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Abstract: Impreciseness lies in almost every field we deal with. In almost all of the real-world problems that we consider, there is
always an inconsistency in the values that are predicted. Many techniques have been proposed in order to handle with the
inconsistent information. Many sets have been introduced in the neutrosophic field to overcome the unpredictability. In this paper,
we have introduced a new set called the Interval-valued fermatean Neutrosophic Set of Second . Also, certain basic properties of
interval-valued fermatean neutrosophic sets of second type are discussed.

Index Terms - Fermatean, neutrosophic, interval-values, fermatean fuzzy set, interval-valued fermatean neutrosophic set of second type.

l. INTRODUCTION

Crisp values do not give an accuracy in real world problems. Hence the theory of fuzzy sets came into light with the mastermind
of Zadeh [10]. This theory considered only the positive values of the problem and the negative part of it was neglected. Hence
Atanassov [1] emerged with the theory of intuitionistic sets wherein the positive and negative memberships of the values were
considered. Intuitionistic fuzzy sets dealt with some more accuracy in results. Researchers were always ever active in analyzing the
real world problems with all its pros and cons. The step-by-step improvement in achieving accurate results made Smarandache [5] to
introduce Neutrosophic sets which took into account, the neutrality in the problems. Yager [9] developed ideas of Pythagorean
membership and their properties. Stephy et al [6,7] introduced the interval-valued neutrosophic Pythagorean sets and defined some
of its properties and aggregation operators and applied the same in decision making problems. Peng and Yang [2] applied the
Pythagorean fuzzy operators in MCDM methods to assess stock investment. Senapati and Yager [4] came forward with the notion of
fermatean fuzzy sets and found their applications in real world situations using TOPSIS method and also defined distance measures.
Sweety et al [8] developed Fermatean neutrosophic sets and defined some basic operations. Broumi et al [2] introduced the concept
of interval-valued fermatean neutrosophic sets and interval-valued fermatean neutrosophic graphs.

Here, in this paper, we have defined Interval-valued fermatean neutrosophic sets and we have defined its properties like union,
intersection, direct sum, direct product, complement with their respective proofs.

I1. PRELIMINARIES
DEFINITION 2.1 [9]: Pythagorean Fuzzy set
Let U be a universe. We define a Pythagorean fuzzy set as an object of the form R = {(x, (u(x),v(x))/x € U }satisfying
the condition 0 < (,u(x))2 + (v(x))2 < 1.Here the functions u(x):0 - [0,1] and v(x):0 — [0,1] and they represent the
membership degree and the non-membership degree respectively.

DEFINITION 2.2 [4]: Fermatean Fuzzy set

Let U be a universe. We define a Fermatean fuzzy set as an object of the form R = {(x, (u(x),v(x))/x € U }satisfying the
condition 0 < (,u(x))3 + (v(x))3 < 1.Here the functions u(x):0 — [0,1] and v(x):0 — [0,1] and they represent the
membership degree and the non-membership degree respectively.

DEFINITION 2.3[8]: Fermatean Neutrosophic set

Let U be a universe. We define a Fermatean neutrosophic set as an object of the form R = {(x, (u(x),v(x))/x €
U Ysatisfying the condition 0 < (,u(x))3 + (v(x))3 <1land (A(x))3 < 1. Here the functions u(x):0 — [0,1] and v(x): 0 —
[0,1] and A(x): 0 — [0,1], they represent the membership degree, the non-membership degree and the degree of indeterminacy
respectively.

Also (1))’ + (v@)’ + (1)’ < 2
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DEFINITION 2.4[2]: Interval-valued Fermatean Neutrosophic set
Let U be an universal set. An interval-valued fermatean neutrosophic set (IVNFS) is an object that takes the form R =

— 41 Ty= v+ 1= 3+ iofyi i wrrud]’ | vervE L [RrAR)
{(x, [ug, ur ), [vg,ve ], [Agr, AR]) /x € U }satisfying the condition [ . ] +[ . ] +[ . ] <2.

