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Abstract

Throughout this paper, we consider the cost of null controllability for a large class of linear equations of parabolic
or dispersive type in one dimension in small time. We are able to give precise upper bounds on the time-
dependence of the fast controls when the time of control T tends to 0. We also give a lower bound of the cost of
fast controls for the same class of equations, which proves the optimality of the power of T involved in the cost
of the control. These general results are then applied to treat notably the case of linear KdV equations and
fractional heat or Schrodinger equations.
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5.1 Introduction

5.1.1 Presentation of the problem

This paper is devoted to studying fast boundary controls for some evolution equations of parabolic or dispersive
type, with the spatial derivative not necessarily of second order.

Let H be an Hilbert space (the state space) and U be another Hilbert space (the control space). Let A: D(A) — H
be a self-adjoint operator with compact resolvent, the eigenvalues (which can be assumed to be different from 0
without loss of generality) are called (Ay)ys1, the eigenvector corresponding to the eigenvalue Ayis called ey. We
assume that - A generates on H a strongly continuous semigroup S:t = S(t) = e~*A. The Hilbert space D(A*)'(=
D(A)") is from now on equipped with the norm

2 _ <x,ek>2
”X”D(A)l =X 2 5,

We call BeL.(U,D(A)") an admissible control operator for this semigroup, i. e. such that there exists some time
Ty > 0, there exists some constant C > 0 such that for every zeD(A),

T * *
LTONB*S(©"2lI% < Cllzll?.
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We recall that if B is admissible, then necessarily the previous inequality holds at every time, that is to say for
every time T > 0, there exists some constant C(T) > 0 such that for every zeD(A), one has

LPIBTs@ 2l < cDllzlE.
From now on, we consider control systems of the following form:
yet Ay =By (5.1.1)
Or
yi +iAy = By, (5.1.2)
Where A will always be supposed to be positive in the parabolic case (i.e. for Equation (5.1.1)).

Then, it is well-known (see for example [Cor07, chapter 2, Section 2.3], the operators -A or -iA generates a
strongly continuous semigroup under the hypothesis given before thanks due to the Lummer-Phillips or Stone
theorems) that if ueL?((0,T), U), System (5.1.1) or (5.1.2) with initial condition y°eH has a unique solution
satisfying yeC°([0, T], H). Moreover, control ueL?((0, T,), U) such that y(Ty,.) = 0), then there exists a unique
optimal (for the optimal null control cost at time T, (or in a more concise form the cost of the control) and
denoted CTO, which is also the smallest constant C > 0 such that for every yOEH, there exists some control u

driving y° to 0 at time T, with
”u”LZ((o,TO),U < C”yO”H-

Our goal in work is to estimate precisely the cost of the control C; when the time T — 0 for some families of
operators A which are null controllable in arbitrary small time, and is of great interest in itself but it may also be
applied to study the uniform controllability of transport-diffusion in the vanishing viscosity limit as explained in
[Lis12]. (the strategy described in [Lis12] might probably be extended to the study of other problems of uniform
controllability, for example in zero dispersion limit or in zero diffusion limit as in [GG08] or [GG09]) It is obvious
that Cy must tend tooo whenT — 0.

5.2 Proofs of Theorems

5.2.1 Proof of Theorem 5.1.1

The following lemma is a refinement of the estimates proved in [FR71, Lemma 3.1] and is strongly inspired
by [TT07, Lemma 4.1].

Lemma 5.2.1. Let (1,,) .1 be a regular increasing sequence of strictly positive numbers versifying moreover that
there exists some ¢ > 2 and some constant R > 0 such that (5.1.3) holds.

®n(2) = 1_[ (1 " X ian)'

k+n

Let @,, be defined as follows :

Then
1. Ifz €C,

T 1
d,(3) s e\/ﬁsin(n/a)lzl P(z)), (5.2.1)

where P is a polynomial.

2. Iflffz€eR,
1

n —
—————x|a
D (—ix — Ay) S e2Esn@W@) " p(A, [x]), (5.2.2)
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Where P is a polynomial.
(In the previous inequalities, the implicit constant may depend on « but not on z, x or n)

Remark 5.2.1. One can see numerically that inequalities (5.2.1) and (5.2.2) are optimal for @ > 2, but are false
for a € (1,2) (but one could find a less precise estimate).

Proof of lemma 5.2.1. Without loss of generality, we can assume that R = 1 (one can go back to the general case
by an easy scaling argument). We have then the existence of some constant C > 0 such that |1, — n%| < Cn®~ 1,
From now on we call y := y((/ln)n = 1). As in [TTO7, Page 81], one has.

© Ln(s)
y (E+s)?

|5
In|®,(3)]| < f dsdt,
0

where
L,(s) = #{k||A, — 1 < s}.

