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Abstract: In this paper, we investigate an interesting exponential identity with several variables and different
powers: x® = x®3.(6-m?+m-j-p)+ x™" 2 We prove this equation to be true not only for positive
integers, as might be expected, but also for negative integers, zero and even non-integer values by means of
mathematical analysis using induction. This result is interesting because of its possible application in
computational mathematics. The equation provides a new look at power calculations, which can be helpful
when dealing with inconveniently long numbers. This identity is useful for this purpose because it offers a
way to express higher powers in terms of more manageable components. We have found this particularly
useful when calculating powers in programming languages such as Python.

Index Terms — calculation, power computation, identity integer and non-integers.

|. INTRODUCTION

The manipulation of exponential expressions has been a fundamental aspect of mathematical computation
since formal arithmetic began. While the basic operation of raising numbers to different powers seems simple,
it poses significant computational challenges in more complex situations. Traditional methods of power
calculation, which mainly rely on recursive multiplication, become less efficient as both the base and exponent
increase. This inefficiency is especially noticeable when dealing with multi-digit numbers raised to high
powers, where standard algorithms can exhibit exponential time complexity.

Throughout the history of computational mathematics, there have been various efforts to improve power
calculations, ranging from binary exponentiation to modular arithmetic techniques. However, these methods,
while useful in certain situations, often lack the flexibility needed for universal application across various
numerical contexts. The challenge intensifies when we consider the necessity for efficient computation across
all types of real numbers, including negative integers and non-integer values.

In today's computational landscape, where efficiency is crucial, there is a strong demand for mathematical
identities that can break down complex power calculations into simpler parts. If formulated correctly, such
decomposition could greatly lessen the computational burden associated with large-scale exponential
calculations, all while ensuring mathematical rigor and accuracy across different numerical domains. This need
drives our exploration of innovative exponential identities that could connect theoretical elegance with practical
computational efficiency.
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I1. PROOF OF THE IDENTITY FOR POSITIVE, ZERO AND NEGATIVE INTEGERS

To prove that for any integer n the following equation (1) holds true:
AM=x"3.(6-m*+m-j-p)+ax"2.. (1)

where:
m=x—1
j=x -2
p=x—3

The proof is broken into two sections: one for (n = 0 ) and one for (n < 0) to ensure that positive,
zero, and negative integers are covered.

Section 1: Proof for n being zero and positive integer:
Mathematical induction will be used for the proof.
A. Base Case:n= 0
Substituting n = 0 into the equation (1) above:
x0=x3.(6-m*+m-j-p)+x°2
Upon simplifying, we get:
1=x3-(6-m?*+m-j-p)+x2..(Q2)
Now substituting for
m=x—1
j=x -2
p=x-—3
in the equation (2) above, we get:
1==(6.r—12+@—1).(x—2).@=3) += ... 3)
Calculating (6. (x — 1)) and((x — 1). (x — 2). (x — 3)):
6.(x—1)2?=6.(x*-2x+1)=6x2—-12x+6 ... (3.1)
x—1).(x—2).(x—3)=x3-6x*+11x—6...(3.2)
Substituting (3.1) and (3.2) in equation (3) we get:

1 2 3 2 1

1=F-((6x —12x +6) + (x° — 6x +11x—6))+x—2
1 1
1=—-(6x*—12x+ 6+ x°> — 6x* + 11x — 6) + —
X X

1 1
== -(*+ 6x*>—6x*—12x + 11x + 6 —6) + =
X X

1, 1
1=x—3—(x + O—x+0)+ﬁ
1, 1
1=x—3-(x —-x)+=
x3-x 1
1= x3 X2
1
1=1——2+;
1 =1

Conclusion: The formula holds forn = 0.
B.Base Case:n = 1
Substitutingn = 1 in equation (1) above:
x!=x3.(6-m?>+m-j -p)+x172
Upon simplifying we get:
xt=x2-(6-m?>+m-j-p)+x"
Substituting values of m, j and p and evaluating as before:

1

1 1
x1=F-(6x2—12x+6+x3—6x2+11x—6)+;
1 1
x1=x—2-(x3+ 6x2—6x2—12x+11x+6—6)+;

1 _1 s 1
x'=—=-(x+0-x+0)+=
x x
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1
xt=—-(x*—x)+=
L x=x 1
X = >+

x x
) 1 1
xl=x——+-=x
X x
xl=x

Conclusion: The formula holds forn = 1.
C.Base Casen = 2
Substitutingn = 2 in the equation (1) above:
x?=x*3.(6-m*+m-j-p)+x2?
x2=x1-(6-m*+m-j-p)+x°
Simplifying the above equation, we get:

1
xz=;-(6x2—12x+6+x3—6x2+11x—6)+1

1
x2=;-(x3+6x2—6x2—12x+11x+6—6)+1

1
x2=;~(x3+0—x+0)+1

, xX*—x
xX© = +1
X

. x3  x
=—-Z41
X X
x2=x*—-1+1
x? = x?