Here [ug, utl, [vk, v 1, [Az, A%] denotes the interval values of the membership values of truth, indeterminant and false degrees.

Also [ug, puit] and , [1g, A%] are dependent components and [vz, v] is independent component.

1. INTERVAL-VALUED FERMATEAN NEUTROSOPHIC SET OF SECOND TYPE

DEFINITION 3.1:
Let U be an universal set. An interval-valued fermatean neutrosophic set of second type (IVNFSST) is an object that takes

. .. UR+Ud 3 vevil? Ar+a51° 2
the form R = {(x, [ug, ut], [vk, v& 1, [Az, A5 /x € U }satisfying the condition <[ R2 R] + [ R2 R] + [ Rz R] ) <2
Here [ugz, ut], [vg, viE], [4z, %] denotes the interval values of the membership values of truth, indeterminant and false degrees.

Also [ug, ut] and , [A%, A%] are dependent components and [vz, v ] is independent component.

DEFINITION 3.2:
LetR = {(x, [ugr, ui], [vr,vi], [Az, AE])/x € U } be an interval-valued fermatean neutrosophic set of second type, then its
complement is defined as R® = {(x, [z, A%], [1 — vz, 1 —v&], [ug, us])/x € U}

DEFINITION 3.3:
Let us consider two interval-valued fermatean neutrosophic sets of second type R and S defined as R =
{Cx, lug, ut), v, vl [Ag, ARD/x € UYand S = {(y, lus, ud], [vs, vd], [As, AE])/y € U }, then the distance between two IVNFS
is defined as
[Cuz)® = (s 1) — W),
DR,S) =5 (vz)* = )L IR = )3l
[(2R)* — (A5)°1 1(A%)° — (A)°]]
DEFINITION 3.4:
Let R = {(x, [ug, uil, [V, Vil [Ag, Ak])/x € U} and S = {(y, [us, usl, [vs,vs'1, [45,4581)/y € U} be two interval-
valued fermatean neutrosophic sets of second type, then

x+y,  lug + us —pgps, ug +us — uppgl,
R+S= [V};VE,V;V;],
[AzAs, AEA%]

xy,  [ug us,pipsl,
R.S =< [vg+vs —vpvs, vi+vd —vivdl,
[Ag+A5 — AR A5, AR +2% — A5A¢]

DEFINITION 3.5:
For an interval-valued fermatean neutrosophic set of second type R = ([ug, 4t ], [vz, vi], [Az, A%]), the score function of R
be defined as

1
Score(R) = E[(MEF + (1 -V + (A —2p)° — ()’ — (1 —vi)* — (1 = 2R)]

Where Score (R) € [—1,1].

Consider any two IVFNNSTs R and S,
e If Score(R) < Score (S), then R<S.
e If Score(R) > Score(S), then R>S.
e If Score(R) = Score(S), then R=S.
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IV. BASIC OPERATIONS OF INTERVAL-VALUED FERMATEAN NEUTROSOPHIC SET OF SECOND TYPE

DEFINITION 4.1:
Consider R = ([uz, utl Ve, vil [A&, 28D, S = (lus, us ) vs v ] (45, 48D, T = (lur, url vy, vi ], [A7, A7]) be three
interval-valued fermatean neutrosophic numbers of second type and p > 0, then the following equations are defined:
{[maX(#E ,i7), max(ug ,#H].}
1. SUT =1 [min(vg,vy), min(vd, vi)],
[min(A5, A7), min(A$, A3)]

[min(us, u7), min(ug, ur)l,
2. SNT=<[max(vs,vy), max(vs,v{)],

[max(45, A7), max(Af, A3)]

[V@s)? + wr)® = us)3w)?, Y w3 + Wh)? — w3 wi)? |,
3. SPT= [vs vy, vivil,

(A5 A7, A A7)

[us ur, ugptl,
4. SQT={[Vs)2+ )3 — ()33 Y3 + (vi)3 — ()3 (v)3 ],
[V 253 + )3 — (A5)3(A0)3, V(D)3 + (493 — ()3 (493 |

