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Abstract: In this paper, we introduced a new notion which is called interval-valued intuitionistic fuzzy metric
space and examined

some basic properties. The purpose of the paper is to obtain fixed point results on interval-valued
intuitionistic fuzzy
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|. INTRODUCTION

The idea of an IVIFMS has been introduced in this study. The idea of fuzzy sets was first presented by
Zadeh [10] in 1965, and Since then, several authors have looked at the properties of fuzzy metric space in
various ways. Intuitionistic fuzzy sets are a generalization of fuzzy sets that were first described by Atanassav
[1] in 1986. Since then, the research of intuitionistic fuzzy sets has advanced significantly. To generalize fuzzy
metric space, Park [6] defined IFMS through the use of Continuous t -norm and t -conorm. A fuzzy set that is
intuitionistic in nature is determined by the degree of both membership and non-membership. In 1975, Zadeh
proposed a concept of an IVFS. IVFS which is defined by an interval-valued membership function is another
generalization of the fuzzy set notion. Shen, Li, and Wang [7] first proposed the idea of IVFMS with the
interval-valued t -norm (Continuous) in 2012, which was a generalization of the George and Veeramani [3]
fuzzy metric space concept. Recently Sewani et.al [9] generalized Intuitionistic Fuzzy b-Metric Space. Sewani
[8] constructed some new results in IFMS by applying the abstraction of fuzzy iterated contraction

Il. PRELIMINARIES

Definition 2.1 Let G is a non-empty set. The mapping R : G — [I] is referred to as an IVFS on G. if R €
IV F(G),
Let R(p)=[ R~ (p), RT(p).], R~ (p), <R*(p), for all p € G, then the conventional fuzzy set
R :G—[]]
and R*: G — [I] are referred to as the Lower Fuzzy Set and Upper Fuzzy Set respectively.
In particular, ‘R is referred to as a degenerate fuzzy set if R~ (p) = R¥(p),for any p € G.
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Definition 2.2 An iv-tnorm is a binary operation of the form I : [I] x [I]— [I] on [I]. such that the four
conditions

listed below are satisfied for all 6, ¢, v ,u€ [I]:

(V1) Commutativity: 6 *; g=¢ *; G,

(V2) Associativity: 6 *; [¢*; V] =[0 *; ¢ ] *; Vv,

(V3) Monotonicity: 6 *; ¢ < v *; v whenever c <v,and ¢<v
(V4) Boundary Condition: 6 x; 1=[ 0™, ot ]*,[0,1] =[0™, 1]

Definition 2.3: An iv-tconorm is a binary operation of the form ®1I : [I] x [I]— [I] on [I]. such that the four
conditions
listed below are satisfied o, ¢, v ,u€ [l]:
(V5) Commutativity: c ®; c=¢ ®; o,
(\V6) Associativity: c ®; [c®;v]=[c ®;¢c] ®,v,
(V7) Monotonicity: 6 ®; ¢ < v (®; v whenever 6 <v, and ¢<v
(V8) Boundary Condition: 6, 0=[ o=, 6% ]%;[0,1]=[0, o7]

Definition 2.4: Let { o, } ={[[ a~, o™ ]}, n € N + be a sequence of interval numbers in [I], @ = [a~, a* ]
efll,
if limm—oo a; =a~, and limn—oo o = at, , then we say that the ®equence {«;, } is
convergent to @ , and which is denoted by limn—ow a;, = @.

Definition 2.5: An iv-tnorm *; is continuous iff it is continuous in the initial part, i.e., for each g € [I], if
limm—w 6,=70
then limn—w ( 6,* G) =0 * ¢) ,where{ o, }<[l], oc€ll].

Definition 2.6: An iv-tconorm ®; is continuous iff it is continuous in the initial part, i.e., for each o € [l],
if imm—o© 6,=0
then limm—owo ( 0, ®; ) =0 ®; ) ,where{<, }<[l], S€[l].

