www.ijcrt.org © 2024 1IJCRT | Volume 12, Issue 9 September 2024 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

é%ﬂ INTERNATIONAL JOURNAL OF CREATIVE
RESEARCH THOUGHTS (1JCRT)
@p * An International Open Access, Peer-reviewed, Refereed Journal

On Fuzzy And Intuitionistic Fuzzy Topological
BP-Algebras

IR. Shalini, 2Dr. G. Sindhu,

'Research Scholar, 2Associate Professor,
PG and Research Department of Mathematics,
!Nirmala College for Women, Coimbatore - 641018, India.

Abstract: We discuss subalgebras and BP-ideal properties in BP-algebras whose topology is generated by a
fuzzy set family. We present and explore some of the features of fuzzy topological subalgebras and ideals in
BP-algebras in this work. The characteristics of the inverse and homomorphic images of the fuzzy
topological ideals of BP-algebras are also covered. Additionally, we study some of the results of
intuitionistic fuzzy topological structures in BP-algebras and present the idea of such structures in this

paper.

Index Terms— (Fuzzy) continuous maps, (Fuzzy topological) ideals, C5-disconnectness, Compactness,
BP-algebras, Intuitionistic fuzzy (topological) BP-algebras, Intuitionistic fuzzy continuous.

I. INTRODUCTION

Zadeh [13] first proposed the idea of fuzzy sets in 1965.The notion of fuzzy sets was expanded upon by
Atanassov [1] in 1986 to create intuitionistic fuzzy sets. Inspired by Rosenfeld's work [15], other
mathematicians fuzzified a number of algebras. The concept of BCK and BCI algebras was first developed
by Imai and Iseki [7] in 1966. Sun Shin Ahn and Han [11] first proposed the idea of BP-algebras in 2012.
O.G. Xi [12] introduced fuzzy sets to BCK algebras in 1991. A study of intuitionistic fuzzy ideals of BCK
algebras was conducted in 2000 by Jun and Kim [8]. Several ideas from general topology can be naturally
extended to what could be called fuzzy topological spaces using the notion of a fuzzy set, which was first
presented in. Foster [17] developed the components of a theory of fuzzy topological groups by fusing the
structure of a fuzzy group introduced by A. Rosenfeld [10] with that of a fuzzy topological space. In this
study, we define fuzzy topological subalgebras of BP-algebras and we apply to fuzzy topological subalgebras
some of the conclusions obtained by Foster on homomorphic and inverse images. While intuitionistic fuzzy
sets, or IFSs, provide both degrees of membership and non-membership, fuzzy sets only provide the degree
of membership of an element in a particular set. Since both degrees are part of the interval [0,1], their sum
cannot be more thanl.The concept of intuitionistic fuzzy topological spaces was first presented by D. Coker
[22]. We provide an intuitionistic fuzzy topological of BP-algebras based on this concept, and
we derive some of its results.

1. PRELIMINARIES
We review several fundamental terminology in this part that are relevant to our work.

Definition 2.1: A nonempty set W with a constant 0 and a binary operation * that satisfies the following
criteria is called a BCK-Algebra (W, *, 0):

(BCK1) [(@a*b)y*x(axc)]*(c*b) =0

(BCK2) (ax(axbh)*b=0

(BCK3) a*xa=0

(BCK4) 0xa=0

(BCK5) a*b=0&b+xa=0impliesa=Db, foranya, b,ce W.
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Definition 2.2. A non-empty set W with a constant 0 and a binary operation * that satisfies the following
requirements is called a BP-algebra (W, *, 0).
Laxa=0
ii.,ax(axb)="»b
jiii. (@axc)*x(bxc)=axb foranya,b,ceW.
Note: Consider the BP - Algebra. Then, a<b defines the partial order relation "<" iff axb = 0.

Definition 2.3. Let any arbitrary set W be used. Let | = [0, 1] represent the unit interval. A fuzzy set on W is
referred to as any function . :W —[0,1]. Let 1" be the collection of all fuzzy sets defined on W.

Definition 2.4. If the following condition is satisfied for every a, b€ W, then a fuzzy set x of a BP-algebra
(W, *, 0) is referred to as a fuzzy BP-Subalgebra of W:

u(a *b) = min{u(a), u(b)}.

Definition 2.5. A BP-Homomorphism is defined as a mapping f:(W, *,0) = (X, *"O') of BP-Algebras such
that for any w, x€ W, f (w * x) = f(w) * f(x).

