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Abstract

In this paper, we introduce the so-called (1,2)gr-compactness in bitopological spaces. In particular, several
inferred properties of the (1,2)gr-compact spaces and their connections with bitopological spaces are studied
using (1,2)gr-closed sets.

Index terms: (1,2)gr-closed sets, (1,2)gr-continuous maps, (1,2)gr-irresolute, (1,2)gr-compactness.

|. INTRODUCTION

Bitopological spaces is introduced by Kelly in 1963, provide a framework for studying topological
properties using two topologies. Compactness is a fundamental concept in topology, and its study has been
extended to bitopological spaces. This paper focuses on (1,2)gr-compactness, a compactness notion in
bitopological spaces, and explores its properties and characterizations using (1,2)gr-closed sets.

The notions of compactness is useful and fundamental notions of not only general topology but also of
other advanced branches of mathematics. Many researchers have analyzed the basic properties of compactness.
The notions of compactness resulted in motivating mathematicians to generalize these notions further.
Bhattacharya S. introduced and studied the properties of (1,2)gr-closed sets in topological spaces. The aim of this
paper is to study (1,2)gr-compactness using (1,2)gr-closed set and also discuss some of their properties.

Il. PRELIMINARIES

A bitopological space consists of a set X with two topologies, say 7, and t, defined on it. These two
topologies allow us to study how different topological structures interact on the same set.

Throughout this paper (X,74,7,), (Y,01,0) (or simply X and Y) represent bitopological spaces on which
no separation axioms are assumed unless otherwise mentioned. For a subset A of (X,7;,7,), Cl;(A) denotes the
closure of the set A with respect to the topology 7,, and Int,(A) denotes the interior of the set A with respect to
the topology ,.

2.1 DEFINITION

Let (X,t4,7,) be a bitopological space. Then a subset A of (X,7,,t,) is called regular closed set if A =Cl,(
Int, (A4)).
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2.2 DEFINITION

Let (X,7,,7,) be a bitopological space. Then a subset A of (X,74,7,) is called (1,2)gr-closed set if A =
rCl; (A) € U whenever A € U and U is open in (X,74,T5).

The complement of the above mentioned (1,2)gr-closed set is (1,2)gr-open set.

2.3 DEFINITION
A function f: (X,7,,75)—(Y,04,0,) is called
Q) (1,2)gr-continuous if the inverse image of every closed set in (Y, 04, 0,) is (1,2)gr-closed in (X,
Tl’TZ)'
(i) (1,2)gr-irresolute if the inverse image of every (1,2)gr-closed set in (Y, a4, 03) is (1,2)gr-closed in
(X,741,72).

I11. (1,2)GR-COMPACTNESS

3.1 DEFINITION

A collection {G; : i € I} of (1,2)gr-open sets in a bitopological space (X,t;,7;) Is called a (1,2)gr-open
cover of a subset A of (X,74,7,) if A € U{G; : i € I} holds.

3.2 DEFINITION

A bitopological space (X,74,7,) is (1,2)gr-compact if every (1,2)gr-open cover of (X,7;,7,) has a finite
subcover.

3.3 DEFINITION

A subset A of a bitopological space (X,7,,7,) is said to be (1,2)gr-compact relative to (X,z,,75) if, for every
collection {G; : i € I} of (1,2)gr-open subsets of (X,t,,7,) such that AcU{G; : i € I} there exists a finite subset
I, of I suchthat A € U{G; : i € I}.

3.4 DEFINITION

A subset B of a topological space X is said to be (1,2)gr-compact if B is (1,2)gr-compact as a subspace of
X.

3.5 DEFINITION

In bitopological spaces, a surjective function is a continuous function f : (X,7,,7,) — (Y,04, 0,) between two
bitopological spaces (X,74,7,) and (Y, a4, 65) such that f is surjective (onto): For every y € Y, there exists x € X
such that f(x) = y.

In other words, a surjective function in bitopological spaces is a continuous function that maps every point
in the domain X to a point in the codomain Y, and every open set in Y has an open preimage in X with respect to
both topologies.

