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ABSTRACT. Let G = (V, E) be a simple connected graph of order p and size q. If {G1, Go,......,Gn} are edge
disjoint subgraphs of G such that E(G) = E(G1) U E(G2) U E(G3) U............. UE(Gn) then {G1, Go........,.Gn} is
L adea

said to be a Decomposition of a graph G. A graph of size q = ( 3 ) is said to have a Triangular
decomposition (TD) if G can be decomposed into n - subgraphs {G1, Go,.....,Gn} such that each subgraphs G;i is
connected and |E(G;)| = (l -lz' 1) for 1 <i<n. In this paper we investigate Triangular decomposition of

graphs.
Keywords — Triangular Decomposition, Octopus Graph, Wheel Graph, Crown Graph.

1.Introduction
Let G = (V, E) be a simple connected graph with p vertices and q edges. A Decomposition of a graph G is a
collection of edge disjoint subgraphs {G1, G2, Ga,.......,Gn} of G such that every edge of G belongs to exactly

one of the subgraph Gi. A graph G of size q = (n ; 2) is said to have a Triangular decomposition (TD) if G

can be decomposed into n - subgraphs {G1, Gz, Gs,......... ,Gn} such that each subgraph G; is connected and
IE(G)| = (l THforisisn

An Octopus graph Om (Mm>=2) can be constructed by joining a Fan graph Fn (m = 2) with a Star graph
Ky,m by designating the centre vertex of Star graph and the centre vertex of Fan graph as the common vertex. A
Wheel Graph W is defined to be the join K1+Cm. The vertex corresponding to K1 is known as the apex and the
vertices corresponding to cycle are known as rim vertices while the edges corresponding to cycle are known as

rim edges. The Crown CnOKj is obtained by joining a pendent edge to each vertex of cycle Cm. In this
paper we investigate Triangular Decomposition of graphs.
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2. Triangular Decomposition of Graphs

Lemma 2.1. If k=3r and r =2(mod3) then every graph admits a Triangular Decomposition {G1, G, G3, .........,Gk} where k is
the number of decomposition.

Proof. We have k = 3r and r = 2(mod3) where reN. We prove this theorem by using induction method.
When r = 2, k = 6. Now D&+ _ 6X7%8 _ 56 can be decomposed into {G1, Go,....... ,Gs}. Hence the
result is true for r = 2.

(9r-3)(9r-2)(9r—-1)

Assume that the result is true for 3r-1. Then k = 3(3r-1) = 9r-3 and q’ = can be
decomposed into {G1, G2, Gs,......... ,G3@r-n}. Now to prove the result is true for 3r+2. Then k = 9r + 6 and
q= (9r+6)(9r6+7)(9r+8). We have to prove that q = (9r+6)(9r;7)(9r+8) can be decomposed into {Gi, G,
(CL I ,Gor+6}.

Now q= (9r+6)(9r;—7)(9r+8)
_ (72973 +1701r%+ 1314r+336)
_ (9r—3)(811:—23r +2) + {(162r2;36r+2) + (162r242-36r+2) + (162r2+;08r+18) +

(162r2+180r+50) + (81r2+117s+42)}

— (9r—3)(91%—2)(9r—1) + {(9r—1)(18r—2) + (9r+1)(18r+2) + (9r+3)(18r+6) +

6 2 2 2
(9r+5)(18r+10) (9r+6)(9r+7)}

(9%‘—2)(9r—1) L (9r31)(9r) + (Or)(9r+1) + (9Or+1)(9r+2) +

=9 +{ 2 2 2 2
(9r+2)(9r+3) + (9r+3)(9r+4) + (9r+4)(9r+5) + (9r+5)(9r+6) + (9r+6)(9r+7)}
2 2 2 2 -
Therefore q = QOO a0 be decomposed into {G1, Gz, Ga,......... ,Gore}. Hence by induction
hypothesis if k = 3r and r =2(mod3) then every graph admits a Triangular Decompoasition {G1, G2, Gs,......... ,Gk}-

This complete the proof

Lemma 2.2. If k+1=3r and r = 2(mod3) then every graph admits a Triangular Decomposition {G1, Go,
[ I ,Gk} where K is the number of decomposition.
Proof. We have k+1 = 3r and r = 2(mod3) where reN. We prove this theorem by using induction method.