Definition 2.6. In a non-empty set W, an Intuitionistic Fuzzy Set A (IFSA) is defined as an object of the
type A={<w, uu(w), vu(w) >/weW} or A=(uu v,) whereu,:W —[0,1]is the degree of
membership and v, : W - [0,1] is the degree of non - membership of the
element w € W satisfying 0 < u,(w) + v,(w) < 1.

Definition 2.7. Let A = {< w, uy,(w), vy,(w) > /w € W}and B = {< w, ug(w), vg(w) >/w € W} be two
Intuitionistic Fuzzy

Sets of the set W, then define

i) A={<w,v,(W), (W) >/weW}

(if) AcBiff g, (W) < pg(w) and v, (w) > vy (W) YweW

(iii) A= Biff s, (W) = z5 (W) and v , (W) = v (W) YW e W

(iv) AU B ={<w, max(u, (W), g (W)), min(v, (W),vg (W))/weW}

(V) AnB={<w, min(u,(W), ug (W), max(v,(w),vg (W))/weW}

Definition 2.8. An Intuitionistic Fuzzy set A = {<w, u,(w), v4(w) > /w € W}in a BP-Algebra W is
said to be an Intuitionistic Fuzzy BP-Subalgebra of W if

(1) ua(w*x) =2min { uy(w), pa(x)}
(i) vy(wxx) <max{v,(w), v,(x)}V w, x eW.

Definition 2.9. An Intuitionistic Fuzzy Set A of a BP-Algebra W is said to be an Intuitionistic Fuzzy BP-
ideal of W, if

1. ps(0) = pyu(w) and v4(0) < vu(w)

2. pa(w) Zmin {py(w *x), pa(x)}

3. vu(w) < min {vy(w * x),v4(x)} for all w, xe W.

Definition 2.10. Let f : W —X be a BP-Homomorphism of BP-Algebras. For any Intuitionistic Fuzzy Set A
= (ua,v,)in X, we define a new intuitionistic Fuzzy Set A'= (u%,vi)in W by i (W) = u,(f(W)),
vi(W) = v, (fW)) forall w, X € W.

Definition 2.11. Let f be a mapping from a set W to a set X.
(@ If Q = {<x, puo(x), vo(x) >/x € X} is an IFS in X, then the preimage of Q under f, denoted by
f71(Q), is the IFS in W defined by

F7HQ) ={<w, flugw), f vy (x) >:w € W}

(b) IF P ={<w, uow), vo(w) >/w € W}isan IFS in W, then the image of P under f, denoted by f(P), is
the IFS in X defined by
fP) ={<x, fu(up)(x), fa(vo) (x) >:x € X},
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Where

fo(up) () = tvwe FH0uw), if £(x) % ¢,
0, otherwise

faup)(w) = hwef vpw),  if 9=,
0,

otherwise for each xeX

Definition 2.12. An intuitionistic fuzzy topology (IFT) on a non empty set W is a family 7 of IFSs in W
satisfies the following conditions:

M0,1er,

(ii) If H, H, € T, then H; N H, € T,

(iii) If H; e Tforall j € J, then U, H; € 7.

Any IFS in t is referred to as an intuitionistic fuzzy open set (IFOS), and the pair (W, t) is referred to as an
intuitionistic fuzzy topological space (IFTS).

Definition 2.13. Given two fuzzy IFTSs (W, t,) and (X, 73), let f: (W, ;) - (X, t,) be a function. Then f
is said to be fuzzy continuous if and only if the preimage of each IFS in 7, isan IFS in ;.

Definition 2.14. Let (W, ;) and (X, t,) be two fuzzy IFTSs and let f : (W, 7;) — (X, t,) be a function.
Then f is said to be fuzzy open if and only if the image of each IFS in 7, isan IFS in t,.

111. Fuzzy TOPOLOGICAL BP-SUBALGEBRAS

Definition 3.1. A fuzzy topology t on a BP-algebra, Bp is said to be an indiscrete fuzzy topology if its only
elements are empty fuzzy set (@g,) and whole fuzzy set (1g,). A fuzzy topology T on a BP-algebra By is

said to be a discrete fuzzy topology if it contains all fuzzy subsets of Bp.

Definition 3.2. A fuzzy set S in a BP-algebra B with membership function pg is called a fuzzy subalgebra
of By if
s (x * y) = min{us(x), us(y)} forall x,y € Bp.

