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|I. INTRODUCTION

There are lot of exciting work has been done by several researchers on fixed point results and
common fixed point results in different types of generalized metric spaces. In 1989, Bakhtin[12]
introduced the notion of b-metric space as a generalization of metric space. After that many authors
used the concept of b-metric space by different way and find some fixed point results. In recent year
J. Choi et. al. [10] proposed the concept of bicomplex numbers and their elementary functions, which
was generalization of complex numbers and proved some common fixed point theorems in
connection with two weakly compatible mapping. Later on, In 2019, Jebril et. al.[13,14]
demonstrated a variety of fixed point outcomes via mixed type contractions in bicomplex valued
metric spaces . Datta et. al. [8, 9] demonstrated some common FPT in bicomplex valued b-metric
spaces in 2020 and 2021. After that several researchers established fixed point and common fixed
point results under rational contractions for pair of mapping in bicomplex valued metric spaces, refer
[1, 4,8, 9, 10, 11, 13, 14]. In 1991, Prince [5] gave the concept of tricomplex metric spaces. Most
recently, G. Mani et. al. [20][22] studied the notion of tricomplex valued metric spaces and its
properties and established some fixed point theorems and common fixed point theorems and its
applications

In the present work, we generalize theorem (3.1) in tricomplex valued b-metric
spaces using some analytical type contraction conditions for two pair of weakly compatible
mappings using control functions. We quote some example to validate and strengthen our results.
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I1. Preliminaries:

We denote the symbol €,,€;,€, and €5 as a set of real, complex and bicomplex and tricomplex
numbers respectively. The set of bicomplex numbers defined as:
€, ={w:w = aq + ayiy + azi, + a4iii,a4q,a5,a3,a4 € €4}
e €, ={wiw =12 + 250, 71,2, € €1 }
Where z; = a; + a,i;, z, = az + aui; and iy, i, are independent imaginary units such that i? = —1 =
i2. In 1991, Price[5] defined the tricomplex numbers as follows:
U =aq+ayiy +agzi, +ayj; +asiz +agj, + asjz + agiy
where aq,a,,as,a,,as,a¢, a;ag € €, and independent units
i1,12, 03,14, j1,J2 and jg are such that i¥ = i3 = —1, iy, = iyj3 = iylylz,Jo = igiz = izly jz =1,j; =
iyiy = iyi, and j? = 1;
The set of tricomplex numbers defined as:
€ ={uu=ay+ayi; +azi, +ayj; +asiz +agj, +asjz + agiy:
,a1,03,03,04,,0s5,0¢,070g € €¢ }
e €3={upu=0,+06,i; 0,0, € €,}
Where 6, = z; + 2305, 0, = 23 + 740, If9 = n, +izn,and o = k; + izk, be any two tricomplex
numbers then their sum is
Ot o = +i3mz) £ (ky +isky) = (ny + k) 1 iz(mz +kz)
and product is
Yo =y +i3ny) (&, + isky) = (M, — n2ky) + i5((n1k, + nyk,). There are four idempotent
elements in €5 : and they are 0,1,e; = s and e, = 175  Hence, e, and e, are nontrivial such
that e; + e, =1 and e;e, = 0. Every tricomplex numbers 8, + 6,i; can be uniquely expressed as a
combination of e; and e,.
p=6; + 0,i3 = (6, — 0ziy)e; + (6, — 0,iy)e,.
The notation of u represents the idempotent of the tricomplex numbers and the coefficients of the
complex numbers p; = (6, — 6,i,) and u, = (6; + 6,i,) are called idempotent components of
bicomplex numbers of u. Anelement u = 6, + 6,i; € €5 is invertible if there exists a numbers
in €5 suchthat uw = 1. o is called multiplicative inverse of 9. An element having an inverse in €5
is called nonsingular and the element not having an inverse in €5 is said to be singular element of €.
Anelement pu =6, + 6,i; € €5 isnonsingular if |62 + 82| = 0 and singularif |82 + 62| = 0 .The

: - _ 01-i36
inverse of 9 isdefinedas u~!=w =232
02+62

The norm ||. || of €5 is a positive real valued functions and ||. ||: €53 — € is defined by
1l = 16, + is6 1l = (1 8,12 + | 6,12)1/2 = (La=taiz Hiossoniz 1y
lull = (a? + a2 + a? + a2 + a2 + a2 + a2 + a2)'/?
Where, u = a; + ayiy + aziy + auj; + asis + agj, + asj; +ag = 0, + 0,i; € €5 . Clearly €5 isa
Banach space as the linear space u o is complete.

If o € €;then ||po| < 2llulllwll holdinstead of ||xw || < llullllw|l and then €5 is not Banach
algebra. The partial order relation <;, on €5 was defined by G. Mani et. al. [10]. Let €3 be the set of
tricomplex numbers u = 6; + 6,i3 and o =k + i3k, € €; then u 5;, o if
0: Si, kg and 6; 5, k,, if one of the following condition is satisfied .