[V1-a-@wdr Y1-0a-wh?],
5. pR= [(vr)?, (vg)*],
[((AR)7, (AR)*]

[(ur)?, (uR)?],
6. R ={[Y1-1-0)%Y1-0-0D>rF]
[V1-Q1 -3 V1-0-0Gp%r]

THEOREM 4.1:

Let R = ([ur, uzl ve, vl [z, 28D, S = (lus, us] vs vEL (5, 48D, T = (lur, uf], [vr, vl [A7, A7]) be three
interval-valued fermatean neutrosophic numbers of second type and let p > 0,
1 (R = (pR)*

p(R) = (RPY*
SuT=TuUsS
SNT=TnNS

p(SUT)=pSuUpT
(SUT)P = SPUTP
RU(SuT)=(RUSYUT
RNn(SNnT)=RNnSNT

NG R~WN

Proof: We shall prove for 1, 3 and 5 and the remaining shall follow.

P2 )’
1. (RY? =<{[1—-vg,1—vE],

[ug, ui]
[(AR)7, (AR)*],
= {[VY1- - )P Y1 -1 - )37,
[V1-1 - @®r Y1-0-wd)HdHr]
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( [(uR)?, W)*], \
Jl —A= G, 1-- (v;)3)p],

(R)L'_

‘Vl -1 - (R)P, 71 -(1- (/1;)3)P]

[(AR)7, (AR)P],
[V1-Q1-0)%r V1 -1 - 0)%r],

[V1-0-@wdr V1-0a-w)H>r]
[max(us, pur), max(ug, ut)],
3.5UT =

[min(vg,v7), min(vg, v)],
[min(A5, A7), min(Ad, A)]

[min(v7,vs), min(vf, vi)],

{[maX(ME. us), max(uf, ug )],}
[min(A7, A5), min(A%, A5)]

=TUS
{[maX(uE ,ur), max(ug, u%)],}
5.p(SUT) = p{ [min(vs,vy), min(v{,vi)],
[min(25, A7), min(4§, A3)]

[min(vg, v7)?, min(vs, v§)P], |
[min(A5, A7)? , min(A}, 13)7 ] )

ﬂi/l — (1 — max(us, u7)*)?, 3\[1 — (1 — max(ug, u¥)3)"] l
|
\

J[i/1 - (1= (u5)%)P, 3\/1 — (1= uH3)r ] l J[i/l — (1= (ur)?)P, 3\/1 - (1= )3~ ] 1
pS VU pT = U

()P, WP, () [vi)P, )P, .
[(A5)°, (1$)*] ) [(A7)P, (A$)°] )

{[max(Vl—(l—(uSF)p Y1-Q0—@pdr), max(Y1 - (1= @Hdr, Vl—(l—(u¥)3)p)],}

[min((vs)?, (v)P), min((vs)?, (vi)P)],
[min((25)”, (A7)7), min((45)”, (A7)")]

[min(vs,vy)?, min(v{, vi)P],

{[\/1 — (1 = max((u5)3, (u)®)P, Y1 = (1 — max((u)?, (u7)*)P ], }
[min(45, A7)” , min(4g, A7) ]

THEOREM 4.2:
Let us consider S = ([us, ud], [vs,ve] A5, 24D, T = (luz, ufl, vy, vil, [A7, A£]) be three interval-valued fermatean
neutrosophic numbers of second type, then we define and prove the following,
1. SCUT = (SNT)°
2. S°NT = (SUT)*
3. S°BT = (SQRT)°
4, SCQT= (SPT)F

Proof: We shall prove for 1 and 3 and the proof is similar for 2 and 4.