Definition 2.7: The triple (G, k, *; ) is know as IVFMS, if G represent an arbitrary set., , *, is a continuous
interval-valued t -norm on [I] and is an interval-valued fuzzy set on G x (0,c0) fulfills the
requirements listed below:

(ChHk(p, 0 t)> 0,
(C2) k(p, 0, 7)=[1ifand only if p = g,
(C3) k(p, 0, T)=k(e, p,7),
(CHk(p, e, ), * k(p .1, s)<k(p,r,T+5),
(C5) k(p, 0,.):(0,00)— [I] is continuous,
(C6) limm—w k(p, 0, T) =[ 1, where p, 0 ,F € Gand 7,5 > 0.
Definition 2.8: A5 tuple (G, k, %, *; , ®; ) is said to be an IVIFMS if G is arbitrary set, , *; is Continuous
iv-tnorm on [I], ®; is Continuous iv-tconorm on [I] and k, # IVFS on G2 x (0,00) satisfying
the
following requirements:

(RD k(p,e.t) +h(p, 0 1)<1,
(R2) k(p,0,0)=0,

(R3) k(p,0,t1)=0forallt>0iff p=0p,
(R4) k(p, 0, 1) =k(o, p, 7),

(RS) k(pa Q, T) > *1 k(Qv r, S) < k(pa r, T+ S) '
(R6) k(p, 0,.) : (0,00)— [I] is left continuous ,
(R7) limn—»io k(e, 0,t)=1,wherep,0€G,
(R8) (p,0,0) =1,

(R9) A(p, 0, 7) =0 forall >0 iff p=p,
(R10) A(p, @, T) =h(e, p, T),

(RI1) Alp, 0, ) ®; A, 1, s) = Alp, 1, T +5),
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(R12) A(p, 0,.) : (0,00)— [I] is right continuous ,
(R13) limm—oo A(p, 0, T) = 0, where p, 0 € G.

Examplel : Let G==R* be the set of non-negative real number. k, % are on G2 x (0,00) defined by
k(p, 0,7) = and h(p, 0, ) = fo-ol _ gorall p, 0 in G. Then (G, k, 4, *; , ®,) be an

(t+v)+£|p—el

+£|p
IVIFMS,

where £=1.
Proof : We start to prove (R5) and (Rll)

ﬁk(PanT) * k(QsG D) =

*1

T+£|p ol v+£|o—o|
1 1

*
Elp— I Elo—
1+Ipel 1+|QO‘|
T T

1 1

< L go—al *1 [ Elo=ol
T+v T+v
1
<L —
= 1+£|D—Q|+£|Q—G|
T+v
1
= £|lp—ol
1+ T+v
T+v
e = +
< ot - K@ TtV )
v
Now Let £jp—o|=£p-o |{T+£|p 3 ® v+£|g—cl}
v
< + |t +
< £lp—ol +fr+v| {r+£|p 0 O Seeald
£|lp — o] T v
Elp-o|l+|t+v| — { T+£|p—ol ®I U+£|Q—0‘|}

= h(p, o, T+v)<A(p, 0, T) ®; Ao, 0, v). Hence (RS5) and (R11) are satisfied.

Definition 2.8: A5 tuple (G, k, , x; , ®; ) be an IVIFMS then a {p,,} in G is cauchy sequence if and
only if for each T > 0 and

q> 0, limn—oo K(py, Prg, T) =1, limn—oo A(py, Ppiq 1) =0.
Definition 2.9: A5 (G, k, 4, *; , ®; ) be an IVIFMS then a {p,} in G is convergent to p € G if and only
if for each t > 0,
limn—oo k(py,, Pn, T) = 1, limn—oo A(p,, pr,t) =0

Definition 2.10: IVIFMS is said to be complete if and only if every cauchy sequence is convergent.

