www.ijcrt.org © 2024 IJCRT | Volume 12, Issue 12 December 2024 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

éb INTERNATIONAL JOURNAL OF CREATIVE

RESEARCH THOUGHTS (1JCRT)
o

An International Open Access, Peer-reviewed, Refereed Journal

A Review On Different Algebra Norms On Tensor
Product Of C*-Algebras

Dr. Anamika Sarma, Assistant Professor, Department of Mathematics
Pandit Deendayal Upadhyaya Adarsha Mahavidyalaya, Tulungia, Bongaigaon, Assam, India
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|. INTRODUCTION

The theory of C*-algebras is an essential tool in the study of operator *-algebras. It plays a crucial role in the
representation theory of a very extensive class of involutive Banach algebras. This theory is also important
for the formal calculus with operation rings, the unitary representation theory of groups, a quantum
mechanical formalism and abstract ring theory. The modern tensor product theory of Banach spaces was
initiated by Grothendieck’s fundamental papers [10] and [11] during 1955-56. Grothendieck introduced
fourteen ‘natural tensor norms’ on Banach spaces and Carne in his paper [4] proved that out of these fourteen
norms, only four makes the algebraic tensor product a Banach algebra. In 1969, [12] Guichardet discussed
about C*-tensor norms and the tensor product of C*-algebras. In 1984, [14] Kaijser and Sinclair studied about
the projective tensor product of C*-algebras. In [1] D.P. Blecher mainly worked on the relationship between
geometry of operator algebras and their tensor products. In this current study the paper [1] of D.P. Blecher is
reviewed and investigated the geometrical properties of algebra norms on the tensor product of C*-algebras.
Some basic definitions and the structure and properties of different norms on C*-algebras are discussed and
some characterization of nuclear C*-algebras are given and some related properties are discussed. Lastly,
some applications of C*norms are mentioned.
For two C*-algebras A and B, the geometrical properties of algebra norms on A @ B is discussed. Algebra
norm means a norm a which satisfies the property @ (u.v) < a (u).a(v). Works on tensor products of C*-
algebras has concentrated on norms a which makes the completion A ® aB into a C*-algebra.
Basic definitions and some results

1. Algebraic tensor product:

Let A and B be two C*-algebras. A ® B is their algebraic tensor product which is defined as (a @
b)(a'® b") = aa' ® bb' and involution (X;a; @ b)) =Y a; ® b; .
Normed algebra: An algebra A is said to be a normed algebra if it has a norm that makes it into a normed
linear space and the norm also satisfies

a) labll < llall. bl

b) If A has an identity e then llell = 1

Banach algebra: If A is a normed algebra and A is a Banach space (i.e. A, with its norm is complete) then A
is called a Banach algebra.
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Involution: An involution on an algebra A isa map x +~ x = from A to A which satisfies

i) (x+y)*x= x*x+y=*

ii) (ax) * = ax *

iii) X x*% = X

iv) (xy)*= y*x* forallx,yeAand aeC

*-algebra: An algebra on which an involution has been defined is a *-algebra.
Lemma: when A and B are C*-algebras their algebraic tensor product A ® B is a *-algebra.
Adjoint: If ae A, then a* is called the adjoint of a.
An element a of a *-algebra A is said to be
1) Self —adjoint or Hermitian if a *= a
i) Normal if a * a = aa *
i) Unitaryifaxa =aa*=1

C*-algebra: If A is a Banach algebra with involution and also
laa =l = lal?z .. (1)

Then A is called a C*-algebra and the condition (1) is called the “C*-condition”.
If for all ae A we have lla = Il = a then we say that the involution is isometric.
Representation:_Let A be an involutive algebra and H a Hilbert space. A representation of A in His amap n
of A into BL (H) (the algebra of all bounded linear operators on H) such that

n(x+y) = m(x) + m(y),mw(Ax) = Am (x), 7 (xy) = 7 (x) 7 (¥),

n(x*) = w(x)* forx,yeAand AeC

Faithful representation: A representation is faithful if its kernel is trivial.
Every C*-algebra has a faithful representation. i.e. every C*-algebra is isomorphic to a C*-subalgebra of
BL(H) for some Hilbert space H.
Some properties of C*-algebra:

i) In a C*-algebra the involution is isometric.
Proof: using C*-condition and norm algebra for any a € A
lal? = llaa I < llallla * |

ielall < llax*l............ (D)
Foranyax €A, lax1? = llax(a*) Il = llaxal < lla=xllal

