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Introduction:-

The study of common fixed point of mapping contractive type condition has been a very active
field of research activity during the last three decades. The most general of the common fixed
point pertain totwo or three mapping of a metric space (X,d) and use either a Banach type
contractive condition or other contractive condition. Many, Hardy [1], Rajput[2], Yadav [3] ,
Sengupta[4] and so many author work in this field and prove more interesting result.
Throughout this section (X,d") denotesa complete metric space and d be an another metric
on X. ifx, € X and r > 0 denote by B(xq,r) = {x€X:d(xo,x) <r} and by clos.B(xO,r)d'the
d’- closer of B(xq,1).
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Fixed point results for Banach Generalized contractions:-

Theorem: 1
Let (X,d") be acomplete metric space, d another metric onX, xo €X, r>0 and T be
the mapping from, clos. B(x,, r)d'into X, satisfying the following conditions;

d(Tx, Ty) < o.d(x,y) (1.1)
Where non negative a, suchthat, 0 < a < 1

In addition assume the following three properties hold:

d(x, Txg) < 1—0)r (1.2)
Ifdz d
then T is uniformaly continuous from ( B(xq,r),d) into (X,d") (1.3)
if d #d thenT is continuous from (clos.B(xO, r)d',d’) into (X,d") (1.4)

then T has fixed point, that is there exists x € clos. B(x,, r)d' with Tx = x.
Proof:
Let x; = Txo then from (1.2), we have
d(xp, %) = dxpTxy) < (1—a)r < r
So that, x; € B(x,T)
Next let x, = Tx; then we note that,
d(xq4,X2) = d(Txq, Tx;)
From (1.1)
d(Txo, Tx1) < ad(xg, X1)
d(Txo, Tx;) < a(l—a)r
Now
d(xg,%2) < d(Xo,Xx1) + d(x1,X2)
d(xg,X;) < l—)r+a(l—a)r
dXp,%3) < (1—-a)r (14 )
d(xp, %) < I1—a)r (1+a+ o +a3+-......)
dxp,x3) < 1—a)r (1 —a)™?

d(xe,xp) < r
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So that, x, € B(xq,T)
Proceeding inductively we obtain

d(Xp+1, Xp) < a®d(Xe,Xq)

d(Xp,Xp41) < (1—)"r (1—a)™?
It follows d(Xg,Xp+1) < r and X,41 € B(Xg,1)
In this way we construct a sequence {x,} of elements of X, suchthat {x,} is a Cauchy
sequence with respect to, d, which converges to x.
We claim that {x,} is a Cauchy sequence with respect to d’.
If d = d'then thisis trivial.
Next we suppose that, d & d’
Let € > 0 be given. Now from (1.3) that there exists § > 0 such that,
d'(Tx,Ty) < &wheneverx,y € B(x,,r)and d(x,y) < & (1.5)
From the above the sequence {x,} is a Cauchy sequence with respect to d, so we know
that there exists N with

dXpXm) < 6 for alln,m=> N (1.6)

Now from (1.5) and (1.6) implies
d (Xps1,Xme1) = d'(Tx,, Tx,) < & whenever nnm = N
Which proves that {x,} is a Cauchy sequence with respect to d".
Now since (X,d’) is complete there exists x € clos.B(x,1)* with
d' (x,,x) >0 and n — oo.
We claim that, x = Tx (1.7)
First consider the case, whend # d'.
d(,Tx) < d(x,x,) + d(x,Tx) = d(x,x,) + d(Tx,_q,Tx)
Letn — oo and using (1.4), we obtain
d(x,Tx) < d(x,x)+d(Tx,Tx)
d'(x,Tx) =0
And thus (8.7) is true,
Next we suppose that d = d’' then

d(x,Tx) < d(x,x,)+d(Tx,_,,Tx)
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From (1.1),
d(x,Tx) < d(x,x,)+ad(x,_1,Tx)
As > o, Tx, =x = Tx and above inequality can be written as,
1-a)d(xTx) < 0
So that, ,d(x,Tx) =0 and (1.7) holds.
This the proof of the theorem.
Theorem:- 2
Let (X,d") be acomplete metric space, d another metric onX, x, € X, r>0 and T be
the mapping from, clos.B(xo,r)d’into X, satisfying the following conditions;
d(Tx,Ty) < a.d(x,y) + Bld(x,Tx) +d(y,Ty)] + y[d(x,Ty) + d(y,Tx)] (2.1)
Where non negative a, §, y , suchthat, 0 < a+f+y < 1