(@) 0, =k.,0;, =k,
(ii) 01 <y, k1,0, =k,
(iii) 6; =k,,0, <i, k;
(iv) 01 <i, k1,60, <4, Ky
In particular, we can write u %;, o.if p<;, © and p# . ie,oneof (ii), (iii) and (iv) is holds
and u <;, o ifonly (iv) holds. For any two tricomplex numbers u, ® € €5 .the following
conditions holds:

@ < oo ifflull <ol
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() e+ ol < llull+I1Toll;

©  llaull = lalllull , where a € €5 ;
(d) luow || < 2|ulll o || and equality holds only when at least one of u and o is non-singular;
€ ="l = llull="if wis non-singular;
Al Ml e o
) Sl = e if o isnon-singular;

Now we recall some basic definition which will be utilized in our paper:

Definition 2.1[20]: Let & be a nonempty set then the function I': § x & —» €5 satisfies the following
conditions. if

() 054, I'(z1,23) forallzy,z; € K, and I'(z1,2;) = 0 © z; = zy;

(i) d(z4, 25) = d(z3, 71);

(i) (z1,2,) Si, I'(21,23) + ' (23,27) forall zy, 25,23 € |;

Then the pair (&, d) is called TCVMS.

Definition 2.2[20]: Let & be a nonempty set and s > 1 be a given real number then the function
I{ x| - €5 satisfies the following conditions. if

(1) 054, I'(21,2y) forallzy,z; € K, and I'(z1,2;) = 0 © 2z = zy;

(i) I'(z1,22) = I'(23,21);

(i) (z1,27) Si, S[I(21,23) + I'd(z3,2,)] forall zy, 2,23 € K;

Then the pair (K, d) is called TCVbMS.

Definition 2.3[22]: Let (K, d) be a TCVbMS and {z,,} be a sequence in K then
(i) Asequence {z,}in K is said to be convergent, {z,} convergence to z If forany 0 <;, c €

€3 then there exist ny € N such that d(z,, z) <;, ¢, for alln = n, and we can denote this

limz,=2zorz, >z asn— oo,

n—oo

(i) Asequence {z,} in X is said to be Cauchy sequence If for any 0 <;, ¢ € €3 , there
exists ng € N, such that d(zn, Znym) <i, ¢, Where, m,n € N and n >n,.

(iii) If every Cauchy sequence is convergent in (&, d) then (&, d) is said to be a complete
TCVMS.

Lemma 2.4[20]: Let (K, S) be a TCVSMS and let {X,,} be a sequence in S'then {x,} is convergent and
converges to x if and only if [|I"(x,, x)|| = 0 as n— oo.
Lemma 2.5[20]: Let (K, S) be a tricomplex valued S-metric space and let {x,,} be a sequence in & then
{x,} is a Cauchy sequence if and only if || (x;,, Xp+m)|| = 0 asn— oo, m € V.
Main Theorem.

I11l. MAIN RESULTS

Recently R. Ramaswamy et. al.[6] proved the following fixed point theorem in a Complete tricomplex
valued metric spaces for four maps as follows:
Theorem 3.1: Let (K,¢) be a Complete TCVSMS and, ,S:K& - K& . if their exist mapping
f,3B7: 8 XK XK —> K suchthat forall t,m € K satisfying the conditions:
(a) f@Stn,a) < f(tn,a) and f(t,Q5,a) < f(t,n,a),
B(QStm,a) < B(t,n,a) and B(t,QSn,a) < B(T,n,a),
y(@Stn,a) <y(tn,a) and y(t,QSn,a) <y(tn,a),

<. ¢(tSH¢(m.Sn) ¢(Mm.St)¢(r.Sn)
(b) C(ST’ Qn) ~l3 f(TI n: a)c(‘[l n) + 3(Tr n: a) 1+C(T'Tl) + ﬁ(TI T]I a) 1+C(Trn)
c(T.ST)c(T.Qn)+c(n.Qn)c(n.ST))

1+¢(t,Qn)+¢(n,ST)

y(tna) (
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forall t,m € K and for a fixed element a € X,

© f(ma) +3(tna)+Btna)+y(na) <1

Then S and Q have a unigue common fixed point.
Inspired by above theorem, in this paper we generalize the theorem (3.1) in a tricomplex valued b-
metric space for four mapping satisfying more rational conditions using control functions
Theorem 3.2: Let (&,I") be a complete TCVbMS with the coefficient s >1and F,G,P,U: & - &
satisfying the conditions:
(i) G(K) € P(K) and F(K) c U(R),
(ii) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of &,

(iv) If there exist mapping a, 8,¥,8,2,9,§: & > [0,3) such that for all 7, € &;

a(Fr) <a(r); PBF) <p@), yFr)<y(),
6(Ft) <6(1), N(F1) <2(1r), I(F1) <9I9(1), and &(Ft) <é(1)
a(Gt) < a(r); PpGT) <B@), yGT) <y(1),
§(G1) < 6(1), N(G1) < 2(1), I9(GT) <I(1), and &(Gt) < é(1)
a(Pt) <a(r); PP <), yP?) =<y,
6(Pt) < 6(1),2(P1) < (1), 9(Pt) <9(1), and &(Pt) < é(1)
a(Ut) <a(r); BWUT) <p(), yWU) <y(),
6(Ut) <6(1),2Ut) <2(1), I9WUt) <I(1), and &(Ut) <é(1)
(v) I'(Ft,Gn) s;, a(n)I'(Pt,,Un) + ()I'(Pt, F1)