Le.llaxll < lall........... 2)
From (1) and (2) llall = lla = Il. So, involution is isometric.
ii) Ina C*-algebra llall = supllax| = sup||xa|

Ixl<t Ixl<t

Proof: Clearly, sup|jax| < sup|a]||x| < lal
X< X<t
a*

And when x = — = "% this supremum is attained.

iii) If a C*-algebra A has an identity e, then e=e*

From C*-condition el = lleexll = llell? = llell = 1

iv) The C*-condition lla = all = llal?* may be replaced by llaa = II > llall?

Some Examples of C*-algebra:

1) Let X be a compact space and let C (X) be the Banach space of all complex-valued functions on X
with the usual norm Ilfll = sup| f (x)|. Multiplication in C (X) is defined pointwise: f.g(x) =

xeX

f(x)g(x) and the involution by complex conjugate f*(x) = f(x). Then C(X) is commutative C*-
algebra which has an identity, namely the function e where e(x) = 1 for all x € X.

2) Let A be an algebra over the field C of complex numbers. On A = C, the map z = Z (where Z isa
complex conjugate of z) is an involution with which A becomes a commutative involutive algebra.
Then A is a C*-algebra.

Different norms on the algebraic tensor product of two C*-algebras A and B

a) Projective tensor norm (y): Given normed spaces A and B, the Projective tensor norm (y) on AGB is
defined by v (u) =inf {3[-, lla; bl : u = Yiv,a; ® b;} where the infimum is taken over all (finite)
representations of u.
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b) Injective tensor norm (A): Given normed spaces A and B, the Injective tensor norm A on AGB is
defined by
A (Zioa; ® by) = sup {[X, £ (@) g(by)| : fe Ball (A¥), g € Ball (B*)}
c) Haagerup norm (h):
Given normed spaces A and B, the Haagerup norm on A&B is defined by
luly = inf {I¥™, a;ai 1M IX™, bibIY?:u = ¥ a; ® b;}
d) Reasonable norms: The norms discussed on Grothendieck’s fundamental papers [9] and [10] while
studying the tensor product theory are called ‘reasonable’ norms. These are norms o satisfying a
certain uniformity condition

a(SRTw)) < ISI.a().ITI
for all bounded operators S and T between Banach spaces. The injective norm A and projective norm y are
examples of reasonable norms.
e) Cross norm: Given normed spaces A and B, a norm a.on A @ B is said to be cross norm if a (a @
b) = lal.lbll (a€eA,beB)

The Projective tensor norm y and weak tensor norms on A&B are cross norms. In fact y is

the largest cross normon A @ B; forif aisa crossnormon A @ Bandu=);a; @ b;
then o) <Y;a; Q b; =Y,;lla;llib;ll andso a (u) < y(w).
f) C*-norms: Let A be a *-algebra which is also a normed algebra. A norm on A that satisfies lla *
all = llall? for all a € 4 is called a C*-norm.

If o is an algebra norm defined on an algebra A, we call o a C*-norm on A if there is an involution on the
a-completion of A making it into a C*- algebra. If A and B are C*-algebras, then there are several norms o
that turn A®.B into a C*-algebra. Two such special norms are:

i) The least C*-norm || . ||min:

Let X and Y be C*-algebras and f: A — BL (K1), g: B — BL (K2) (where BL (K1), BL (K2) are the
algebra of all bounded linear operators on Ky and K>) be their representations on the Hilbert spaces K1 and Ko.
Ifx=3;a; ® b; ¢ AQ B then we define,

(f ®9)(x) = Zf(ai)®g(bi)eBL (K1)®BL(K2) c BL(K1®0K?2), where o is the canonical norm

induced by the product of the inner products on K1 and Ka.