Definition 3.3. Consider the BP-algebra Bp = (W, *, 0), where W = {0, x, x2, x3} be a set with the
following Cayley table:

* 0 X XZ X3
0 0 X | x? | x3
X X 0 | x3 | x?
x? | x? | x3 0 X
x3 | x3 | x2 | X 0
(i) Let we define a fuzzy set,
S=< W,i,i,ﬁ,x—3 >

2 3
T=<w,—,= 5 X5
0.3°0.2°0.2°0.1
Then the family {@g,,, 1%,, S, T} of fuzzy sets in Bp is a fuzzy topology on Bp because the empty fuzzy
set @g,, and the whole fuzzy set 1, are in t, and the intersection of any two members and arbitrary union
of members of T is a member of 1.

(ii) Define a fuzzy set S in Bp with membership function pg is defined by us(0) = 0.5 and us(w) = 0.01
for all w # 0 in Bp. So it is clear that S is called the fuzzy subalgebra of Bp.
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Definition 3.4. Let (T, tr,) and (T3, T'r, ) is a fuzzy subspaces of fuzzy topological spaces (8, t) and
(Bp,, ') respectively, and let f be a mapping from (Bp,, 1) to (Bp,, T'). Then fis a mapping of (Bp,,
Tr,) into (Bp,, U'r) if T(Bpi)c By, .

Further, f is relatively fuzzy continuous if for each open fuzzy set Ur, in t'r,, the intersection f~*(Ur,) NTy
isin tr, .

Moreover, f is relatively fuzzy open if for each open fuzzy set Vr, in tr,, the image f( V) isin t'.

Theorem 3.5. Let Bp, and Bp, be BP-algebras and let (S, tg ) and (T, t1) be fuzzy subspaces of (Bp;, 1)
and (Bp,, t') respectively. Let f be a fuzzy continuous mapping of Bp,into Bp, such that f (S;)  S,.
Then f is relatively fuzzy continuous mapping of S; into S,.

Proof. Let Us, be a fuzzy set in t',, then there exists U € 1’ such that Ug,= U N S,. Since f is fuzzy
continuous, it follows that f~1(U) is a fuzzy set in 1.

Hence f~1(Ug,) N S, = f~HUNS,)N S, =1 (U)NF1(S) N S = F~1(U)N Sy is a fuzzy set in tg,. This
completes the proof.

Definition 3.6. Let t; and T, be fuzzy topologies on BP-algebras Bp, and Bp, respectively and S be a
fuzzy set with membership function. A function f: (Bp,, 11) = (Bp,, T,) is said to be a fuzzy continuous
map from (Bp,,141) to (Bp,, T,) if it satisfies following conditions:

(i) Forevery S€ 1, , f1(S) € 14,
(ii) For every fuzzy subalgebras S (of Bp,) in T, , f71(S) is a fuzzy subalgebra (of Bp,) in ;.

Definition 3.7. Let (Bp,, T1) and (Bp,, t,) be any two fuzzy topological spaces. A function f: (Bp4, 11)
— (Bp,, T,) is said to be a fuzzy homomorphism if it satisfies the following conditions:

* fis bijective,

* both f and f~are fuzzy continuous maps.

Definition 3.8. Let 1 be a fuzzy topology on a BP-algebra Bp. A FTS (Bp, 1) is said to be a fuzzy C; -
disconnected if there exists a fuzzy open and fuzzy closed set S with membership ugs suchthat ug #+
1g,and ps # Bg,. AFTS (Bp, 1) is said to be a fuzzy Cs - connected if it is not a fuzzy Cs -
disconnected.

Theorem 3.9. Let t;and T, be the fuzzy topologies on BP(H)-algebras Bp; and Bp, respectively. Let f:
(Bp1, 11) = (Bp,, T,) be a fuzzy continuous surjective mapping. If (Bp;, t,) is a fuzzy Cs - connected,
then (Bp,, 1) is a fuzzy Cg -connected.

Proof. Assume that (Bp,, T,) is a fuzzy C; -disconnected. Then there exist a fuzzy open and closed set S
with membership function pg such that ug # 1g,,and us # @g,,. Since f is a fuzzy continuous mapping,
f~1 (ug ) is both OFS and CFS.