+y(©)r'(Un, Gn) + §(7)[I'(Un, Ft) + I'(Pt,Gn)] + .Q(T)(

r'(Un, F)I' (Pt,Gn)
1+ I'(Pt,Un) >

I'(Pt,Ft)I'(Un, Gn)
1+ '(Pt, Un) )

+19(T)<

+¢&(t) max{ ' (Pt, Ft),I'(Pt,Un),'(Un,Gn), I (Un, F1)}

and a(t) + () +y()+2s6(0)+ () +9()+é(r) <1
Then F, G, P,and U have a uniqgue common fixed point.
Proof: let an arbitrary point T, € £. We define a sequence {n,,} in &.
Suchthat 15,41 = UTyner = FTyn and Mypio = PTonye = GTop41 0 = 0,1,2 ... then from inequality
(v) we have
r(n2n+1' n2n+2) = I'(FTan, GTon41)
Sty AT (PTon, UTyniq) + B(T20) I (PTon, F2,) + ¥ (T2) ' (UTzn41, GTone)

I'(Pt,,, Ft,,)[(Ut,,..,GT
+ 8 (T2 )[F (UTzns1, FT2p) + T'(PT2p, GTop41)] +.(2(‘[2na)< (Pron, Fran)” UTanes 2n+1))

14 TPty UTynyt)
+9(t, )(F(UT2n+1»FTZn)F(PTanGT2n+1))
" 14 I'(PT3n, UTz2n41)
+ & (Ta)max{l’ (Ptop, F120), I'(PTon, UToni1), T (UTonst, GTonsa)s ' (UTonir, FTon)}
I'(M2ns1> N2n+2) Siy €M) (M2n M2ns1) + B(N20)T (M2n N2ns1) + ¥ (M2 T (2041 Nane2)

I'(M2n Mone )T (Mant1s Nons2)
+ (12T (Mans1s Mons1) + T(M2py Mona2)] + Q(TIZn)( an fr;j(lnz ;:Hl) e
n n+

+ 9Czn) ( 1+ (M2 N2n+1)
+ §(Men)max{T (Nzn, M2n+1)s T (M2 Nant1) T (M2nt1, M2ns2), 03
Case (a): if max{I'(nzn, N2ns1): T (M2ns Mans1)s T (Mznsts N2ns2), 03 = T'(Mapy Nanes) @nd
Put Azn = T'(N2n, N2ns+1) then
||A2n+1” Si3 a( N2n )”AZn” + ﬁ( nZn)”/IZn” + V( 77271)”/1Zn+1” + 6( 772n)[0 + ”AZn” + ||A2n+1”]

4,
+00m20) |[ 75| Mzl + ECn2) 20

||A2n+1” Si3 [a( 77271) + ﬁ( 77271) + 6( 77271) + E( nZn)]”AZn”

+[V( 772n) + 6( nZn) + -Q( nZn)]”AZn+1”
= [ Azn1ll Siy (@+ B+ 8+ ()l Aznll + (v + 6 + D) (M20) | 42044l
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= {1 - ()/ +6+ -Q)}( 77271)”/12n+1” sig (a + .8 +46 + E)( 772n)”/12n”
(@ +B+38+$)(12n)
= [[Azn4all S 422
TR -G+ 5+ DY) T

_ (a+B+8+8)(n2n)
let £ = f g rormitmy < 1 TS

= [[Azns1ll i Ell A2l
Similarly it can be follow that
= |[Azns2ll Si; £ 142l

’ (a+y+8+&)(n2n)
Where £ = A ror@(mm
Let h=Max{£ €} , then 0<£<1, since£ £ €[0,1), then for every ne
N by above inequality we get = ||Ay,,,|| S;, hl[4,,]].
Hence, A, <hA,_; <h’4, ,<--..<h"4,
Thatis I'(ny, Nper) = B"T(ng, 711)

Case (b): if max{I'(nz, Nan+1): T (M2ns N2ns1)s T (Mzns1s Nans2), 03 = T'(Mans1, Nans2) and
Put Ay, = F( N2n, T]2n+1) then

142411l Siy a(n2n )M Aznll + BCn2d 1 Azall + ¥ (M2 12541 | + 8 (122D [0 + [ A2nll + | 424111

4,
+ 00120 | 75| Mzl + )Mzl

||A2n+1” Si3 [a(UZn) + B(WZn) ik 6(77271)]”/1271”
+[V( 772n) + 6( 772n) + -Q( n2n)]”/12n+1”
=2 [ Azns1ll Si; (@ + B + O (M) 1Azl + (7 + 6 + 2 + ) (M2 [ 42744l
= {1 - ()/ +6+0+ ,’f)}( 772n)”/12n+1” Si3 (CZ + ﬁ +6 )( 772n)”/12n”
(CZ + B + 6)(77271)
= Monall S 7= v s a5 o3y Menl