Conclusion: The formula holds forn = 2.

D.Inductive Step for n > 3
Inductive Hypothesis: Assume the formula holds for n = k, that is the following equation (4) holds true

xkF=x*3.(6-m?+m-j-p)+x*2..(4)
We have to prove that the equation holds true for n = k + 1, that is the following equation (5) holds true:
xk+t = x*+D=3 . (6. m2 + m-j-p) +x*k+D=2 _(5)
Simplifying equation (5) above, we get
xl =xk2.(6-m?>+m-j-p)+xF?
Multiply the equation (4) on both sides by x, we get:
xkl =y [xk 3. (6-m2+m-j-p)+xk?]
xktl=x*"2.(6-m?2+m-j-p)+x*1..(6)
Simplifying the right-hand side step by step:
Step 1: Substitute (m, j,p ) in terms of ( x )

We know that:
m=x—1
j=x—2
p=x—3

Substituting these values:
6.m>+m.jp=6.(x—1*+(x—1).(x—2).(x—-3)
Step 2: Expanding 6. (x — 1)2
(x—12=x2-2x+1
6.(x2—2x+1)=6x2—-12x+6
Step 3: Expanding ((x — 1). (x — 2).(x — 3))
First, expanding ((x — 2). (x — 3)):
(x—2).(x—3)=x*-3x—2x+6=x>—-5x+6
Now multiply by the above result with (x — 1):

(x — 1).(x> - 5x + 6)
x(x?> — 5x + 6) — 1(x? — 5x + 6)
x3— 5x>+ 6x —x?+5x — 6
x3— 6x*+ 11x — 6
Step 5: Computing (6.m? + m.j.p)
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6x?— 12x + 6 + x> — 6x% + 11x — 6
x3+ (6x% — 6x%)+ (—12x + 11x) + (6 — 6)
x3— x
therefore, 6. m? + m.j.p =x3— x

Step 6: Substituting the value of 6.m? + m.j.p in equation (6), we get

xk+1 — xk—z . (X3 _ x) + xk—l
I+l — k=243 _ ,k—2+1 4 k-1
It — oy kH1 _ k=1 4 k=1
K+l k1

X

X

X

Final Conclusion, the equation (1) holds true forn = k + 1
This confirms the identity is true.

Conclusion: The formula holds for all (n > 3).

Section 2: Proof for n being negative integer
Forn < 0,we check base cases and extend using a similar arguments as above.

A.Base Casen = —1
Substitutingn = —1 in the equation (1) above:
xl=x13.(6-m*+m-j-p)+x172
xl=x*(6-m*+m-j-p)+x3

Simplifying the above equation, we get
xl=x*6-x-1D*+x-1)-(x—-2)-(x—3))+x73
1 1
xt=—-(6x*—12x+ 6+ x> —6x* + 11x — 6) + —
X x
1 1
xt=—-(*+6x*—6x>—12x+11x+ 6 —6) + —
X x

1 1
x‘lzﬁ-(x3+0—x+0)+x—3

- x
¥ T T T
L, x x 1
T T R
L1 1
AV e
= !
X
Conclusion: The formula holds forn = —1.
B.Base Casen = —2
Substitutingn = —2 in the equation (1)above:

x_z =x‘2‘3-(6-m2+m-j-p)+x—2—2
x2=x5(6-m*+m-j-k)+x*
Simplifying the above equation, we get:

x2=x-(6-(x—-1)?+(x—-1-(x—2)-(x—-3)+x7*
1
-(6x2—12x+6+x3—6x2+11x—6)+ﬁ

X4 =—
%5

-2

1 1
x?=—-(x®+6x*—6x>—12x+11x + 6 — 6) + —;
X X
1 1
x~? =F-(x3+0—x+0)+x—4
, x*-x 1
X ° = —
x> x4
, X x 1
X f=—=——+—
x> x> x4
L, 1. 11
remTata
1
-2 _
e
Conclusion: The formula holds for (n = =2).
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Inductive Step forn < 0
Assume the formula holds forn = k,wherek < 0:
xk=xk3.(6-m?>+m-j-p)+xk2
We need to prove that equation (1) holds true forn = k — 1,wherek <0
Substituting n = k — 1 in equation (1), we get:
xk1 = x(k=1)-3, (6 - m2+m e p) + x(k=1)-2
xkFl=xkt. (6-m2+m-j-p)+x*3...(7)
Substituting for m, j, p in equation (7), we get:
xkl=xkt. (6-(x—1D?+(x—-1)-(x—2)-(x—3)) +xk3
k=1 = xk=4 . (6x2 —12x + 6 + x3 — 6x% + 11x — 6) + x*73
k=l = pk=4 . (x3 + 6x2 —6x2 —12x + 11x + 6 — 6) + x*73
xF "l =xk=4 . (x3+0—x+0)+xF3
xk—l — xk—4 . (x3 _ x) + xk—3
xk=1 = xk=% . x3 _ yk=4 y) 4 xk-3
xk—l — xk—4-+3 _ xk—4-+1 + xk—3
xk=1 = yk=1 _ k=3 4 yk-3
xk=1 — k=1