3.6 THEOREM

If A be an open subset and a generalized regular closed subset of (X,7,,7,) then it is a regular closed subset
of (X,74,75).
Proof

Let if possible, A is a generalized regular closed subset and an open subset of (X,7,,7,). Therefore A =
Int,(A) (an open subset of (X,74,7,)). Hence from definition rCl; < Int,(A) = A. But we know that A < rCl,.
So, A =rCl, i.e., A is aregular closed subset of (X,7;,7,).
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3.7 THEOREM

Iff:(X,71,72) — (Y,01,0,) and g: (Y,04,02) — (Z, v1,Y2) are functions, then if f : (X,z,,7,) — (Y,04,03)
and are both (1,2)gr-irresolute functions, then g o f: (X,74,72) — (Z, Y1,Y2) -
Proof

Let U be a generalized regular open set in (Z, y4,Y-), since g is (1,2)gr-irresolute ,then g~1(U) is (1,2)gr-
open in (Y,0q,0,), since f is (1,2)gr-irresolute ,then f~1 (g=1(U)) is (1,2)gr-open in (X,7,,7,). Since (
g o DY U)=f"1 (g7 1(V)) then (g o H~Y(U)isa(1,2)gr-opensetin (X,z;,7,). Thusg o f is (1,2)gr-irresolute.

3.8 THEOREM

Iff:(X,t1,72) — (Y,04,0,) and g: (Y,04,0,) — (Z, v1,Y2) are functions, then if f : (X,7,,7,) — (Y,01, 0)
is (1,2)gr-irresolute and g : (Y,0q,02) — (Z, v1,Y2) is (1,2)gr-continuous ,then g o f: (X,74,73) — (Z, y1,Y2) IS
(1,2)gr-continuous .

Proof

Let F be aclosed setin (Z, y;,Yv2), since g is (1,2)gr-continuous ,then g~(F) is (1,2)gr-closed in (Y04, 03)
, since f is (1,2)gr-irresolute ,then f~1(g=1(F)) is (1,2)gr-closed in (X,t;,7,). Since
(go HYF)=1"1 (g }(F))then (g o HY(U) isa (1,2)gr-closed set in (X,7,,7,). Thus g o fis (1,2)gr-
continuous.

3.9 THEOREM

Every (1,2)gr-closed subset of a (1,2)gr-compact space (X,z,,7,) is (1,2)gr-compact relative to (X,7,,7,).
Proof

Let A be (1,2)gr-closed subset of (1,2)gr-compact space X. Then A€ is (1,2)gr-open in X. Let M = {G,: a
€ I'} be a cover of A by (1,2)gr-open sets in X. Then, M* = MUAC is a (1,2)gr-open cover of X. Since X is (1,2)gr-
compact, M* is reducible to a finite subcover of X, say X:GaluGazu...UGamUAC, G, € M. But, Aand AC are
disjoint hence AC G4, UGy, U...UG, , Gy, € M, which implies that any (1,2)gr-open cover M of A contains a

finite subcover. Therefore, A is (1,2)gr-compact relative to X. Thus, every (1,2)gr-closed subset of (1,2)gr-
compact space X is (1,2)gr-compact.

3.10 THEOREM

Every (1,2)gr-compact space is compact.
Proof

Let (X,71,7,) be a (1,2)gr-compact space. Let {A; : i € I} be an open cover of X. Then {4; :i € [} isa
(1,2)gr-open cover of (X,t,,7,) as every open set is (1,2)gr-open set. Since (X,t,,7,) is (1,2)gr-compact, the
(1,2)gr-open cover {4; : i € I} of X has a finite subcover, say {4; : i=1,2...n} for X. Hence X is compact.

3.11 THEOREM

Let f: (X,t4,72) — (Y,04,0,) be surjective, (1,2)gr-continuous function. If (X,7,,7,) is (1,2)gr-compact,
then (Y,0,, 0,) is compact.
Proof

Let {4; : i € I'} be an open cover of (Y,dy,0;) . Since fis (1,2)gr-continuous function, then {f=1. (4;) : i
€ 1} is (1,2)gr-open cover of (X, 11, 12) has a finite subcover, say{4; : i=1,2...n}. Therefore, X:U?zlf‘l(Ai)
which implies f(X)= |J._,(A)). Since f is surjective, Y= J._ f(4;) Thus, {4; ,A,, ..., A, } is a finite subcover of
{4, :i €I} for(Y,01,0,).Hence (Y,0q,0,) iscompact.

3.1.12 THEOREM

Ifamapf: (X,74,7,) — (Y,04,0,) is (1,2)gr-irresolute and a subset B of (X,7,,7;) is (1,2)gr-compact relative
to (Y,a4, 0,)then the image f(B) is (1,2)gr-compact relative to (Y,qy, 03).
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Proof

Let {4, : a € I} be any collection of (1,2)gr-open subsets of (Y,o;, g,)such that f (B) € U{4, : o € [}.
Then, B c {f~1(4,): o € 1} holds. From the hypothesis, B is (1,2)gr-compact relative to (X,z;,7,). Then, there
exists a finite subset I, of I such that B c {f~1(4,): a € I,}. Therefore, we have f (B) c U{A4,: a € I, }, which
shows that f(B) is (1,2)gr-compact relative to (Y,a, 03).
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