_ _ (a+B+8)(12n)
let £ = g roraro(mn < L TS

= [[Azns1ll Si; 3l A2l
Similarly it can be follow that
= ([ Azl Si, 3[4zl
; _ (a+y+6+8)(n2n)
Where 8’ = G Grsra(nan
Let h = Max{z 3} , then 0<3<1, sincez 3 €[0,1), then for every ne€
N by above inequality we get = |4, Si, hll4,,]l.
Hence, A, <hA,_, <h’4,, <-..<h"A,

Thatis I'(7n, Mny1) = BT (1o, 11)
If m >nthen

I (s )l S iy SUT (s M DI+ I (Mg, 1)1
Siy SIT (N M)l + S2UTT (Mngrs Dna D+ 1T (Mg 1]
Siy ST (M, DD+ SPIE (ers Mna2) 1+ ST (i sl 4o e
Si3 sh"||F(n0, 771)” + SzhnH”F(UO’ 771)” + S3h"+2||F(n0, nl)” o
Si, sh*(1 + sh + s°h* + s°h° + - ... .....)||F(n0, 771)”
~13 1—sh
Hence {n,} is a Cauchy sequence in K.
P(8K) is a complete subspace of &, Since 1,42 = P o542 € P(K) and {n,,} isa Cauchy sequence , there
exists g € P(K) such that 1,,,, = 0 asn — co. Then there exists u € & such that Pu = g. thus
rlli_f};loF Ton = Tlll_r)go Ut = Tlll_r)?o G Ton+1 :7111_{21013 Ton+2 = 0.

”F(Uo, n)ll = 0 asm,n — oo.

Now consider by inequality (v)
I'(Fu, G Tan41) Si, a(PuI'(Pu, U t3n41) + L(PWT (Pu, Fu) + y(PuI' (U T2n41, G Ton41)
+ 6(PU,)[F(U T2n+1'Fu) + F(Pu, G T2n+1)]
I'(Pu,Fu)r (Ut ,G T
W) ( )(U T3n41, G T2ng1)
1+ T'(Pu, U Typ41)
MU JFwl'(Pu, Gt
+ 19(Pu) ( 2n+1 ) ( 2n+1)
1+ T'(Pu,UTypyq)
+ f(Pu)max{F(Pu, Fu),F(Pu, U T2n+1)' F(U Tont1 G T2n+1)' F(U Tont+1s FU)}
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lim I (Fu, G 54 )1l 54, lim {a(Pu)llf(Pu, U T2+ ) | + BPWIIT (Pu, Fu)|

+ Y(POIT (U t9n41, G Tons DI + S(PWIIT(U T30, FWI + IT (Pu, G 75, )]

+ 2(P) (IIF(Pu. FOIIIT (U 3041, G Tzn+1)||> +9(P) <|IF(U Tonsr, FOIIIIT (Pu, 6 sz)II)

11+ r(Pu, Uty 11+ r(Pu, Uty

+ §(Pwmax{||IT' (Pu, FWI|, 1T (Pu, U 3 ||, 1T (U 7241, G 20 DI I (U Tzn+1:Fu)||}}

I (Fu, )l <, {a(d)llf(o, Ol + BN (o, Fll + y (@I (o, 0l + 8@l (o, F)ll + I (g, 0)]|]

2\ (o, FWIIIL (o, G)II) +900) <2IIF(G, FWIIIIL (o, U)II)
11+ 1o all 11+ 7(o,all

+.(2(a)<

+ §(@)max{lil (o, FWI, I (a, ), 11 (a, ), I (o, Fu)ll}}

= [T (Fu, o)l <45, BT (o, FWl + 5 (o, FW)|l + &)1 (o, FW)|
= [I'(o, Fu)ll Si; (B + 6 + (@I (o, Fwl
S ((A-B+5+)@IN (o, Full 54, 0
= ||II'(o, Fu)|| <, 0. Therefore Fu = o.
Thus Pu=Fu=o0
Since F(K) € U(K) thenthere exists v € & such that Fu = Uv.
Thus Pu = Fu = Uv = o.
Now by inequality (v)
I'(Fu, Gv) s;, a(Pu)I'(Pu,Uv) + B(Pw)I'(Pu, Fu) + y(Pu)I" (Uv, Gv) + 6(Pu)[I (Uv, Fu)
= P I'(Pu, Fu)I' (Uv, Gv) . I'(Uv, Fu)I' (Pu, Gv)
I (Pu, Gv)] +0( u)< 1+ (Pu,Uv) >+ ( ”)< 1+ (Pu, Uv) )
+&(Pw)max{I'(Pu, Fu), ' (Pu, Uv), T (Uv, Gv), (Uv, Fu)}
a(@)Il (0,0l + Bl (g,0)l

= ||F (o, GV)|| S:

+y(@)II' (g, V)|l + 8(0)[III'(a,0)l + |IT' (o, Gv)I] + 2(0) (

+9(0) <2IIF(0, o) llllT (o, Gv)ll)

11+ I'(o,0)l
+&(@)ymax{||ll'(a, D), I (0, D), I (o, GO, I (o, o) I}

= || (0, GV)|| Si; ¥ (o, 6Vl + 8@ (0, GV + £ (@) (o, G|

= I'(0, GV Sy (v + 6 + (I (o, GV)|

= (@A -@+6+D)@I (0,6 =, 0

= ||II'(o,Gv)|| <, 0. Therefore Gv = o.