Thus f~* (us) = 1g,, or £~ (s ) = @, Which is impossible.[since ps = f(f ™ (us)) = f(1g,,) =
1gp,, and pg = f(f ™ (s )) = f(@sp,,) = Bg,,] This is contradiction to our assumption. Hence (Bp,, 1) is
also a fuzzy Cs - connected.

Definition 3.10. Let t be a fuzzy topology on a BP-algebra B, and S be a fuzzy set in Bp with
membership function ps . If a class {< X, ug,} >:i € I} of OFS in Bp satisfies the condition S €U {< X, ug,
>:1 € |}, then it is called a fuzzy open cover of S.

A finite subclass of the fuzzy open cover {< x, ug, >:i € I} of S, which is also a fuzzy open cover
of S, is called a finite subcover of {< x, us, >:1 € I}. AFSS=<X, pg>inaFTS (X, 1) is called a fuzzy
compact, if every fuzzy open cover of S has a finite subcover.
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Theorem 3.11. Let 1, and t, be the fuzzy topologies on BP-algebras Bp, and Bp, respectively. Let f :
By, — Bp, be afuzzy continuous mapping. If S is a fuzzy compact in (Bp,,t41), then f(S) is a fuzzy
compact in (Bp,,T,).

Proof. Let A = {ug,: i € I}, where ug,= <X, ug, > be a fuzzy open cover of f(S). Then B = {f_l(llsi)i S
I} is a fuzzy open cover of S. Since S is a fuzzy compact, there exists an finite subcover ug (i=1, 2, ..., n)
of Ssuchthat S € UL, f ™' (us,). Thus

f(S) € (FLULLf (us))
f(S) S U fF(f(s))
f(S) € Uiz (us)
Therefore, f (S) is a fuzzy compact in (B, T,).
IV. FUZZY TOPOLOGICAL BP-IDEALS

Definition 4.1. A fuzzy set B in a BP-algebra B with membership function pjg is called a fuzzy ideals of
By if it satisfies:

(1) ug(0) = pp(y)

(i) pp (v) =2 min{ up(y * 2), up(2)} forally, z € Bp.

Proposition 4.2. Let  be a homomorphism of a BP-algebra P into a BP-algebra Q and B a fuzzy BP-ideal of
Q with membership function uz. Then the inverse image 5~ (B) of B is a fuzzy BP-ideal of P.

Proof: Since B is a homomorphism of (P, *, 0) into (Q, *, 8), then B (0) = 8 and, by the assumption,
,uB(,B(O)) = ug(0) = ug(q) forevery q € Q. In particular, MB([?(O)) > ug(a(p)) for every p € P. Thus
tg-15)(0) = ug-1(5)(p), hence the proof (i).

Lety, z € P. Then, since by assumption on ug , we have

wa-1 ) = up(BG)) = min{us(B() * B(2)), us(2)}
All B (y), B (2) € Q, this gives

tg-1 () = u(BB)) = min{us (BG) * B(2)), 15 (B(2))}

= min{ug (B(y * 2)), us(B(2))}

Hp-15)(¥) = minfupg-15) (¥ * 2), hp-15)(2))}
Hence the proof (ii) since by putting y = 0.
Corollary 4.3. Given BP-algebras P, Q and a homomorphism £ of P onto Q , let t be a fuzzy topology on Q
and V be the fuzzy topology on Q such that S (t) = V. Let E be a fuzzy topological BP-ideal (BP-ideal) of

P. If the membership function ugz of E is S-invariant, then B(E) is a fuzzy topological BP-ideal (BP-ideal) of
Q.
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V. INTUITIONISTIC FUZZY TOPOLOGICAL BP-ALGEBRAS

Definition 5.1. An IFT t is said to be an indiscrete intuitionistic fuzzy topology if its only elements are (0)
and (1). An IFT tis said to be a discrete intuitionistic fuzzy topology if it contains all intuitionistic fuzzy
subsets of W.

Example 5.2. Let BP-algebra W = {0, p, q, r} with the following table:

= Q[T | O *
= O T OO
ooc|Q|=<|=

o |= | O[T T
o O = | |

Suppose we define IFS

P q T 0 0 0 0

L:<W’( ’_’_’_)’(_)_'_’_)>
04°0.3°0.2°05 0.2°04°0.1°0.3
0 p g¢q r 0 0 0 0

M=< w, (_l_l_)_)l(_l_l_l_) >
0.1°0.2°0.370.2 0370370201
0 p q r 0 0 0 0

N=< w, (_1_1_;_)1(_;_1_1_) >
02°0.1°03°04 0370270104

Then the family ©= {0, 1, L, M, N} of IFSs in W is an IFTs on W.

