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Abstract

In this paper, we introduce the concepts of | and |°—convergence of sequences of functions and the
concepts of Iand I°—Cauchy sequences of functions in p-adic linear 2-normed spaces. Also we
investigate the relation between these concepts in p -adic linear 2-normed spaces.

Keywords: 2-normed spaces, p-adic 2-norm, p-adic linear 2-normed space, | — Cauchy sequence,
I* — Cauchy sequence.

2000 Mathematics Subject Classification: 11B68, 11F80, 46A15, 11S80, 46A65.

1. INTRODUCTION

Gabhler [1] introduced the concept of linear 2-normed spaces in 1965 and it has since been expanded in
different fields. Lewandowska published a lot of papers on 2-normed sets and convergent sequences...etc.
(see ([41, 71, [8], [9], [12]). P.Kostyrko et al [6] were very first to introduce ideal convergence of
sequences, which is a generalization of statistical convergence. The concepts of | —cluster point and
| —limit point of a sequence in metric space were first discussed in [5] and established some results
between these concepts. The relation between | — cluster points and ordinary limit points of sequences in 2-
normed spaces was studied by A.Sahiner et al [13] and Gurdal [2].Gurdal and Isil Acik [3, 11] proposed the
concept of I-Cauchy sequences in 2-normed spaces. | —Convergence and | — Cauchy Sequences of
Functions in 2-normed spaces were introduced by Mukaddes Arslan and Erdinc Dundar [16].

The connection between the concepts in p-adic numbers, p-adic analysis and linear 2-normed spaces was
first introduced by Mehmet Acikgoz ([10]). Certain p-adic linear 2-normed space properties were introduced
by B.Surender Reddy [14]. The concept of ideal convergent sequences in p-adic linear 2-normed spaces
introduced by B.Surender Reddy and D.Shankaraiah [15].

This paper’s major goal is to introduce the notion of | and | —convergence of sequences of functions,
| and 1" —Cauchy sequences of functions in p -adic linear 2-normed spaces. Furthermore, we establish
how these ideas relate to one another in p -adic linear 2-normed spaces.
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2. Preliminaries

Definition 2.1: Let K be field of real or complex numbers and X be a linear space of dimension higher than
1 overK. Suppose N(e,®) be a real valued function on X x X which is non-negative and fulfills the

following criteria:
1). N(x,y) >0 and N(x,y)=0 ifand only if x and y are linearly dependent  vectors,

2).N(x,y)=N(y, x) forallx,y e X,

3).N(Ax, y) =|AN(x,y) forall 2eK and x,ye X,

4). N(x+VY,2) <N(x,2)+ N(y,2) forall x,y,ze X.

Then N(e,e) is called a 2-norm on X and the pair (X, N(e,e))is called a linear 2-normed space.

Definition 2.2: Let K be field of real or complex numbers and X be a linear space of dimension higher than
1 overK .Suppose N(e,e), be a real valued function on X x X which is non-negative and fulfills the

following criteria:

1). N(x,z), =0 if and only if x and z are linearly dependent vectors.

2).N(xy,z), =N(x,2),.N(y,z), forall x,y,ze X,

3).-N(x+Yy,2), <N(x,2), +N(y,z), forall x,y,ze X,

4).N(4x,2), =|4| N(x,z), forall 2eK and x,ze X .

Then N(e,e), is called a p-adic 2-norm on X and the pair (X,N(e,e) ) is called p-adic linear 2-normed
space.

Proposition 2.3: If a sequence {x,}in a p-adic linear 2-normed space (X, N(e,®) ,) is convergent tox € X,

then lim N(x,,2) , =N(x,z), foreachze X .
N—o0

Proposition 2.4: If limN(x,,z), exists then {X,}., is a Cauchy sequence w.r.t. N(e,e), .
Definition 2.5: A sequence {X,}., is a null sequence in p-adic linear 2-normed space if limN(x,,z), =0

forall ze X.

A family of sets 1 < 2" (power sets of Y — N ) is said to be an ideal if

a). del,

b). P,Qel = PUQeI and

€).Pel,QcP=0Qel.