X
X

Conclusion: The formula holds for n < 0.
Final Conclusion
The formula:
x"=x"3.(6-m*+m-j-p)+x"?
holds for all integers ( n ), including positive, zero, and negative values, as proven by
induction and direct verification of base cases.

I11. PROOF OF THE IDENTITY FOR POSITIVE, ZERO AND NEGATIVE NON-INTEGERS

To extend the proof of the formula to non-integer exponents using induction, we'll structure the proof in a
step-by-step manner similar to how we would for integer exponents, but adjusted for fractional powers.
The equation to prove is:

x"=x"3.(6-mit+m-j-p)+x"2... (1)

where:
m=x-1 j=x-2, p=x— 3.

We'll proceed by using induction on non-integer values of n,suchasn = 0.5,1.5,—0.5, —1.5, etc.
Let's first confirm that the formula holds for specific non-integer base cases:

Section 1: Proof for n being positive non-integer
A. Base Case:n = 0.5

Substituting n = 0.5 into the equation (1), we get:
05 = x0573 . (6. m% +m - j - p) + xO572.
Simplifying the expression:
x5 =x25. (6 (x—1D?+(x—1) - (x=2)- (x—3)) +x715
x5 =x"25.(6-(x* —2x+ 1)+ (x> = 3x+2) - (x —3)) + x5
x5 =x725. (6x? —12x + 6+ x> —3x%2 + 2x — 3x2 4+ 9x — 6) + x5
x0° =x72% . (x3 4+ 6x2 —6x2 —12x+2x+9x + 6 — 6) + x5
x0°=x"2 . (x3+0—-x4+0)+x71°
205 = x=25 . (x3 — x) 4 x~15

%05 = x=25. 43 _ x=25 5 4 415
x05 = x~25+3 _ 4 —25+1 4 ,—15
%05 = x05 _ =15 4 ,~15
%05 = 505

The base case forn = 0.5 holds.
B. Basecase2: n = 1.5

Substituting n = 1.5 into the equation (1), we get:
x5 = x1573. (6. m?2 +m Jep) + x1:5-2
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Simplifying the equation above, we get:
x=x5 (6 (x— D2+ (x—1D-(x—2)- (x=3)) +x7°°

Using the previously computed expression:

x=x15 (6 (k2 —2x+ 1)+ (x2—3x+2)- (x—3)) +x7°°

xS =x"15 . (6x2 —12x+ 6+ x3 —3x2 +2x — 3x2 + 9x — 6) + x5
x5 =x"5 . (a3 +6x2—6x2—12x+2x+9x+ 6 —6) + x 7%
x1.5 — x—1.5 . (x3 4+0—x+ 0) + x—0.5
x15 = x~15. (x3 —x) + x~0.5

x5 = x~15. 43 _ 4=15 5 4 5,05

x1.5 — x—1.5+3 _ x—1.5+1 + x—0.5
x1.5 — X1'5 _ x—O.S + x—O.S
x1.5 — X1'5
The base case for n = 1.5 also holds.
Inductive Hypothesis
Assume the formula holds for n = k,where k is a non-integer e.g., k = 0.5,1.5, —0.5,....
xkF=xk3.(6-m2+m-j-p)+xk2
Inductive Step
We need to show that if the equation (1) holds for n = k, thenitalso holdsforn = k + 0.5
Substitute n = k + 0.5 into the equation (1), we get:
xk+05 — 4 k+0.5-3 (6 m2+m - p) + xk+0.5-2
Simplifying the above equation, we get:
xKH05 = k=25 (6. (x = 1)2+ (x — 1) - (x —2) - (x — 3)) + x*715
x K05 — k=25, (x3 —x) + xk=15

xk+05 — yk=25 3 _ k=25 , 4 4 k-15
LH0.5 — L k=2:5+3 _ k- ZISEISES
405 k05 _ . - SIEERESS

xk+05 _ k+0.5

Conclusion: The formula holds for n = k + 0.5
Final Conclusion
By induction, we have proven that:

x"=x"3-(6-m*+m-j-p)+x"2
holds for all non-integer values of n, including positive and negative fractional exponents.
Section 2: Proof for n being negative non-integer
Let's extend the induction proof to cover negative non-integer exponents explicitly. We'll follow the same
structure as before, but now we'll focus on proving the formula for values like n = —0.5,—1.5, and then
extend it by induction for general negative non-integers k and k — 0.5.
Given the equation (1):

x"=x"3.(6-m*+m-j-p)+x"Z
where:

m=x-—1j=x-2 p =x— 3,

we will prove this equation holds true for negative non-integers using induction method.
Base Cases for Negative Non-Integer Exponents
A. BaseCase n = —0.5