Let us estimate precisely L, (s).

One has

Ak = Apl <'s
if and only if

A=A, <s
and

A — A <s.

1. Assume that (5.2.4) holds. Then
k*1(k—=C) <A, +s.
Let
R(X) =X*"1(X -0).

We call D = A, +s. By studying function R(0) = 0, R(+00) = 400 and that R is strictly decreasing on
[0,C(1 — 1/a) ] and then strictly increasing on [C(1-1/«), ©]. Hence the equation R(X) < D is equivalent to
0 < X < X. Moreover,

—/ 1 a-1
R(Da)—Dz—CD a <0
and

_ 1 1 a—1 1 1 a—1
R(Da)—D=(DE+C) DE—D=D<(1+CD_E) —1>>0.

So X € [DY/*, DY/* + (] and

Implies

1
k<(@,+s)x+C. (5.2.6)
2. Assume now that (5.2.5) holds.

(5.2.7)
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Ay — s <k*1(k+0).
Wecall E = A, —s.If 1, — s < 0 then inequality (5.2.7) is always true. If ,, + s = 0, we introfuce
R(X) =X*"1(X + C).

By studying function R, we see that R(0) = 0, R(+) = +oo and that R is strictly increasing on [0, o).
Hence the equation R(X) = E has a unique solution X € [0,0) and the inequality R(X) > D is
equivalentto X > X. Moreover,

1 a-1
R(Ea)—EzCE T >0

and

So
X e [EV*—C,EV*]

and k > X implies

4

k2 ((An —s)e - C) > ((/’ln — s)a - c). (5.2.8)

Finally, if we have simultaneously the conditions (5.2.4) and (5.2.5) and (5.2.5), then combining inequalities
(5.2.6) and (5.2.8) necessarily.

1 1
ke [((An _$)")a = C, (A + s)a + c]

and
1 1
Lp(s) < (A +5)@ — ((Ap = 5)*)@ + 2C. (5:2.9)
Finally, from (5.2.3) and (5.2.9).
1 1
|Z|(An+S)aT((A?_S)+)adet (5.2)_10
|®,(2)| S (1 4+ |z]/y)*e™ (i+s)

One has (using the change of variables v = s / 4,, for the last inequality)

1 1 1 1
f'Z' fm Un )%= Gn =)0 _ f‘” (A + )@ = (g = ) 2
0 14 - 14

(v +5)? S(s +z)?
1= (sl ||
(o) o (2)
where
1 1
(A +9E-(A-9)*)a coa
Ue) = | v ;
and
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1
([ w+Da
V) = .L v(v+Xx) dv

To prove inequality (5.2.1),, in view of (5.2.10) and (5.1.11) it is now enough to prove

T

. T (s5.=2.a1a
Sin (—) >
a

xl_%(U(x) +V(x)) <

For every x = 0.

Let us now prove inequality (5.2.14). Let us first study x*~/*V (x). We remark that

1 1
B _ © (v+ 1)a CW/x+1/x)a
/a — /a _ 7 - ~ - 7
ATV () =0 fl v(v + x) dv fl v(v/x + 1)

By considering the change of variables t = x/v, we obtain

1
X 1
XAy (x) = f WL o, (5.2.15)
0 1+t
Similarly one has
1 1
“1A/t+1/x)a—(1/x+1/t)e
1-1/ —

X

Using the dominated convergence Theorem, one proves easily that

Ve E S 1 : dt
0 ta(l+t)
and
xey(x)x = < 0.
Let us call

@ dt
I = -
“ fo t%(l +t)

One can compute explicitly this integral.

Lemma 5.2.2 Letx > 1.Then

I(x) = —

sin(m/x)’

Proof of Lemma 5.2.2. We remind the following Definition of the Euler Beta function:

(o8] tx—l
B(x,y) = —dt.
(.X y) JO (1 + t)x+y
We the have

I(x) =B(1—1/x,1/x). (5.2.17)

Using the link between the B function and the I" function, we obtain
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ra-1/xra/x)

Using the Euler reflection formula (which can be applied here because 1/x €(0,1)), we obtain the
desired result.