A family of non empty sets F — 2" isafilteron Y ifandonly if® ¢ F, PNQeF foreachP,QeF, and

any subset of an element of F isinF . An ideal | is called non-trivial if 1 = ®andY ¢ 1. Clearly | is a
non-trivial ideal if and only if F =F(l) ={Y —P:P 1} isafilter inY , called the filter associated with the

ideal I . A non-trivial ideal | is called admissible if and only if{{x}: X eY}c l.
An admissible ideal | < 2" is said to have the property (AP) if for any sequence {Pl, P,, Pg,...} of mutually
disjoint sets of | there is a sequence {Q,,Q,,Q;.,...} of sets such that each symmetric difference P,AQ,,

i=123...., is finite andQ:QQi el.

Lemma 2.6: Let {P}. ., be a countable collection of subsets of N such that P, € F(I) for eachi, where
F(1) is a filter associated by an admissible ideal | with property (AP). Then there isa set P < N such that
P e F(l) and the set P — P, is finite for alli .

Definition 2.7: Let | < 2"be a non trivial ideal inN . A sequence {x }in a p-adic linear 2-normed
space (X, N(e,®),) is X is said to be | —convergent to X if for each £>0 and non- zero z in X the
set A(e) = {n eN:IN(x, —x,2), > g}e l. If {x,} is |I-convergent toxe X, then we write
| — rl\'ﬂl N(x,—x,2),=0or I - rI]erol N(x,,z), = N(x,z), for each non-zeroz € X . The number x is called

I — limit of the sequence{x, }.
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3. Iand I" —Cauchy sequences of functions in p-adic linear 2-normed spaces

In this section, we present the concepts of | and |* —convergence of sequences of functions, as well as the
concepts of | and I* — Cauchy sequences of functions in p -adic linear 2-normed spaces. Additionally, we
establish how these ideas relate to one another in p -adic linear 2-normed spaces.

Throughout this paper, (X,, N, (e,¢), ) and(X,,N,(e,), ) are two p -adic linear 2-normed spaces, {f,} and
{9, }are two sequences of functions and f is a function from X, to X,

Definition 3.1: The sequence of functions { f } is said to be convergent to f if for each &> 0and for each
z e X, there exists n, € N such that limN, (f,(x) - f(x),z), <& Vn=n, and vxe X,.

(VzeX,)(Vxe X, )(Ve>0)(Vny e N)(Vnzng )N, (f,(x)- f(x),z) <e. This can be expressed as

f, (X)Mp—) f(x) for eachx € X, or we write f, LG TSN 3

Definition 3.2: The sequence of functions {fn} is said to be | — pointwise convergent to f if for each
&> 0and each non zero z € X, the set A(z,z) ={ne N :N,(f,(X)- f(x),2), 2 ¢} <]

Orl —!Lrg N, (f,(x) - f(x),z), =0,for each xe X, or | —!Lrg N, (f,(x),2), =N,(f(x),z), for each non-
zero zin X, . The function f is called I —limit of the sequence of functions{f, } .

Lemma 3.3: Let| = 2" be an admissible ideal with property (AP). If a sequence of functions {f,} is
| — pointwise convergent to f then there exists a setPeF(l), P={m, <m, <... <m_ <.....} such
that m N, (f, (X)—f(x),z), =0, foreach non-zeroz e X,.

Proof: Let a sequence of functions {fn} be | —pointwise convergent to f .Then for eachs >0 and non-
zeroz e X,, the set A(s,z) ={ne N 1N, (f (x) - f(x),z) , =&} | . For each ieN and non-zeroz e X,,
defineasets B ={neN:N,(f (X)-f(x),z), <i}and H;=N-P, =

{neN:N,(f (X)- f(x),2), >} Then for eachie N,H; el andP, e F(I). By Lemma (2.6), we have
PeF(l)such that P={m, <m, <...<m, <...... } and P —P is finite set for alli. Now define the

sequence {g,}such that g, = f, foreach neP andg, = f forng P. Then limN,(g,(x)- f(x),z), =0
which implies thatllim N, (f, (X)—-f(x),z), =0, foreach non-zeroz € X,.