Then || . [|lmin is defined as: [[x|| . = [[(f®g)(x)|| for any x € A®B, where f, g are faithful representations.
This definition is independent of the choice of representations.

if) The greatest C*-normy| . ||max: This norm was introduced by Guichardet and is defined by |x|| =

max
sup |jz(x)||, where & ranges over the set of all representations of A&B satisfying the condition:

Ir(a®b)||<||al.||b]| forallae A, beB.
Nuclear C*-algebra: A C*-algebra A is called nuclear if for every C*-algebra B,
I llin = Il I ay O0 A @ B. Finite dimensional C*-algebras are nuclear. In particular, M, the C*-algebra
of all complex nxn matrices are nuclear.
The norms are ordered as follows
AS illin = llgax < Tl Sy

Positive elements: Let A be a C*-algebra. An element a € A is said to be positive if it is hermitian and satisfies
the conditions

" sp (a) € RY

i) a is of the form bb* for some b € A

iii) a is of the form h? for some hermitian h € A.
The set of positive elements of A is denoted by A™.
Positive map: If T is a subset of a C*-algebra A, t* denote the set of all positive elements in A which are also
in . The linear map 7 : 4 — B of C*-algebras is said to be positive if T (A") € B™.
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Completely positive map:
If the maps ~ Tn: Mn(A) — Mn(B) : [a;;] = [Tay;] are all positive where
M (A), Mn (B) are C*-algebras of all complex nxn matrices then T is said to be completely positive.
If A or B is commutative and T is positive then T is completely positive.
The set of all self-adjoint elements in a *-algebra B will be denoted B, , .
Lemma: If A and B are two C*-algebras then (A®B);, = Ag, ®Bg, as real spaces.
Proof: Let u be a self-adjoint element in (A®B). i.e. u € (A®B)s,. -
Letu=a; ® b; where a; € A, b;je B
Then u = u* where u* = a; @ b;
:>ai®bi=af®bf
=>a;=a;,b;=b
= a;€ As.a, biE Bs.a
So a; ® bi € As.a ®Bs,a = Ue€ As_a_ @leal
Therefore, (A®B)sq S Asq ®Bsq ... (D
Conversely, let a € Asa, and b € Bsa
Soa=a*and b =Db*
Therefore,a @ b € A; ;. ®B;, .
(a®@®b)*=a*x@b*x=a®b
= a @ b is a self-adjoint element of (A®B)
= a@b € (A@) s.a
SO As,a ®Bs,a g (A®B) S. A, sseneras (2)
From (1) and (2) we have (A®B)sa = Asa®Bsa
A linear map T is defined as Ti: Ai — Bi (i = 1, 2) where A;, Bj are C*-algebras.
Then, T} ® T,: A, ® A, » B, ® Bysuchthata; @ a, = Tya; ® T,a, for a;e A; and a, € A,
Completely positive uniform tensor norm:
A tensor norm a is said to be completely positive uniform if whenever
Ti: Ai — Bi ((i=1, 2) where Aj, B are C*-algebras) are completely positive linear maps of C*-
algebras, then T1® T2 has an extension
T1Q6 T2: A1® A2 — B1Q B2 satisfying | Ti®q T2l < IT1lITol
Al |min, | - [jmax, |- In, y these are completely positive uniform.

Characterization of Nuclear C*-algebra
Nuclear C*-algebra:
A nuclear C*-algebra is a C* algebra A such that the injective and projective C*-cross norms on (A®B)
are the same for every C* algebra B. For example, abelian C* algebras are nuclear.
Approximation property:
Let X be a Banach space. Then X is said to have an approximation property if for every compact set

K c X and every € > 0, there is an operator T: X — X of finite rank so that ITx - xI < ¢ for every x € K.
Bounded approximation property: Let X be a Banach space and let 1 <A< «. We say that X has the bounded
approximation property if for every compact set K ¢ X and every € > 0, there is an operator T: X — X of
finite rank so that ITx — xll < e foreveryxeKandITI < 4
Von Neumann algebra: Von Neumann algebra is a subalgebra A of the algebra B (H) of bounded linear
operators on a complex Hilbert space H, such that the adjoint operator of any operator in Ais also in A, and A
is closed in the strong operator topology in B (H).
Enveloping Von Neumann algebra: In operator algebras, the enveloping Von Neumann algebra of C*-algebra
is a Von Neumann algebra that contains all the operator-algebric information.
Banach A-bimodule: Let A be an algebra over F, and M a linear space over F. M is said to be a left A-module
if a mapping (a, m) — am of A x M into M is specified which satisfies the following axioms:

a) For each fixed a € A, the mapping m — am is linear on M;

b) For each fixed m e M, the mapping a — am is linear on A;

c) ai(azm)=(aza2)m (a1,a2€A, meM)

The specified mapping (a, m) — am of A x M is called the module multiplication.