When r = 2, k = 5. Now k(kﬂé(k”) = 27 _ 35 can be decomposed into {Gy, Go,....... ,Gs}. Hence the
result is true for r = 2.

Assume that the result is true for 3r-1. Then k = 3(3r-1)-1 = 9r-4 and @’ = (9r_4)(9r6_3)(9r_2) can be
decomposed into {G1, G2, Ga,...... ,Gor-4}. Now to prove the result is true for 3r+2. Then k = 9r+5 and q =

(9r+5)(9r:6)(9r+7). We have to prove that q = (9r+5)(9r6+6)(9r+7) can be decomposed into {Gi, G,
G3, ......... ,G9r+5}-
Now q= (9r+5)(9r+6)(9r+7)
_ (729713 +1458r%+ 963r+210)

6
_ (9r—4)(81r%—45r + 6) + (162r2—72r + 8) +(162r2) +(162r2+72r+8) +

6 { 2 2 2
(162r2+144r+32) + (81r2+99r+30)}

2
(9r—2)§18r—4—) + (9r);18r) +(9r+2);18r+4—) + (9r+4);18r+8) +

_ (9r-4) (92r—3) (9r-2)

6 +1
(9r+5)(9r+6)

}

2
- q, + {(9r—3)2(9r—2) + (9r—2)2(9r—1) + (9r—;)(9r) + :
(9r+1)(9r+2) + (9r+2)(9r+3) + (9r+3)(9r+4) (9r+4)(9r+5) + (9r+5)(9r+6)}
2 2 2 2 2 )

Or)(9r+1) +
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Therefore q = (9r+5)(9r;’6)(9r+7) can be decomposed into {Gi, Gz, Gs,......,Gar+s}. Hence by induction
hypothesis if k+1= 3r and r = 2(mod3) then every graph admits a Triangular Decomposition {Gi1, G2,
(1 ,Gk}. This complete the proof.

Lemma 2.3. If k+2=3r and r = 2(mod3) then every graph admits a Triangular Decomposition {G1, Go,
(CL I ,Gk} where k is the number of decomposition.

Proof. We have k+2 = 3r and r =2(mod3) where reN. We prove this theorem by using induction method.

Whenr =2, k=4. Now k(kﬂz(k”) = 4X2X6 = 20 can be decomposed into {G1, G2, G3, G4}. Hence the result
is true forr = 2.

Assume that the result is true for 3r-1. Then k = 3(3r-1)-2 = 9r-5 and ¢’ = (9r_5)(9r6_4)(9r_3) can be

decomposed into {G1, G2, Gs,......... ,Gor-5}. Now to prove the result is true for 3r+2. Then k = 9r+4 and q
- (9r+4)(9r:5)(9r+6). We have to prove that q = (9r+4)(9r;5)(9r+6) can be decomposed into {Gi, G,
(CL I ,Gor+4}.

Now q= (9r+4)(9r+5)(9r+6)

6
_ (729r3+1215r%+ 666r+120)

6
_ (9r—5)(81r?—63r + 12) n {(162r2—108r +18) | (162r°—36r+2) , (162r®+36r+2) +
6 2 2 2

(162r2+108r+18) + (81r2+81r+20)}

r (9r—5)(92r—4)(9r—3) + { (9r33)(18r—6) (9r—1)(18r-2) (9r+1)(18r+2) +
2 2

(9r+3)(18r+6) n (9r+4)(9r+5)}

2(9r—4)(9r—3) (9or-3)(9r—2) (9r—2)(9r-1) + (9r—1)(9r) +

= 5 3
(9Or)(9r+1) (9r+1)(9r+2) + (9r+2)(9r+3) (9r+3)(9r+4) (9r+4—)(9r+5)}
2 2 2 1

can be decomposed into {Gi1, Gz, Ga,......... ,Gor+4}. Hence by induction
hypothesis if k + 2 = 3r and r = 2(mod3) then every graph admits a Triangular Decomposition {G1, G2,