Example 5.3. Consider a BP- algebra W = {0, 1, 2, 3}.Suppose we define IFS as follows (n € N):

s ]
S
Il
AN
~
S| o
3~
3
i I
A
3
How
A
—
/-~

Then the family {0, 1} U {B,;: n € N} of IFSs in W is an IFTs on W.

Definition 5.4. Let W be a BP-algebra. An IFS B = < w, ug, vg> in W is called an intuitionistic fuzzy
subalgebra of W if it satisfies:

(1) ug(p * q) = min{ug(p) * up(q)}
(i) vg(p *x q) < max {vg(p) *xvg(q)}Vp,qeW.

Example 5.5. Consider the BP-algebra W = {0, I, m, n} with the following table:

T o0 1] 2] 3
0 0| 1] 2] 3
1| 1032
2 1 2 | 3]0 1
33| 2 10
Define,
oy [07 0 P2
HBXP) =02 it p=2
And
o) 0.1 if p+#2
v =
B = 06 if  p=2

Then the IFS B = {< p, ug(p), vg(p) >/p € W} of W is an IFBP-Subalgebra of W.
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Definition 5.6. Let B be an IFS in an IFTS (W, 7). Then the induced intuitionistic fuzzy topology on B is the
family of IFSs in B which are the intersection with B of IFOSs in W. The induced intuitionistic fuzzy
topology is denoted by 75, and the pair (B, tp) is called an intuitionistic fuzzy subspace of (W, 1).

Definition 5.7. Let (E, 75) and (F, 7x) be an intuitionistic fuzzy subspaces of intuitionistic fuzzy topological
spaces (W, 7,) and (X, 7,) respectively, and let f be a mapping from (W, 7,) to (X, ;). Then f is a mapping
of (E, tg) into (F, t5) if f(E) S F. Furthermore, f is relatively intuitionistic fuzzy continuous if for each open
fuzzy set Q in 7, the intersection f~1(Q) N E is in 7. Conversely, f is relatively intuitionistic fuzzy open if
for each open fuzzy set P in 7, the image f~1(P) isin .

Theorem 5.8. Let (E, ) and (F, ) be an intuitionistic fuzzy subspaces of (W, 7;) and (X, )
respectively. Let f be an intuitionistic fuzzy continuous mapping of (W, t,) into (X, t,) such that f(E) € F.
Then fis relatively an intuitionistic fuzzy continuous mapping of (E, tg) into (F, 7z).

Proof. Let Qf be an IFS in 7, then there exists Q € 7 such that Q- = Q N F. Since f is an intuitionistic fuzzy
continuous, it follows that f~1(Q) isan IFS in 7.

Hence f"1(Qp) NE=f"Y(QNF)NE=f"2Q)n fYE)NnE =f~1(Q) N E is an intuitionistic
fuzzy set in 7.
Hence the proof.

Definition 5.9. Let 7; and 7, be the intuitionistic fuzzy topologies on BP-algebras W and X respectively. A
function f: (W, 7;) — (X, 7,) is said to be an intuitionistic fuzzy continuous map from (W, 7,) to (X, t,) if it
satisfies following conditions:

(i) Forevery B € 7, f "1(B)e 14,
(ii) For every intuitionistic fuzzy subalgebras B (of X ) in 7,, f~1(B) is an intuitionistic fuzzy
subalgebra (of W) in 7;.

Theorem 5.10. If 7,is an intuitionistic fuzzy topology on a BP-algebra W and t, is an indiscrete intuitionistic
fuzzy topology on a BP-algebras Y, then every function f: (W, ;) = (X, t,) is an intuitionistic fuzzy
continuous map.

Proof. Since t, is an indiscrete intuitionistic fuzzy topology, 7, = {0, 1}.

Let f: W — X be any function. Let O € 7,, then for any w € W,

£+ (0)(w) = 0(f(w)) = 0 [as f(w) e X] = O(w).

Thus (f~1 (0)) =0 7.

Let1 e, and w e W, then we have

(1 (1))(w) = 1(f(w)) = 1 = 1(w) [ by definition of whole intuitionistic fuzzy set].
Thus (f 1)) = 1€ 1.

Hence f is an intuitionistic fuzzy continuous map from W to X .
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