journal of Trend in Research and Development. 2018;5(2):606-608.  

 Vivekananda Dembre. and Sanjay M Mali. “New Compactness and Connectedness in topological 

Spaces” International Journal of Applied Research. 2018;4(4):286-289.      

http://www.ijcrt.org/