[A5, 251, (17,471,
1. SCuT =<[1—-v;,1—v¢]rus[l—vy,1—vi],

[us, ud] [uz, utl

[min(1 —vg,1 —v7),min(1 —vd, 1 —vi)],

{ [max(A5, A7), max(A&, A5)], }
[min(ug, pur), min(ug, u7)]
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[min(ug, uz) , min(ug, u7)],
(SN T) = q[max(vs,vr), max(v,vi)l,
[max(45, A7), max(AS, 13)]

[max(4s, A7) , max(4§, A7)],
(SnT) ={[min(1—vs,1—v7),min(1 —vd,1—v{)],

[min(ug, uz), min(ug, uz)]

(45,251, (A7, 271,
3.S°BT ={[1—-vs,1=v¢],: DL [1—v7,1—vi],

[us, udl [uz, utl

[(1-vs)(A —vp), 1 —vHA —vp)l,

{N(AS)S + ()% — (A5)2(A0)3 YD+ P — A3 (ah)3 ], }
[HS Ur, Us #T]

(us uz, psurl,
[3\/(1/5_)3 +r)d - (vs‘)3(vr‘)3.3\/(vs+)3 + ()3 — ()3 ]

TN =

3

[\/(ﬂ )? + (A7)° = (A5)%(A7)3, \[(/1+)3 + (1) - (A5 (A7 )3] )

[V25)? + 17)? = 1) (A3 Y (D)3 + (493 — A (25)* |,
= [ =vs)A —v7), (A =vH(A —vP)],
(us ur, ugurl

THEOREM 4.3:
Let R = ([ME'#I-'?-]' [VI;' V;], [AE,AE]), S= ([”5_‘1.[1;]: [VS_'V;] [AS ASD [ ([HT HUr ] [VT VT] [AT!A-YF‘]) be three
interval-valued fermatean neutrosophic numbers of second type, then
RNSBT=RBT)NESDT)
RUSBT=ROTIUESDT)
RNKT=RAJT)NESRQT)
RUSKT=RVT)UGS RT)
RUSHBRNS)=RDS)
(RUS®MRNS)=R®S

oukrwnPE

Proof: We shall prove for 1, 3, 5 and 6.

[min(ug, u5), min(ug, u3)], luz, utl,
1. RNS)DT =1[max(vg,vs), max(vi,vi)], t D1 vy, vil,

[max(2g, A5) , max(4%, A3)] (27, A7F]

Ymin((up)?, 15)3) + (ur)? — (up)? min((up)3, (45)3)
2 minCGe)?, ) + )* - () min()®, () |

I [vi max(vg,vs), vi max(vg,vi)], I
k [A7 max(Ag, A5), ¥ max (A}, A5)] )

]
[i/(u;ﬁ + (u7)? — (ug)3(ur)3, i/(u$)3 + u7)® = (ug)3(us )3].

[vivy, vivil,
[AxA7, Ak A%]

ROT=

[\/(us)3 I 7 E g7 KT P ) 3J(w)3 i) — ()P u)? ]

vs vy, vivE],
\ (A5 A7, A5 A7) J

SOT =
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Ymin((uR)3, (15)3) + (ur)? — (up)? min((uz)3, (us)?),
REDAGEST = 2 min(Ge)?, ™ + ()? = ) min(Gep)?, () |
[vy max(vg,vs), v max(vE, vi)], |
N (A7 max(Az, A3), AF max(A%, 23)] )

[min(ug, us) , min(ug, ud)], (uz, url,
3.(RNS) QT = { [max(vg,vs), max(vg, v, ¢ ® 1 [vr,vE],
[max(Az, A5) , max(4%, A$)] (17, AF]

[ur min(ug, us), pur min(ug, u3)],
[ Ymax((vg)3, (v5)3) + (v7)3 — (v7)3 max((vg)3, (v)3),

L max(()?, ()7 + () = o) max()?, )9 ||
Ymax(C)%, 05D + Ar)* = 07)° max((A)%, (5)°),
2 max(G, GO + () = (D max(G, (D |

(MR uT) LR pT],

[i/(VEP + () = ()3 (vp)3 | r)* + (v)? — (g3 (vp)3|,

3

RQT = 1

[V(AEP + () = (R0, (A3 + (A)® — (A3 ()3

[us ur, us prl, _
[V(v;ﬁ + (v7)3 — (v5)3(v7)3, i/(v;ﬁ + ()3 — (vH33,

ST = <

3

[i/(/lsf)3 + ()% — (5)*(A7)%, (A9)* + (A7) — (A49)*(Ap)?