Now we introduce the concept of 1" —convergence of sequence of functions in p -adic linear 2-normed
spaces.
Definition 3.4: A sequence of functions{ f, } is said to be I”—pointwise convergent to f if and only if there

exists a setM eF(l), M ={m <m, <....<m, <....}such thati!im N, (f, (X)-f(x),z), =0, for each

non-zeroz e X,.
If {f,} is 1" —pointwise convergent to f , then we write 1" —limN, (f (x)- f(x),z), =0 or

1" —limN, (f,(x),z), = N,(f(x),z),, for each non-zero z in X, . The function f is called I*—Ilimit of

the sequence of functions{ f,} .

From Lemma (3.3), it follows that if | is an admissible ideal with property (AP) and a sequence of
functions { f, } is | — pointwise convergentto f then {f } is I"—pointwise convergentto f .

n

Lemma 3.5: Let |1c2be an admissible ideal. If 1" —limN,(f (x)-f(x),z), =0 then
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I —limN,(f, (x)-f(x),z), =0 foreachnon-zero ze X, .
Proof: Let | < 2"be an admissible ideal and 1 —lim N, (f, (x)- f(x),z), =0. Then there exists a set

H elsuchthatfor M =N-H ={m, <m, <....<m, <.....} we have
lim N, (f, (X)-f(x),z), =0, foreach non-zeroz e X,. (3.6)

Lete > 0. By virtue of (3.6) there exists k, € N such that lim N(f, (X)—f(x),z), <& foreachk >k, .

Then obviously

A(e,2) ={ne NN, (f (X) - f(x),2), 2e}c HU{m, <m, <...... <m} (3.7)

The set on the right hand side of (3.7) belongs to I (since | is an admissible). So A(s)el.
Therefore | —Mg N, (f,(x)- f(x),z), =0, for each non-zeroz € X,.

From Lemma (3.3) and Lemma (3.5) we obtain the following Lemma which gives the equivalence
between | — convergence and |* —convergence in p -adic linear 2-normed spaces.

Lemma 3.8: Let | = 2" be an admissible ideal with property (AP), {fn} be a sequence of functions and f
be a function from X, toX,. Then{f,} is I —pointwise convergent to f if and only if {f } is

|* — pointwise convergent to f .

Now we introduce the concepts | and I — Cauchy sequences in p -adic linear 2-normed spaces. Also, we
establish the relation between these concepts in p -adic linear 2-normed spaces.

Definition 3.9: Let 1 = 2" be an admissible ideal. The sequence of functions {fn} is said to be | — Cauchy
sequence, if for each &>0 and non-zero ze X, there exists a number I(g,z) such
that{k € N : N, (f (x) = f,(x),2) , 2 e} e .
Definition 3.10: Let | = 2" be an admissible ideal. Then the sequence of functions {f.} is said to be
I” — Cauchy sequence if there exists a set M ={m, <m, <....<m, <........ } = N,M € F(l) such that the
sequence {f,, } isa Cauchy sequence. i.e., kI,Ii—rQo N, (f, —f,,2), =0 foreachnon-zeroz e X,.
Theorem 3.11: Let | be an admissible ideal. If the sequence of functions {fn} is 1" —Cauchy sequence
then {f,} is | — Cauchy sequence.
Proof: Let | be an admissible ideal and { fn} be I* — Cauchy sequence. Then by definition there exists the
set M ={m, <m, <...<m <.} =N, MeF(l) such that N, (f, (x)-f, (x),z), <& forevery non-
zero z e X,andk,l >k, (¢). Letl(e) =m, .,. Then for every e >0, we have N, (f,, (x) - f,(x),z), <&, for
every non-zeroz € X, andk >k, . Now putH =N —M . Itis clear that H €| and
Ale,2) ={ne NN, (f,(X) - f(x),2), 2efcHU{m <m, <...<m <...}. (312)

Then the set on the R.H.S. of (3.12) belongs to | because I is an admissible ideal. Therefore for every
&>0 we findI(¢) such that A(e,z) el i.e., {f,} is I —Cauchy sequence.