Definition 2.11: A 5 tuple (G, k, 4, *; , ®; ) be an IVIFMS then open ball B(p,, i ,t ) with center p, €
G and interval number

i 0 <i<1witht>0isdefinedas B(py,i,t)={0€G;k(p,0,1)<i, Ap,0 1)<1-
i}

IJCRT2412584 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org \ 332


http://www.ijcrt.org/

www.ijcrt.org © 2024 1JCRT | Volume 12, Issue 12 December 2024 | ISSN: 2320-2882
I1l. RESULTS

Theorem3.1 Let (G, k, %, *; , ®; ) be acomplete IVIFMS to the effect that for every s-increasing sequence
and absurd
p, @ € G, limn—w [T2,, k(p, @, ;) = 1, limn—oo [T, A(p, @, T;) =0

Let £ € (0,1) and Y : G — G be a mapping satisfying k(Y p, Y o, £1)>k(p, 0, T ) and
h(Y p,Y o, Lt) <h(p, 0, T) for all p, 0 € G. There is only one fixed point for G.

Proof : Letpointp € G. Let p, = Y*(p),n EX
K(py, p2, 1) = K(Y (p), Y2(p),t) > k(p, Y (p), %) =k(p, p1, % ) T 3.1
Py p2.T) = h(Y (). Y2(p). 1) < hp. Y(p). 5 ) =h(p. P15 ) 32
it follows that k(p,,, Pns+1,T) > K(p, pl,fln )

h(pn’pn+lvt) Sh(popl’fln)

Let 1> 0. For m,n € X, we assume n <m ; if we so desire. s; >0, i=n,....,m-1, fulfilling
Sp t Spgq t oo S <1, then there’s

k(pm Pm,T) = k(pna Pn+1, SnT) *[ coooo ¥ k(pm—l’ Pm» Sm-17)

IV

k(p, pl,j—;) ¥ % K(p, D1, sm_l,jfn;jf ) 3.3

h (pnl Pm,T) = h (pnf Pn+1:SnT) ®Op.....®; & (pm—l’ Pm> Sm-1T)

> h(p,pl,?_n‘[)@)l @1 h(p, plism—lvj:ln—__lf ) ........... 3.4

- o 1 ings = —— j = b
Science Zn:ln(n+1) =1, taking s; L 1,

k(pn,pm,’[) > k( P, pl,m)*l ceen ¥ k( P, pl,m) .......... 3.5
fl(pn,pm,’t) > h(p,pl,n(nfw) ®1®1 h(p,pl,m) .......... 3.6
we define t,, =

YLy indicates that (t,41; — T,) — %, as n — o so Tn is an sincreasing
sequence and,

limm—co [T7p kp, 0. - (n;){n) =T 3.7

limm—oo [[2, 7 (p, 0, m) =0 3.8

now from equation (3.5),(3.6),(3.7) and (3.8) we get

limn—o k(p, 0, T;) = 1, limn—o A(p, o, T;) =0 form>n

Therefore p,, is cauchy sequence. while G is complete, o € G such that limn—o p, =@
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It is our claim that o is a fixed point in G.
k(Y (0),(@), 7) 2 [limn—eo k(Y (0), Y (), 5) ] * [limn—w k(ppi1,0.7)]

2 [ limn—w k(Q, pn,55) 1 * [ limn—oo k(pnes, 0,3 ]

(Y (@,(,7) < [limn—0 4 (Y (), Y (), 5)] @ [limn—eof (ppes,0,7)]

< [limn—o0 4 (0, p25) ] @[ limn—o0 i (Priy, 0,3 ]
=0®; 0........ 3.10
Thus k(Y (0),(0), T)=1 and z (Y (0),(0), T) = 0, we obtain Y (o) = o.
We demonstrate how the fixed point is unique.

we assume Y (&) = & for some & € G.
12 k(e &, 1)=k(¥ (@)Y (. 1)
> k(e &) =k(r (2, Y (©). %)
> ke &, 5) = k(Y (@Y (©). %)

2 limn—oo k(Q,&,{%) = 1

0< h(g&,1)=h(Y(, Y1)

<h@ED=A0@ Y@ D)

I\

h(e& )=h(¥@,Y© )

IA

limn—>ooh(g,§,€in) =0

Hence k(p, &,t)=1 and 7% (o, &,1)=0,and o =¢.