Hence Pu = Fu=Uv = Gv =o0.

Since the pair (F, P) and (G, U) are weakly compatible, then

Po = PFu=FPu=Fo and Uo = UGv = GUv = Go

Now by inequality (v)

I'(Fo,Gv) s, a(Po)I'(Po,Uv) + f(Po)I'(Po, Fo)

2| (o, )IIIT (o, Gv)ll)
11+ I'(o,0)l

+y(Po)I' (Uv, Gv) + §(Pa)[I'(Uv,Fo) + I'(Pa, Gv)] + 2(Po) <

I'(Uv,Fo)I'(Po, Gv)
+9(Po) < 1+ I'(Po, Uv) )
+&(Po)max{l’(Po,Fo),I'(Po,Uv), I (Uv,Gv), ' (Uv,Fo)}
a(Fo)lll'(Fa,0)l + B(Fo)l'(Fo, Fo)|l

I'(Po,Fo)l'(Uv, Gv)
1+ I'(Po, Uv) )

= | (Fo,0)| S

3

+y(Fo)lII (o, 0)|| + §(Fo)[III' (o, Fo)ll + II"(Fo, 0)]] + 2(Fo) <

2 (o, F I (Fo, o)l
¥ WU)( 1+ o, o)l )
+&(Fo)ymax{||['(Fa, Fo)|l,\['(Fa, o), I (o, o), I (o, Fo)||}
= | (Fo,0)| Si, a(Fo)lI'(Fo,0)|

2r'||Fo,Fol|l|IT (o, o)l
11+ TI'(Fo,o0)ll

[JCRT2407443 ] International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | dso3


http://www.ijcrt.org/

www.ijcrt.org © 2024 IJCRT | Volume 12, Issue 7 July 2024 | ISSN: 2320-2882

+S(FDI (o, Fo)| + 17 (Fo, o) 1] + 9(Fo) (2””"' FOllT(Fo, ")”) (I (Fo, o)

|11+ Ir'(Fo,o)l|
= |I'(Fo,0)| Si; a(Fo)II'(Fa, 0l
I'(Fo,o)
+26(Fo)||Il'(Fo,o)|| + 29(Fo)||I'(Fo,o0)|| (Hm‘b + +&(Fo) || (Fo,0)||
= I['(Fo,0)|l S, (a+ 26 +29)(Fo)|I'(Fo,0)||
= (- (@428 +20))(Fo)|I'(Fo, o)l Si, 0
= ||I'(Fo,0)|l <., 0. Therefore Fo = o.
Thus Fo = Po =o. et e e e (@)

and
I (o, Go)ll 54, a(a) Il (o, )l + BT (a,0)l

+y(0)II' (o, Ga)ll + 8()[III' (o, )| + [II'(o, Ga)ll] +!2(0)<

L 900) <2IIF(0, o)l (g, Ga)ll)
11+ 1(o,0)ll
+$ (@I (o, D)L N (o, U, I (o, Go) I, I (o, o)l
= |I'(0,Go)|| Si, v (0,6l + 8@ (a,Ga)ll +E(@II (0, Go)ll
= I'(0, GOl Si; (v + 8 + (@I (o, Go)l
=>((Q-G+5+@II(0,6o)ll =i, 0
= [I'(0, Go)l| Sy, 0. Therefore Go = o.
Thus Go =Uo =o. e eeeiieeeeeerne e (D)
From equation (a) and (b) we get
Fo=Po=Go=Uo =oa.
Hence F, G, P, and U have a unique common fixed point.
Uniqueness:

2\ (o, DT (o, GG)II)
11+ I'(a,0)l

Suppose that z' € & be another common fixed point such that
Fz = Pg =g = Gg = Uz then by inequality (v)
I'(Fo,Gg) Si, a(Pa)I' (Pa,Ug) + B(Pa)S (Pa, Fo)

+y(Po)I'(Ug',Gz') + 6§(Po)[S(Ug',Fo) + I'(Pa,Gg')] + 2(Po) <

r(Ug',Fo)r(Po,Gg")
+9(Po) ( 1+ (Po,Ug)
+&(Po)max{I'(Po,Fo),S(Po,Ug'), I (Ug',Gg'),I'(Ug',Fo)}
=T(0,3) S, (@) (0,3) + B(0) (0,0)

+y(@)I'E.5) +6(0)[S(E,2) +T'(0,5)] + 2(0) <

r@,o)rog)
+19(0)< 1+7I'(0,%) )
+¢&(o)max{I'(0,0),I'(0,5),I'(5,5),I' (5, 0)}
= F(G' 6’) Si3 (Z(O')F(O', 6’) + 6(0-)[1—'(5,! U) + 1—'(0-1 5’)]
r, o)l (oz
+ﬁ(a)< (,0)I'(0,3)

1+ (0,%)
= 1 (0,3)l si, 2@ (0,8) + 26(a)[ (0, 5")
‘ r(os,3)