Now we will prove that |I"—convergence implies | —Cauchy condition in a p -adic linear 2-normed
spaces.

Theorem 3.13: Let | be an admissible ideal and | * — !Lrpo N, (f,(x)- f,z), =0where {fn} is a sequence of
functions. Then {f }is | - Cauchy sequence in X . In other words, let I be an admissible ideal and if a
sequence of functions { f,} is 1~ —convergentto f , then { f }is | — Cauchy sequence.

Proof: Let I be an admissible ideal. Suppose {fn} is a sequence of functions is |* —convergent to f .Then
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there exists the setM e F(I), M ={m, <m, <....<m, <.....} < N, such that limNz(fmk(x)— f,z),=0

for each non-zeroz e X,. It shows that there exists k, =k,(¢) such that N,(f, (x)-f,z), <§for

everye >0, non-zero z e X, andk >k, .
Ny (o, (0= T (¥),2) =N, (Fr, ()= F + T =1, (%),2),
N, ((f, )= F)=(f, ()= 1),2),
N, (f,, (- 1.2),+N,(f, ()-T.,2),

IA

<§+§:g , foreverye >0, non-zeroz in X, andk >k, | >k, .
= klyli_rno N, (f, —fn.2), =0
= {f,, }is Cauchy sequence.
— {f }isa I"—Cauchy sequence.

According to Theorem (3.11), {f.} is I — Cauchy sequence.

The following corollary, which gives the relation between | —convergence and | — Cauchy sequence in a
p -adic linear 2-normed spaces, is derived from Theorem (3.13) and Lemma (3.8).

Corollary 3.14: Let 1 = 2" be an admissible ideal with property (AP). If I —limN,(f, — f,z),=0, for

each non- zeroz e X, then a sequence of functions {f,} is | —Cauchy sequence i.e., if {f } is
| —convergence to f then {f } is | — Cauchy sequence.

The following theorem, which states that the equivalence of | — Cauchy sequence and 1°—Cauchy
sequence in the case | has the property (AP).

Theorem 3.15: Let| be an admissible ideal with property (AP). Then{f }is| — Cauchy sequence if and
only if {f_ }is I” — Cauchy sequence.

Proof: Let {f } be 1" —Cauchy sequence. Then by Theorem (3.11),{f,} is also | — Cauchy sequence. Let
{f.} be | — Cauchy sequence. Now we have to prove that {f } isa | = Cauchy sequence. There existsl(s)
such thatA(e,z) ={ne N:N,(f - f,z), >e}el, for each £>0 and non-zerozeX,. Let

SinceH; =N-PB ={neN:N,(f - f ,z),>-}el, for each ieN and non-zeroze X,, therefore
! [

P eF(l),ieN.Since Ihas (AP) property then by Lemma (3.4) there exists a set Pc N such that

PeF(l) and the set P—P is finite for alli. Now we have to show that lim N,(f, - f ,z), =0;

m,n € P and for each non-zeroz € X, . For this, let £>0 and je N be such that j >Z_ If m,neP then
&

P—P,is a finite set, so there exists k =k(]) such that me P; and ne P, for allm,n>k(j).Therefore

N,(f, - f,.2), <£_ and N, (f, - f,.2), <1_,forall m,n>k(j)and non-zeroz € X, .
J J J J

Now N,(f, - fm,z)p =N, (f,—f,

= NZ((fn - fmj)_(fm B fmj),Z)p
<N, (f, = T 12, + Ny (f, = T,y ,2)

-2,

p
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< l+1 =E_ <2(%) =¢, for m,n>k(j)and each non-zeroz € X, .

| I
Hence, for  any >0 there  exists k=k(&) such that  for m,n>Kk(g)

andmnePeF(I),N,(f, - f,,z), <&, for each non-zeroz € X,. This shows that the sequence{f} is

| — Cauchy sequence. Thus{f_ }is | — Cauchy sequence if and only if {f } is 1" —Cauchy sequence.
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