Similarly, M is said to be a right A-module if a mapping (a, m) — ma of A x M into M is specified which
satisfies the following axioms:

a) For each fixed a € A, the mapping m — ma is linear on M;

b) For each fixed m € M, the mapping a — ma is linear on A;
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c) (maya2) = m(aia2) (ai,az€A, me M)

M is said to be an A-bimodule if it is both a left A-module and a right A-module and the module
multiplication is related by the axiom:
a(mb) = (am)b (a,be A,me M)
If M be a normed linear space over F then M is said to be a normed left A-module if M is a left A-module and
there exist a constant K such that
laml < K llall lmll (ae A,me M)
Similarly, we can define a normed right A-module and a normed A-bimodule is an A-bimodule which is both
a normed left A-module and a normed right A-module.
A normed left A-module is called a Banach left A-module if it is complete as a normed linear space. Similarly,
for Banach right A-modules and Banach A-bimodules.
Characterization of nuclear C*-algebra
) A C*-algebra is A Nuclear if and only it has the completely positive approximation property i.e. the
identity operator in A can be approximated in the strong operator topology by linear operators of
finite rank with norm not exceeding 1, and with the additional property of ‘complete positivity’.
i) A C*-algebra is Nuclear if and only if its enveloping Von Neumann algebra is injective.
i) Every nuclear C*-algebra has the approximation and bounded approximation properties.
V) Let A be a C*-algebra. Then A has the extension property for v if the norm v on AGB extends to
C ¢&9B for every C*-algebra B and for every C*-algebra C which contains A. A nuclear algebra has
the extension property * for v.
V) A C*-algebra is Nuclear if and only if it is amenable as a Banach algebra.

Proposition: A C*-algebra A is Nuclear if and only if for all C*-algebras B, and all completely positive
uniform tensor norms a, the canonical map &.: A®«B —A®,B is injective.
Proof: Suppose that for all C*-algebras B, and all completely positive uniform tensor norms o, the canonical

map &.. A®«B —A®;B is injective. Let a = | . Imax.Then the canonical surjection &,: AQmaxB —A®minB is
one-to-one [as the elements of both the domain and co-domain are same, only norms are different] and
consequently an isometry. i.e. || . |lmin =|| . |[max. Hence A is nuclear.

Conversely, suppose that A is nuclear. Then by the characterization i) of nuclear C*-algebra it is equivalent
to the existence of a net (Tv) of completely positive contractive finite rank operators on A converging strongly
to the identity mapping Ia. Let B be a C*-algebra and a be a completely positive uniform tensor norm. Suppose

u € ker g, where &,: AQuB —A®,B is a canonical map. Let f € (A®«B)* and for eachv, putting fv=fo (Tv &
Ig).

Ifl =1fe (Tv@ Ig).I <Ifl. I(Tv & I).I = IAITLIBI = IAITI
So the net (fv) is uniformly bounded and so fv — f'in the weak™* topology. Thus f (u) = 0 since fv(u) = 0 for
each v; since f was chosen arbitrarily, we see that u = 0. So ker &, = 0. Hence &, IS injective.

Proposition: The Haagerup norm is a completely positive uniform algebra tensor norm, and the map &n:
A®nB —A®;B is always injective.

Approximate identity: Let A be a normed algebra over the field F. A left approximate identity for A is a net

{e (M)} aeAin A such that e(Dx - x (xel)

A net {e ()} »r in A is bounded if there exist a positive constant k such that
le (DI < k (AeA).
A right approximate identity for A is a net {e (A)}»cin Asuchthat xe (1) - x (x € A)
A two-sided approximate identity is a net which is both a left as well as right approximate identity.

Definition:_ Let B be a C*-algebra. o and o are norms on B. If &' (b) >« (b) for each b € B then we say that
o dominates « and write as o > a.