+9(0)|lo (g, o)l < T+l (o5) )‘i‘ §(0)l(0,3)

= 15(0,8)l si, a(@) (0,501l + 28I (0,8l + 9@ (0,81l + §(0) (0,5
= 1I'(0, 80 S, (@ + 25+ 9 + (@I (0,8l
= (- (@+25+9+ )@ (0,5)] Si, 0
= II'(0,3)Il Sy, 0. Therefore o =g'.
Hence ¢ is the unique common fixed point of F, G, P,and U . Similarly prove of theorem can follows if
U(8K) is a complete subspace of K.
Example 3.3: Let & = [0,1] and I': &3 —» €5 be defined by I'(z,n) = |t — n|? + i3]t — n|?. then
(],8) isaTCVbMS with s > 1. LetF,G,P,U: & — K be a self maps given by

I'(Po,Fo)l'(Ug',Gg')
1+T(Po,UZ)

I'(o,0)r,s")
1+1I'(0,%)

) +$(0)(0,5)
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F(z) = % G(1) = é ,P(7) = i, U(7) =§ forall T € & , we define the function
@ B,y,8,0,9, 5:5«'{3 > [o,i) b

2

a(t) =%, B(r )_ y(©) :I_O,
73 3 72 T
s@W=15 P@=7, I@= 0=
then a(z) + B (7) +y(r) +26(7) + g(r) + 19(1') +é&(0) <1
T 12 23 ¢ 2 7

T
< 44 4 a4
—20+10+10+10+5+11+11

e
20 10 10 5 5 11 11

— 8318 < 1.
Clearly, a(t)+ B(t) +y(t)+2s65(7) +02(t) +9(7) + &(1) < 1. forall 7,n € K.
. . Now also,
a(Fr) < a(d) = a (2) w0570 A< = 85 ) 55515 =F®
yF) sy@=y()=S<st= y(r) S(F) < 6(1) = (—) = % c= 5(1) Q(Fr) <
Q(T) =0(}) = T<l=0@, 9F) <@ =19 (%) = t<l= 19(T) and £(Fo) = () =

—<==¢()
éfmllahly we can show all the following conditions:
a(Gr) < a(r); PpGr) < B@), yGT) <y(1), 6(Gt) < 6(1),2(GT) < N(1), I9(GT) <I(1),
and &(Gt) <&(1) a(Pt) <a(r); PBPr)<pP(r), yPr)<y(@), §P1t)<6()=102(P1)<
N(1), 9(P1) <Y9(1), and &(Pt) < é&(1)
a(Ut) <a(r); pWUT) <p{), yU) <y,
6(Ut) <6(1),RWUt) <02(1), I9WUT) <I(1), and &(Ut) < é(1)
Now, for verifying inequality (V), one needs to note that

{ r(Pt,Un), [ (Pt,Ft), ['(Un,Gn),[I'(Un, Ft) + I'(Pt,Gn)l, }

0s;

, 3 [(Pt, FO)I'(Un, Gn) I'(Un, FO)I'(Pt, Gn) I . NN
1+r(Pt,Un) ' 1+TI(Pt,Un) 1T »Un), I'(Un, Gn), I'(Un,

Now, it is sufficient to show that  I'(Fz, Gn) s;, a(t)I'(Pt,,Un)
Now consider
r'(Ft,Gn) = |Ft — G77|2 + l3|FT — Gn|?
2
S =3l S0, 35 (Pt = Gnl2+ islFr = 611} = (@I (Pr, Un)
ie, I'(Fr,Gn) s, a(r)I"(PT Un) , Thus all the conditions of above theorem are satisfied and
T = 0 is the fixed point of F,G,P,and U.
Example 3.4: Let & = [0,1] and I': &3 —> €5 be defined by I'(t,17) = |t — n|2e"%. then (&, S) isa
TCVbMS with s > 1. LetF,G,P,U: & — K be a self maps given by
F(r) = ;, G(r) = é ,P(7) = %, U(7) =§ forallT€ & By a,5,v,6,02,9,&: 83 > [0,?)
Clearly, a(t)+ (7)) +y(t) +2s6(7) + 2(7) +9(7) +é(7) < 1. forall 7,n € K.

Now also,
a(F) < a(®) = a (;) 120 s=a@; D<@ =B(3) =75 < == @),
y(FT) < y(7) = (;) =< LO =y(1), S8(FT)<8()=6 (;) = —0 ’—0 = 8(7), Q(FT) <
.Q(’L') = (;) = ;Z —3— N(), IF1) <I() = 19(%) =;—is§—i =9(1), and &(Fr) = f(g) =

—<7=¢@

77
Slmllarly we can show all the following conditions:

a(Gt) < a(r); PBGT) <PB(1), y(GTr) <y(D), 6(Gt) < 6(1),2(GT) < N(1), I(GT) <I(1),
and §&(Gt) <é&(t) a(Pt) <a(r); PBMPt)<P(r), yPr)<y(r), 6P1)<()=0(Pr)<
N(t), I9(Pt) <I9(1), and &(P1) <é(1)
a(Ut) <a(r); pWUT) <p(@), yWUD) =<y,
S(UT) <6(1), NUT) < 2(1), YWUT) <I9(1), and ¢&Ut) <é(1)
Now, for verifying inequality (V), one needs to note that
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{ r(Pt,Un), I (Pt,Ft),I'(Un,Gn), [I'(Un, Ft) + I'(Pt,Gn)], }