[u7 min(ug, u3), pF min(ug, )1,
[ Ymax((vz)3, (v5)3) + (v7)? — (v7)® max((vR)3, (v5)3),

S max ()7, 00+ () = ) max()?, 0)9) |
a5, G509 ¥ G — U max(G Y, G50,
k 2 max(G, 00 + G)° - G max(G DY),

RAOTINES®T) =

[max(ug, ps) , max(ug, us)], [min(ug, ps) , min(ug, us)],
5. RUSDRNS) = [min(vg,vs), min(vE,vd)], ¢ ¢ D { [max(vg,vs), max(vi, vi)l,
[min(Az, A5) , min(A%, A3)] [max(2g, A5) , max(A%, 13)]

[V W) + s)? — )3 ws)? Y wi)? + wd)? — )33,
= [vvs, vavs],
[Az4s, A A5]

=R&®S

[max(uz, us) , max(ug, ug)], [min(ug, us), min(ug, us)],
6. (RUSK®RNS) = [min(vg,vs), min(vE, vd)], ¢ ¢ ® { [max(vg,vs), max(vi, vi)],
[min(4g, A5) , min(A%, A3)] [max(Az, A5) , max(Ax, 45)]
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( [rps, ugusl, \
“"Q/(VRP + (5)3 — (VR)3(V5)3, [ (W) + ()P — (W3 (v )3]
I
\

[i/(lEP +(45)° = (AR)*(45)3, 3\/(/1%)3 +(45)* - (l$)3(l§)3] J

=R®S

THEOREM 4.4:

Consider R = ([ug, uil, [va, V&l [A, A%D), S = (lus, us), vs v§ 1 (A5, 45D, T = (lug, url [vr,vil [A7, A7]) to be
three interval-valued fermatean neutrosophic sets of second type, then

1. RUSUT=RUTUS
2. RnSNT=RNTNS
3. RESPT=RPTHS
4. RRSQT=RQRTRS
Proof: The proof for 1 and 3 will be proved where as 2 and 4 follows analogously.
[max(ug, u5) , max(ug, ud)], (luz, ut],
1. RUSUT =A [min(vg,vs), min(vE,vd)], p UL [vr,vE],
[min(Az, 45) , min(A%, 29)] [A7,271)

[max(ug, us, ur) , max(ug, uf, ui)),
[min(vg,vs,v7), min(vg,vs, vi)l,
[min(Az, A5, A7) , min(A%, A5, A7)]

[max(ug, ur, us) , max(ug, ut, u3)),
[min(vg,v7,vs), min(vg, v, ve)l,
[min(Az, A7, A5) , min(A3, A7, A5)]

=RUTUS

[V @) + (1) — (ur)3(ws)3, Y ()3 + (ud)3 — ()3 (w3, (T
2. ROSOHT= [VI;VS_:VRVS]' ($5) [VFJV;—];
AR5, AR (A7, 27])

[\/(#R)S + (5% + ()3 — W33 ()3 VW) + )3+ ) — W) wdH)3w)?),
[VrVvsvr, VEVS vE],
[AgA5 A7, AR AT AE]

[J(uR)3 + (ur)? + 15)® — (R)? ()3 Ws)3 VW) + (uh)? + W) — () wh)3wdH?),
- Vrvrvs, vevivsl,
[ArA7 s, AR ATAS]

=RE®TEHS

V. CONCLUSION
In this paper, we have introduced the notion of Interval-valued fermatean neutrosophic sets of second type. This interval valued
concept of fermatean sets of second type gives some more preciseness and it resolves the inconsistency that existed earlier. Also, we
have developed the properties of union, intersection, direct sum, direct product, complement and scalar multiplication and power.
Having defined these concepts, some theorems have been proved to justify the same.
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