Lemma3.2 For any function that is monotonically nondecreasing, R : (0,0) — [0, 1] the following
circumstance exists:

limn—oo [2,,R(95) = 0 = limn—oo [[2,,R(O) = 0.......(3.11)
for all 3 € (0, 1) where ®1 is a reference to the infinite product I1.

Proof
case 1. 9 <9°. Fori € X, 9¢ <9} , and R is nondecreasing function RO’ ) < R(DY).
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Hence [12, RO < [12,R(95), n € R, so condition (3.11) holds.

case 2. If 9=19,
[T522mR(95) = { TIE2mR(95) } ®; { [I2mR(H) }.oe (3.12)
<{I12mR(95) } ®r {I172mR( ) }
then we have  limm—oo []2,,,R(95) < 0 ®; 0=0
limm—oo [[2,me1REO) < limm—oo [[2,,,,R(9) =0
Thus it follows that limm—oo []32,,,R(9%) = 0 for § = 9.
Since ‘R is nondecreasing For an arbitrary 3 > 30, there exit m € X such that § > Bé\zmand
repeat the above procedure m-times to obtain limm-—sco ]2, R(9") = 0.
Lemma3.3 For any monotonically nondecreasing function g : (0,00) — [0, 1] the following condition holds
limn—oo [J2,. (95) =1 = limn—o [[2,,¢ (9%) =1.......(3.13)
for all 9 € (0, 1) where %, is a reference to the infinite produc IT.

Proof
case 1. 9 <9,. Fori € R, 9t <9} , and g is nondecreasing function o (9°) < ¢ (95).

Hence T2, (09 < 12,0 (95), n € X, so condition (3.31) holds.
case 2. If 9=+9,
[TiZ2m (96) = { IT2me (989 3 % { T[Zme (9571) 3.....0.3.12)
< {2 (95) 3 *1 {T12ame (96) }
then we have  limm—oo [[2,,0 (95) < 1%, 1=1
limm—oo [172,010 () < limm—co [[{25,,.0 (95) =1
Thus it follows that limm—oo [, (9%) = 1 for 9 =+ 9.

Since ‘R is nondecreasing For an arbitrary 9 > S0, there exit m € X such that § > Bé\zmand

repeat the above procedure m-times to obtain limm—co [, ¢ (99) = 1.

Lemma3.4 We define p,, = Y™ (p,) , n € X. Then p,, is cauchy sequence.
1 1
Proof Let )(p) = /1(po, Y (po). ) and ©(p) = k(po, Y (po), ) for p> 0.

Then R(p), ¢(p) is a nondecreasing (nonincreasing) mapping from (0,0) into [0, 1].
By applying Lemma 3.2 and 3.3t0 1 > 3 > (, we obtain
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limn—o T2, k(po, Y (o), %) = T.......3.15

9

limn—o [[2, 7 (o, Y (o). 1) = 0.........3.16

9

Since 3 <1, Y7, 9" < oo, for any €, > 0 there exit n, such that

Yre1 9" <e€p.€p >0,ifm>n> n,, andrt> ¢,

KPr: Prms ©) = K@r Ps €0) = Tt K1, Pimg, 91) 2 T120 Ko, Y (00), 77)