0s,;

~ig

F(};T;F;EZ_E’ULZ))GU),F((lln_;_ljf();[(,PJT;)Gn),max{I"(P‘r, Ft), ' (Pt,Un), I'(Un,Gn), (U, F1)}
Now, it is sufficient to show that  I'(Ft, Gn) s;, a(t)I'(Pt,,Un)
Now consider
T
I“(P:, G;})Z '1;(7'82 e s
=|=— § e'3e Sis ;{ ; - § el3g} = C((T)F(PT, UT’)
i.e, I'(Ft,Gn) s;, a(r)I'(Pt,Un) , Thus all the conditions of above theorem are satisfied and
T = 0 is the fixed point of F,G,P,and U.
By setting ¢ = 0 in theorem (3.3) then we have obtain following:
Corollary 3.5: Let (],5) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:
(i) G(K) € P(R) and F(K) € U(R),
(ii) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of &,
(iv) If there exist mapping a, 8,7, 8,2,9, &: &3 - [0,1) such that
a(Fr) < a(r); BFD) <), yEFD) <y(0),
6(Ft) <6(1), 2(Ft) <0(1)
a(Gr) < a(r);  B(Gr) < B(v), y(Gr) <y(7),
6(G1) <6(1), 2(GT) < N2(1)
a(Pt) < a(r); BPr) <), yPD) <y(),
6(P1) <6(1),N(Pt) < N(1), I(P1) <I9(1),
a(Ut) <a(r); PWUD) <p), yWU) <y(),
S(Ut) <6(1),2Ut) < 2(1), IWUT) <I(1),
forallt,n € & and for a fixed point element a € &,
(v) I'(Ft,Gn) s;, a(P)I'(Pt,Un) + B(PTt)I'(Pt, F1)

+y(Pt)I'(Un, Gn) + §(PT)[I'(Un, Ft) + I'(Pt,Gn)] + .Q(PT)(

r(Un,Ft)r (Pt,Gn)
1+ I'(Pt,Un) >
forall T,nE K,
And a(t) + B(t) +y(r) +3s6(0) + 2(7) +I9(1) < 1
Then F, G, P,and U have a uniqgue common fixed point.
By setting 9, & = 0 in theorem (3.3) then we have obtain following:

r'(Pt,Ft)I'(Un, Gn)
1+ (Pt,Un) )

+ 9(P1) <

Corollary 3.6: Let (K],5) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:

Q) G(K) € P(R) and F(R) € U(R),

(i) The pair (F, P) and (G,U) are weakly compatible,

(iii) P(8K) or U(K) is a complete subspace of &,

(iv) If there exist mapping a, 8,7, 6,02,9,&: &% - [0,1) such that

a(Ft) < a(t); PFr) <p(r), yFr)<y(r), §(Fr) <6(1), 2(G1) < N(71)
a(Gt) < a(r);  PB(Gt) < B(r), y(GT) <y(1),6(GT) <6(1), 2(GT) < N(7)
a(Pt) <a(r); PBPr)<B(r), yP1)<y(),6(P1)<b(1), 2(P1) <N2(7)
a(Ut) <a(r); PBWUT) <B(), yWr) <y(),8UT) <6(1), 2WUT) < 0N(1)

forallt,n € & and for a fixed point element a € |,
(v) (I'(Fr,Gn) s, a(POI'(Pt,Un) + B(PT)I'(Pt, F1)

+y(Pt)I'(Un, Gn) + 6(P1)[I'(Un, Ft) + I'(Pt,Gn)] + .Q(PT)(

r'(Un,Ft)r (Pt,Gn)
1+ Ir'(Pt,Un) >
forall T,meE R,
And a(t) + L) +y() +3s6(t) + 2(7) +I9(1) < 1
Then F, G, P,and U have a uniqgue common fixed point.
By setting Q, 9, & = 0 in theorem (3.3) then we have obtain following:
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Corollary 3.7: Let (], 8) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:
() G(R) € P(R) and F(K) c U(R),
(ii) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of &,
(iv) If there exist mapping a, 8,7, 8,2,9,&: &3 - [0,1) such that
a(Fr) < a(r); BFD) <), yFD) <y([),6(F71)<4(7)
a(Gr) < a(r);  BGr) < B(1), y(Gr) <y(1),6(G67) <6(7)
a(Pr) <a(r);  BP) <p(), yPr) <y(®),6(P1)<6(1)
alUt) <a(r); BWUT) <B(), yWUD) <y(1),86Ur) <6(7)
(V) forallt,nm € ] and for a fixed point element a €
], I'(Ft,Gn) s, a(PT)I'(Pt,Un) + B(PT)I(Pt, F1)