In addition assume the following three properties hold:

Ao, Tx)) < (1=752) r (2.2)
Ifd e d
then T is uniformaly continuous from ( B(x,,7),d) into (X,d") (2:3)
if d #d’ thenT is continuous from (clos.B(xo,r)d',d’) into (X,d") (2.4)

then T has fixed point, that is there exists x € clos.B(xO,r)d' with Tx = x.

Proof:

Let x; = Tx, then from (2.2), we have

d(xg,x1) = d(xy,Txy) < (1—i;_ﬁy)r <r

So that, x; € B(x,,1)

Next let x, = Tx; then we note that,
d(xq,x,) = d(Txy, Txq)

From (2.1)

d(Txo, Tx;) < ad(xg,x) + Bld(xo,x1) +d(xy,x2)] + v d(xg,x3)

d(Txy,Tx;) < (i;fy) (1 - i;fy) r
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Now

d(xg, %) < d(xp,x1) + d(x1,x3)

d(xg,x;) < (1— a+ﬁ)r+(ﬂ) (1—M)r

1-B-y 1-B-y 1-B-y
d(xg,xz) < ( - fi;_ﬁy) r (1 +1in+i/)
d(x,x2) < (1 B 10i;—ﬁy) r (1 + [i;—ﬁy + [i;fy 2 + [%]3 o )
d(xp, %) < (1 - [i;i]) r (1 B [1012—[;1/] )_1

d(xg,x) < 1
So that, x, € B(x,,1)

Proceeding inductively we obtain

dCtnin, %) < [Z22]" dCx xr)
d(xo'xn"'l) = (1 o [:i;—ﬁy])n r (1 - [1ci;—ﬁy] )_1

It follows d(xg,xpy1) < 7 and x,.; € B(xq71)
In this way we construct a sequence {x,} of elements of X, such that {x,} is a Cauchy
sequence with respect to, d, which converges to x.
We claim that {x,,} is a Cauchy sequence with respect to d'.
If d = d'then thisis trivial.
Next we suppose that, d >+ d’
Let ¢ > 0 be given. Now from (1.3) that there exists § > 0 such that,
d'(Tx,Ty) < &wheneverx,y € B(xy,r)and d(x,y) < & (2.5)
From the above the sequence {x,} is a Cauchy sequence with respect to d, so we know
that there exists N with
d(xXp,Xym) < 6 for all nnm= N (2.6)
Now from (2.5) and (2.6) implies
d (Xps1, Xme1) = d'(Tx,, Txy,) < € whenever n,m = N

Which proves that {x,} is a Cauchy sequence with respect to d.

Now since (X,d’) is complete there exists x € clos.B(x,1)* with
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d' (x,,x) > 0 and n —> oo.

We claim that, x = Tx (2.7)
First consider the case, whend # d'.

d(xTx) < d(x,x,) + dx,Tx) = d(x,x,) + d(Tx,_,,Tx)

Letn — oo and using (2.4), we obtain

d'(x,Tx) < d(x,x)+d(Tx,Tx)

d(x,Tx) =0

And thus (2.7) is true,

Next we suppose that d = d’' then

d(x,Tx) < d(x,x,)+d(Tx,_q1,Tx)

From (2.1),

d(x,Tx) < d(x,x,)+ad(x,_1,Tx) + Bld(x,_1,Txp_1) + d(x,Tx)] +
Y[d( Xn_l,TX) + d(x, Txn—l)]

As—> o, Tx, =x = Tx and above inequality can be written as,

(1 - [% )d(x,Tx) <0

So that, ,d(x,Tx) =0 and (2.7) holds.

This complete proof of the theorem.
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