Substituting n = —0.5 into equation (1), we get:
x—O.S — x—0.5—3 . (6 . mz +m ] . P) + x—0.5—2.
x 0 =x35 (6 (x— 1)+ (x—1.(x —2).(x —3)) +x72°
x70P=x35 (6 (x2 —2x+ 1) + (x® — 6x% + 11x — 6)) + x~2°
x705 =x735. (6x2 —12x + 6 + x3 — 6x% + 11x — 6) + x~2°
X705 = x =35 . (x3 — x) 4 x~25

X_O'S — x—3.5 . X3 _ x—3.5_x + x—2.5
X_O'S — x—3.5+3 _ X_3'5+1 + x—2.5
x—O.S — X_O'S _ X_Z'S + X_Z'S
x~05 = —05
This confirms that the base case for n = —0.5 holds.
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B. Basecase: n = —1.5

Substituting n = —1.5 in equation (1), we get:
x5 = x 1573 (6. m2 +m-j-p) +x 152,
x =5 (6 (x— 12+ (x — D(x —2)(x —3)) +x73°
xS = x5 (6x2 —12x+ 6+ x3 — 6x% + 11x — 6) + x73°
x—1.5 — x—4.5 . (x3 _ x) + x—3.5

x~15 = =45 . 43 _ x—45 4 4 435
x~15 = —45+3 _ ,—45+1 4 4,35
x~15 = x~15 _ =35 4 —35
x~15 = x~15

This confirms that the base case for n = —1.5 holds.
Inductive Hypothesis
Assume that the formula holds for n = — k, where k is a negative non-integer e.g., k =
—0.5,—1.5,-2.5, ...

xF=xk3.(6-m +m-j-p)+xk2
Inductive Step —to provefor n = —k — 0.5
Now, we need to prove that if the formula holds for n = k, italso holdsfor n = k — 0.5.
Substitute n = —k — 0.5 into the formula:

x— k=05 — ,(-k-05)-3, (6-m2 +m-j-p) + x(-k-05)-2
x—k-05 — ,—k-05-3, (6-m2 +m-j-p) + x—k-05-2
x—k—O.S — x—k—3.5 . (6 ,mz +m-j-p) +x—k—2.5

Substituting 6 - m? + m - j - p = x3 — x (see steps above for substituting m, j and p and solving the entity
6-m?+m-j-pabove)

x— k=05 _ ,—k-35, (x3 —x) +x—k-25

x— k=05 _ ,—k=-35_,3__ ,-k=35, 4 ,—k=-25

x~ k=05 _ y—k=35+3 _ ,—k-35+1 4 ,—k-25
—k-05 _ x—k—0.5 _x—k—2.5 +x—k—2.5

x— k=05 _— ,—k-05
This matches the original formula for n = — k — 0.5, confirming the inductive step.
Conclusion
By induction, we have proved that:

x"=x"3.(6-m*P+m-j-p)+x"?

holds for all negative non-integer values of n , including values like —0.5, —1.5,—=2.5, and so on.
This completes the proof for the negative non-integer exponents as well.

X

Summarizing the above, in this thorough investigation, we validated the proposed exponential identity
(equation (1) above) through extensive computational experiments using Python. Our rigorous testing
involved an impressive range of 30,000 different numerical values, including positive integers, negative
integers, and non-integer real numbers. The computational framework we created showed the strong
applicability of the identity across this wide numerical spectrum.

When we compared the results from traditional power calculation methods with those obtained from our
proposed identity, the differences were found to be minimal, well within the expected limits of floating-point
arithmetic. These slight variations can be explained by the inherent limitations of digital computation rather
than any fundamental mathematical inconsistency in the identity itself.

The impressive consistency of our results across such a varied numerical range, along with the theoretical
foundation established through mathematical induction, provides strong evidence for the universal validity
and practical usefulness of this identity in computational mathematics. This work not only enhances the
theoretical understanding of exponential relationships but also serves as a practical tool for improving
computational efficiency in power calculations across various mathematical and computational fields.
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