+y(Pt)I'(Un,Gn) + §(PT)[I'(Un, Ft) + I'(Pt,Gn)]
forall t,neE K,
And a(t) + B(t) +y(r) +3s6(1) < 1
Then F, G, P, and U have a uniqgue common fixed point.
By setting 6, Q,9,& = 0 in theorem (3.3) then we have obtain following:
Corollary 3.8: Let (],5) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:
(i) G(K) € P(R) and F(K) € U(R),
(if) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of K,
(iv) If there exist mapping a, 8,7y, 8, 2,9, &: &2 - [0,1) such that
a(Fr) < a(r);  BFD <), yEFED <y(1)
a(Gr) < a(r);  B67) < B(0), y(Gr) <y(v)
a(Pt) < a(r); PP <P, yP?)<y([)
alUt) <a(r); BWUD =B, yWUD<y[@®
forallt,n € & and for a fixed point element a € |,
(vi) I'(Fr,Gn) s;, a(Pt)I'(Pt,Un) + p(P)I'(Pt, Fr) + y(PT)I'(Un, Gn)

forall T,nEK,
And a(t)+ () +y(@) <1
Then F, G, P, and U have a uniqgue common fixed point.
By setting v, 6, Q,9,& = 0 in theorem (3.3) then we have obtain following:
Corollary 3.9: Let (K,8) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:
() G(R) € P(R) and F(K) c U(R),
(if) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of K,
(iv) If there exist mapping a, 8,7, 8,02,9,&: &3 - [0,1) such that
a(Fr) <a(r); PBFT) <L)
a(Gt) < a(r); B(GT) < B(7)

a(Pt) <a(r); PBPr)<B(()
a(Ut) <a(r); BWU) <B@) orallt,nm €K and for a fixed point element a € K

v) I'(Ft,Gn) s;, a(Pt)I'(Pt,Un) + B(PT)I'(Pt, F1)
forall T,meER,
And a(t)+B(1) <1
By setting 3, v, 6, Q,9, & = 0 in theorem (3.3) then we have obtain following:
Corollary 3.10: Let (&,5) bea TCVbMS and F, G, P, U: & — K satisfying the conditions:
(i) G(R) € P(K) and F(R)) c U(R),
(if) The pair (F, P) and (G,U) are weakly compatible,
(iii) P(K) or U(K) is a complete subspace of K,
(iv) If there exist mapping a, 8,7, 8,02,9,&: &3 - [0,1) such that
a(Fr) <a(r); PBFT) <L(@)
a(Gt) < a(r); B(GT) < B(7)

a(Pt) <a(r); PBP1t)<B()
a(Ut) <a(r); BWUT) <B@) orallt,m € K and for a fixed point element a € K

(v) I'(Ft,Gn) s, a(PT)I'(Pt,Un) + B(PT)I'(Pt, F1)

forall T,mnE K,
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And a(r) <1
Then F, G, P,and U have a uniqgue common fixed point.
4. Utilization: Let & = ¢[2,2,] be the set of all continues factions on [2;,2,] armed with
metric I'(t,n) = (1 +i3)[|7(g) —n(g)|?*] forall 7,n € C[!)l,!)z] and;g € [!21,!22] where |.| isthe

real modulus and a: &* - [ ) be defined by a(r) == ,8(1) = —, y@) ==, 6(r) = I—Z
0©=Z, 00-%, e =%

Clearly verified all conditions i.e a(t) <1 forallt,n € & . then (&, S) is a CTVbMS. Consider the
integral equations of the non-linear Fredholm type integral equation

and

Where t:[2,,2,] > R and 0,,0,:[02,02,] X [2,,02,] X R - Rare continuous for z € [2,,2,] > R
are  continuous, and t(z) is  function  of K. Now  we  define  partial order
Si, in €5 as follows 1(3) Si, n(g) iff t<n.

Theorem 3.11: Consider the following conditions:

|6:(5,5.1(5)) = 0,(,5 ()| < a(@®)|t(s) —n(s)| Holds, for all T, € K with T # n and for control
fuction a: K X & - [0,%) then the interval operators defended by (a) and (b) have a unique common
solution.

Proof: Define a continuous mapping F,G: & - & by

Fr(g) = t(8) +-— f 0,(5,5,7(s)ds............... (a)

2}

and

For all t € [24,02,]. Consider I'(z,n) = (1 + i3)[|T(E) — n(3)|?]

0, 2
r'(Fr,Gn) = (1 +i3){ f 0.(5,s ,T(s)ds—f 0,(3,s ,t(s )ds

2
[(21;3){[”2 0,(3,5 ,7(s )ds — f 0,(3,5 T(S)ds| }

e PHORIONk a)
r(Fz,Gn) < a(0)I'(z,1))

Hence all the hypothesis is of theorem 3.3 are fulfilled with a(t, T,n) < 1 so that integral equation (a) and

(b) have the unique common solution.

_'Ql

IV. Conclusions: In this article, we have utilized the notion of tricomplex valued b-metric
space (TCVbMS) and established common fixed point results for mixed type rational
contractions on tricomplex valued b-metric space involving control function. We predict that
the proved results in this paper will demonstrate some new relationship. Still there are some
open problems that can be transmitted in future new work.
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