Bi
h (P, Pms>T) < 1 (O, P €0 ) <TI0t A (D1, Doy, ﬁi)SH?inh(po,Y(po),%)

el
from equation 3.14 and 3.15 we have

limn—oo K(py,, P, T) = 1 and limn—oo 7 (p,, pm,t) = 0, for m>n. So p,, is cauchy sequence.
Theorem3.5 Let (G, k, 4, %, , ®; ) be acomplete IVIFMS such that for some 9, € (0, 1) and p, € G,
. © 1 =
limn = o0 ]2, k@o, Y (po).3p) = 1
. e 1 =
limn > o [I2, & (o, Y (o). 57) = O
Let £ € (0,1) and Y : G — G be a mapping satisfying
k(Y p, Yo, lt) = k(p, 0, t)and A(Y p, Y @, t) < A(p, 0,7 ) forallp, o €G.
There is only one fixed point for G.
Proof . Identical to the procedure used to prove theorem 3.1.
IV Application
Let (G, k, &, *; , ®; ) be a complete with IVIFMS limn—o K(p,,, P, T) = 1
and limn—o % (p,,, Pm, T) = 0, and Y be an intuitionistic fuzzy contraction.
There is only one fixed point for Y.

Proof Let point Pe G. Let B, = Y™ (P), n € X we have

T
m-1

) 2k(Py, Py, )

{m—1

K(By, Pry1, T) = K(Yn—1, Yn, ©) 2K(Pp—1, Py, ©) 2K(Py—3, Py, ;) 2 K(Py—2, By,

k(Pn' Pn+1a T) 2 k(an Pn+1v %) *] k(Pn+1v Pn+Pa g)
2 k(Pm Pn+1a %) *1 k(Pn+1’ Pn+2’ ;_2) *1 k(Pn+2v Pn+pa le) ) SEEERTIRL

k(Pn+p—11 Pn+p1 2:__1)

2 k(Py, P, %) *; K(Py, Py, le) *1 K(Pry2, Pn+pv2lz) ) BEEERTIRL k(Pp—lv

T
Ppiﬁ)
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= kn(%) * Knpyr (le) ) EERRRRRRRPS *] kn+p—1(2;__1)

—0<{£<1andlimn—owk(p,o,t)= 1forallp, o €G.

llmn—NX) k(Pn, Pn+1, T) = _1 *r _1 *r

B (P Prss © = h (Y, Yoo ©) 2 5 (P, Paa©) 25 (Paczy Pas2) 2 1 (Paczy Pry ) 2 2 (Po, Py,

T
t)n—l)

h (P, Ppy1,©) 20 (By, Poyy, %) *1 h (Ppy1, Pryp, g)

21 (P, Pry1, %) *1 h (Ppi1, Praa, 212) *1 7 (Ppiz, Py, le) [ ¥y
h (Pn+p—1’ Pn+p12:__1)

27 (P, P1a§) *; B (Py, Pz’;_z) 1 (Pryz, Pn+p!2l2) * e v X 1 (P,

T
Pp’zp_—l)

:hn(g) *; Mpaq (;—2) T *; h(=—)

2p-1
—0<0<1andlimn—w# (p,o,t)= 0forallp,o€G.
limn—oo % (Py, Ppy1,T)=0 ®; 0®;........ ®; 0=0
Hence P, is cauchy sequence. while G is complete, o € G such that limn—oo B, = o.
Now, we will show that o is a fixed point of Y.
K(Y(P), P, )2 K(Y(P), Pu,5) *1 K(PY(Ry),5) 2 K(P, Py 7) #1 K(Py Pars, o)
Since Y is intuitionistic fuzzy contraction and Y( B, = P41 asn—
=1 % 1% ... ¥, 1=1

h(YP), P02 A (Y(P), Puus) o A(P.Y(Py).5) 2 7 (P Pog;) %1 (P Pusris;)

Since Y is intuitionistic fuzzy contraction and Y( B, = P41 asn — o

Then Y(P), =P, hence g is only one fixed point for Y.
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V Conclusion

The notions of continuous t-norm and continuous t-conorm and some important properties of

continuous

Interval- valued t-norm and continuous interval-valued t-conorm, are established. During this the
continuity of an

interval-valued t-norm and interval-valued t-conorm, was defined by means of the convergence of
sequence of

interval numbers. Moreover, we have proved some results for IVIFMS with the help of fixed point
concepts.

Our results are useful for theoretical mathematics and computer science.
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