2 2
Therefore q= (9r+4)(9r+5)(9r+6)

This complete the proof.
Theorem 2.4. An Octopus Graph Om, m > 2 admits Triangular Decomposition {Gi1, Go,....... ,Gk} if and
only if there exists an integer k satisfying the following properties:

. k3+3k?+2k+6
(i) m=""EE0 meN.

3r—2,r = 2(mod3) r €N
(i) k=43r—1,r = 2(mod3) r € N
3r,r = 2(mod 3) r €N
where k denotes the number of decompositions.
Proof. Let G = Om, m = 2 and m is an integer. Then q(G) = 3m-1. Assume G has a Triangular

Decomposition. By the definition of Triangular Decomposition, q(G) = ket D) kt2)

6
Hence 3m-1 = w
= 3m = k(k+1;(k+2) 1
= m = k3+3k%+2k+6
18
3r — 2, 2(mod3) r €N

r =
Sincemisaninteger,k=<3r—1, r = 2(mod3) r € N
3r,r = 2(mod 3) r €N
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3r—2,r = 2(mod3) r €N
= Conversely assume (i) m = w (ii)k=<43r—1, r = 2(mod3) r € N
3r,r = 2(mod 3) r €N
Consider G = Om and E(G) = {x1xj/2<j<2m+1}U{X;Xj+1/2<j<m}. Then q(G) = 3m-1. By lemma 2.1,

2.2 and 2.3, G can be decomposed into {G1, G2, Gs,.......... ,Gk}. Thus G admits Triangular Decomposition.
Table 2.5: List of first 10, TD of Octopus Graph Om.

m a(G) Triangular Decomposition
7 20 Gy, Gz, G3,G4

12 35 Gi1, G2, Gs,......... ,Gs

19 56 Gy, Gz, Ga,......... ,Gs

152 455 Gy, G2, Gs,......... ,G13

187 560 Gy, G2, Gs,......... ,G14

227 680 Gy, G2, Gs,......... ,G1s

675 2024 G1, G2, Gs,......... ,G22

767 2300 Gy, G2, Gs,......... ,G23

867 2600 Gy, Gy, Gs,......... ,G2a
1819 5456 Gy, G2, Gg,......... ,G31

Illustration 2.6.

X9 Xio X111 X1z Xi3 X1 X15
Figure 1. Octopus Graph O~

Xq X1
G G

X
X
X X110 X120 X13 X14 Xls
1 1 Ga G,
Figure 2.TD {Gu, Gz, Gs, G4} of O7
Lemma 2.7. If k = 0(mod4), then every graph admits a Triangular Decomposition {G1, G2, Gs,......... ,Gk}
where k is the number of decomposition.
Proof. We have k = 4r, reN. We prove this theorem by using induction method. Whenr = 1, k = 4. Now
K+ 42) _ 2X5%6 - 50 can be decomposed into {G1, G2, G3, G4}. Hence the result is true for r = 1.

6
Assume that the result is true for r-1. Then k = 4(r-1) = 4r-4 and q’ = (4r_4)(4r6_3)(4r_2) can be

decomposed into {G1, G2, Gg,...... ,Gar-n}. Now to prove the result is true for r. Then k = 4r and q =

w. We have to prove that 2t D) can be decomposed into {G1, G2, Gs,......... ,Guar}.