*-homomorphism: Let (A, *) and (B, x) be *-algebras. A *-homomorphism ¢ is a homomorphism ¢ of A

into B such that ¢ (a*) = (¢ (a))* (a € A)

If T: B1— B2is a contraction between unital Banach algebras B1 and B2 which is unital i.e. it preserves the
identity then T (H (B1)) < H(B>)

Lemma: Let A be a C*algebra and B a Banach algebra, and let T: 4 — B be a contraction with dense range,
mapping some two-sided approximate identity for A to a two-sided approximate identity for B. Then there
exist an involution on B such that B is a C*-algebra and T is involution preserving.

Corollary 1: Let A be a C*-algebra. B a Banach algebra and suppose 6: 4 — B is a contractive
homomorphism. Then 6 (A) possesses an involution which makes it into a C*-algebra isometrically *-

isomorphic to A/ker 0, and 0 is a *-homomorphism onto 0 (A)
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Corollary 2: Let A be an algebra. Then any algebra norm on A dominated by a C*-norm is itself a C*-norm,
and the canonical contraction between the completions is surjective and involution preserving.
Theorem: Let a be a completely positive uniform algebra tensor norm, which is a C*-norm on Aq & Bo for
some pair of C*-algebras Ao and Bo (Where neither Ag nor Bo equals C). Then a is a C*-tensor norm.
Proof: Let Ao, Bobe two C*-algebras (where neither Ao nor Boequals C). Let ¢ and ¢’ be two different states
on Ao and y and y' be two different states on Bo. Define two positive contractions

Jiz Ao =l a (¢ (a), 47 (a))

Jo: Bo—lS b o(y (b), y' (b))
Since Ji1, J> have commutative ranges they are completely positive and surjective. The uniformity implies that
the map

J1 @a J2: Ao @a Bo — l(2>o @a lgo
is contractive and surjective. Also, it preserves a two-sided approximate identity, and so the lemma implies
that [5° ®. I3 is a C*-algebra with usual involution.
Now let A and B be two unital C*-algebras, and let us choose elements a € (Ball A)+ and b € (Ball B)+.Consider
the positive unital contractions

ya:ly > A: (G &) - Ga+ . (L-a)
and yp: 13 > B (&,8) - éub+ & (1-b)
Since [3° is commutative these maps are completly positive and so ya &. yv is a unital contraction by the
uniformity.
Thus ya &« v ((1, 0) ® (1, 0)) = ab is hermitian and we conclude that Asa & Bsa € H (A &, B)
Now, (Asa R Bsa) + i. (Asa &k Bsa) is dense in A &9, B, and so

H(A &.B) +iHA &.B)=A &, B
Hence (A &, B) isaV-algebra. Hence by Vidav Palmer theorem A &, B is a C*-algebra with usual involution.
Suppose A and B are arbitrary C*-algebras and let (e,) and (f,) be positive two-sided approximate identities
in A and B respectively. Let Al = A if A has a unit, otherwise let A! be the C*-algebra obtained by adjoining
an identity to A. Similarly, we define B.
Define an algebra norm on A' & Bl by

& (u) = sup{a (uw.v):ved @ B,a(v) < 1}

= lim(v, ) a((ev @ fu).u.(ev ® fu)).
Thatd(u) = 0=>u =0
If o is a C*-norm on AEB, then ais the unique C*-norm on A B! extending o.
By the uniformity o< o on A B! and by corollary 2 o is a C*-norm. Since A $9.B is embedded isometrically
in AL B we find that o is a C*-norm on AEIB; because A and B were arbitrary, a is a C*-tensor norm.
Some applications of C*-norms in real life world are:
1. The C*norm ensures stability and continuity of measurements. In quantum computing, they help
formalize quantum states and operations, especially in quantum error correction and quantum
information theory.

2. In some cases of signal processing, C*-algebras and their norms help describe systems of filters and
transformations. The C*-norm ensures that these transformations behave predictably under
composition and limits crucial for designing stable systems.

3. In engineering, particularly in robust control, operator algebras with C*-norms are used to model and
analyse systems with uncertainties. The norm provides a way to measure the "size" of perturbations
and ensure system stability.

4. This is amodern approach to geometry where spaces are described by noncommutative algebras. The
C*-norm is vital in defining the "shape" and "distance™ in these abstract spaces, with applications in
string theory and the standard model of particle physics.

Conclusion: In this review paper we have discussed about the geometrical properties of C*-algebras, also
some structures and properties of different norms, characterization of nuclear C*-algebras and related
properties. Lastly, some applications of C*-norm are mentioned.
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