Now q= 4-r(4r+16)(4r+2)

_ 64r3+4872+8r
6
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- (4r—4)(16;’2—20r+6) + {(4r—2)2(8r—4) + (4r)2(8r)}

_ (4r—4)(16r2—8r—12r+6)

- + {(4r—2)(4r—3+4r—1) + (4r)(4r—21+4r+1)}
_ q, i {(4r—3)(4r—2) + (4r-2)(4r—1) + (4r—1)4r + 4r(4r+1) }
2 2 2 2
Therefore q = arrtDE*2) can be decomposed into {G1, G2, Ga,......... ,Gar}. Hence by induction hypothesis
if Kk = 0(mod4), thenevery graph admits a Triangular Decomposition {G1, G2, Gs,......... ,Gk}-
This complete the proof.
Lemma 2.8. If k+1 = 0(mod4), then every graph admits a Triangular Decomposition {G1, G2, Gs,......... ,Gk}

where K is the number of decomposition.
Proof. We have k = 4r-1, reN. We prove this theorem by using induction method. Whenr = 1, k = 3. Now

k(kﬂz(k”) =345 — 10 can be decomposed into {G1, G2, G3}. Hence the result is true for r = 1.
(4r—5)(4r—4)(4r-3)

Assume that the result is true for r-1. Then k = 4(r-1)-1 = 4r-5 and q’ = can be
decomposed into {G1, G2, Gs,......... ,Gars}. Now to prove the result is true for r. Then k = 4r-1 and q =

@r-DADAMD) \we have to prove that q = ZmREDEHD (oh he decomposed into {G1, Go, G, ......Gar-1}.

6
Now q= (4r—1)(46r)(4r+1)
_ 64r3—4r

6
_ (4r-5)(16r2-28r+12) (4r—3)(8r—6) , (4r—1)(8r—2)

6 +{ 2 2 }

I (4r—5)(16r2—612r—16r+12) I {(4r—3)(4-r2—4-+4r—2) + (4r—1)(4;r—2+4-r)}
- q, 4 { (4r—4)2(4r—3) + (4r—3)2(4-r—2) + (4r—2)2(4-r—1) + (4r—21)4r }

(4r—1)(4r)(4r+1)

Therefore q = - can be decomposed into {Gi1, Gz, Gs,......... ,Gar-1}. Hence by induction
hypothesis if k+1= 0(mod4), thenevery graph admits a Triangular Decomposition {G1, G2, Ga,......... Gk}

This complete the proof.
Lemma 2.9. If k+2=0(mod4), then every graph admits a Triangular Decomposition {G1, G, Gs,......... ,Gk}

where k is the number of decomposition.

Proof. We have k = 4r-2, r € N. We prove this theorem by using induction method. Whenr = 1, k = 2.
k(k+1)(k+2) _ 2x3x4

Now = = 4 can be decomposed into {G1, G2}. Hence the result is true for r = 1.
Assume that the result is true for r-1. Then k = 4(r-1)-2 = 4r-6 and q’ = (4r_6)(4r6_5)(4r_4) can be
decomposed into {G1, Gg, Ga,......... ,Gar-6}. Now to prove the result is true for r. Then k = 4r-2 and g =

(4r—2)(4r—1)(4r)

(r-2)r-DMD) \ne have to prove that q =

6
Now q= (4r—2)(46r—1)(4r)

_ 64r3—487r2+8r

6
_ (4r—6)(161r2—16T1-201r+20)

= +{ }

2
_ q, i {(4-r—5)2(4r—4) + (4r—4)(4r-3) + (4r-3)(4r-2) + (4—r—2)2(4r—1)} Therefore q= can be

2
decomposed into {Gi1, G2, Ga,......... ,Gar2}. Hence by induction hypothesis if k+2=0(mod4) then every
graph admits a Triangular Decomposition {G1, G2, Ga,......... ,Gk}-
This complete the proof
Theorem 2.10. For any integer m, the Wheel graph Wmn (m > 3) admits a Triangular Decomposition

{G1, G2, Gs,.......... ,Gk} if and only if thereexists an integer k satisfying the following properties:
(i) m = k(k+1)(k+2)

can be decomposed into {G1, G2, Gs,.......,Gar-2}.

(4r—4)(8r—8) + (4r—2)(8r—4)

(4r—2)(4r—1)(4r)

12
4r—2 1 €eN-—{1}
@i k={4r-—-1 r €N
4r r €N o
where k denotes the number of decompositions.
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Proof. Let G = Wn. Then g(G) = 2m. Assume G has a Triangular Decomposition. By the

definition of Triangular Decomposition, q(G) = —k(kﬂz(k”)_
Hence 2m = XD k+2)
= m= k(k+1)(k+2)_
12

4r—2 r e N—{1}
Since mis an integer, k = {4r — 1 r €N

4r r € N
) k(k+1) (k+2) .. 4r—2 r eN-—{1}
Conversely assume (i) m = — (i) k=44r —1 r €N
4r r € N
Consider G = Wm. Let V(Wm) = {z, X1, X2, X3, ...... xm} be the vertex set and E(Wm) = {zxj/1<j <
mPU{Xixj+1/1< j < m — 1}U{xmx1} be the edge set. Then q(G) = 2m. By lemma 2.7, 2.8 and 2.9, G can be
decomposed into {G1, G2, Gs,.......... ,Gk}. Thus G admits Triangular Decomposition.

Table 2.11: List of first 10, TD of Wn.

m q(G) Triangular Decomposition
5 10 G1, Gz, Gs3
10 20 G1, G2, G3,G4
28 56 Gy, G2, Gs,......... ,Ge
42 84 Gy, G2, Gs,......... ,G7
60 120 Gy, G2, Gs,......... ,Gs
110 220 G1, G2, Gs,......... ,G10
143 286 G, G2, Gs.......... ,G11
182 364 G, G, Gs.......... ,G12
280 560 G, G, Gs.......... ,G14
340 680 G1, G2, Gs.......... ,G15
Illustration 2.12.
Tie X
£ X
X1

Figure 3. Wheel graph Ws
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e—ex
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G Ga
Figure 4. TD {G1, G2, Gs} of W5,

X1
G3

Theorem 2.13. The Crown graph CmOK31 admits a Triangular Decomposition {G1, G2, Gs,...... ,Gk} if

and only if there exists an integer k satisfying the following properties:
(i) m = kk+1)(k+2)

12
4r—2 r e N—{1}
(i) k={4r—-1 r €N
4r r €N
where k denotes the number of decompositions.
Proof. Let G = CnOKi1. Then q(G) = 2m. Assume G has a Triangular Decomposition. By the

definition of Triangular Decomposition, q(G) = —k(k“;(k”)_
Hence 2m = XUcrDder2)
= m= k(k+1)(k+2).
12

4r—2 r e N—{1}
Since mis an integer, K ={4r — 1 r e N
4r r €N

k(k+1)(k+2)
12

4r —2 r € N—{1}
(i) k=44r -1 r €N
4r r €N
Consider G = CnOK1. Let V(CnOK1)= {X1, X2, X3,...... Xmy Y1, Y2, Yae.o... ,ym} be the vertex set and
E(CmOK1) = {Xyi/1<j < m}u{yyj+1/1< j < m-1}U{yiym}. By lemma 2.7, 2.8 and 2.9, G can be
decomposed into {G1,G2,Gs,......... ,Gk}. Thus G admits Triangular Decomposition.

Conversely assume (i) m =

Table 2.14: List of first 10, TD of CnmOK1

m q(G) Triangular Decomposition
5 10 G1, G2, Gs

10 20 G1, Gz, G3,G4

28 56 Gy, G2, Gs,......... ,Gs
42 84 Gy, Gy, Gs,......... ,G7
60 120 G, G2, Ga,......... ,Gs
110 220 Gi, Gy, Gs,......... ,G10
143 286 G, G2, Gs......... ,G11
182 364 G, G2, Gs.......... ,G12
280 560 G, G2, Gs......... ,G14
340 680 G, G2, Gs.......... ,G1s
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Illustration 2.15.

Figure 5. The Crown graph CsOK1

X4 X
Vi
V1
Y4 X3
G %
¥s ¥s Vs
G Gs

Figure 6. TD {G1, G2, Gs} of CsOKau.
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