We will prove that for every x > 0 one has

¥ (U) + V() < I(@). (5.2.19)

Let us remark that one can compute explicitly V in terms of linear combining of hypergeometric
functions: one can use for example Mathematica to check that

x1Vey (x) = —ax~ Y% 2F, (-1/a, -1/, 1 — 1/a, —1)

+a(l+ 1/0a2F1(~1/a, —1/a,1 - 1/a, (x - 1)/(x + 1)),  (5:2.20)

Where 2F1is the ordinary hypergeometric function. It is the easy to prove that for every a > 2,x —
x1=1/%y is increasing by differentiating (5.2.20) with respect to x. Let us consider two different cases:

1. Assume x < 1. In this case,

1
xl_EV(x) < —ayFi(—1/0,1—-1/q, -1)+a21/“. (5.2.21)

We remark (by differentiating x*~/*U(x) with respect to a in expression (5.2.16) that a +—
x1=Y%y(x) is increasing, so

1 1
t1+v)2-(1-v)2

dv < 1.(5.2.22)
v(v+ x)

x17Vey(x) < \/Ef
0

(the last inequality in (5.2.22) can be checked numerically for xe[0,1])
We also have (the function @ — 2F,(—=1/a,—1/a,1 — 1/a,—1) is increasing)
—a,Fi(-1/a,-1/a,1 = 1/a,—-1) < —a,F,(-1/2,-1/2,1=1/2,-1) < =0.52a.

(5.2.23)
Combining (5.2.21), (5.2.22) and (5.2.23), we deduce
xVE(Ux) +V(x)) £ 1+ a2V - 0.52a
We just have to prove that
1-0.52a + a2/ < ——— (5.2.24)

sin(m/a)’

One verifies numerically that (5.2.24) it is true for ae[2,3], and one verifies easily by differentiating the

expression with respect to a that @ = 1 — 0.52a + a2/ ~ s is decreasing at least on (3, 0).

Inequality (5.2.19) is proved at least for x < 1.

2. Assume x > 1. We have (the equality can be easily obtained thanks to Mathematica for example)

1 1
fl (1+v)a-(1-v)a

MU () < x7Ve dv

v

= X"V (Hy ot Fi(-1/a,~1/a,1 - 1/a,—1)),
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Where we call H, , the (generalized) harmonic number of order 1/a. We have
Hi/q < Hyjq < 0.62. (5.2.26)
Using (5.2.20), (5.2.25) and (5.2.26), we deduce
xV(U(x) +V(x)) < x7Y%A(a) + B(x)  (5.2.27)
with
A(a) = (0.62 — @), F;(—1/a,—1/a,1 —1/a,—1)
and
B(x) =a(l+1/x)Y* 2F,(-1/a,—-1/a,1 - 1/a, (x — 1)/ (x + 1)).

One has A(a) < 0, moreover, one easily proves that B is increasing with respect to x and tends to
a,F,(—1/a,—1/a,1 —1/a,1) = I(a). Hence inequality (5.2.27) implies that inequality (5.2.19) is also
proved for x > 1 and finally (5.2.14) is proved.

Inequality (5.2.2) is easier to prove. Doing as in [TT07, Page83], we have

—jx — 2 _ . A
|(I)Tl( X An)l (1 ™ An/lk)z
k#n

_ Bﬁnll +x2/22] (5.2.28)

k#n

where

By=| |- /207

k*n

Let us remark that

ol e 'xlz/ﬂ?M(t)d
Z n(l+x°/A; = ) 1+t L, (5.2.29)

k=1

where

M(t) = Z 1,
Apslx|/VE

One easily observe using same computations as before that

1
M(t) < |x|at=V/CD 4+ . (5.2.30)

1 (™ 1 1
Z 11’1(1 + xz/li < Cln(l + |X|2/Ai) + |X|Ef mdt < Cln(l + |X|2//1% + |x|51(2a').
k=1 0

We deduce by Lemma 5.2.2 and (5.2.28) that

1 .
CDn(—ix _ An) < Bn(l + |x|2/A%)C/Zen|x|a/(2sm(n/(Za)))

and it can be proved that B, is at most polynomial in 4, (the computations are the same as in
[TTO07, Pages 83 — 84]) as wished. This proves inequality (5.2.2).

Now, we study the multiplier, which is very similar to the one studied in [TTO7]. Letv>0and § > 0
be linked by the following relation:

(5.2.31)
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a

T+
asin(n/a)) '

pv*~t = (4(a - 1))a_1<

where § > 0 is a small parameter.

We call
v
7 = e (- =)
Prolonged by 0 outside (—1; 1). g,, is analytic on B(0,1). We call

1

Hy() = G, | a0 Pd,

-1

Where
Cy = 1/lloy ]l
Thanks to [TT07, Lemma 4.3], we have
HB(0) = 1, (5.2.32)
Hp(ix) = %, (5.2.33)
~e? <C, <2V +1e?, (5.2.34)
|Hp (x)| < eFlim@I, (5.2.35)

The main estimate is the following:

Lemma 5.2.3. For xeR, we have

1
3v/4—((1r+6/2)|x|5>/(sin(n/a))
Hpg(x) s Vv + le

(The implicit constant may depend on «)

Remark 5.2.2 Lemma 5.2.3 is false for ae(1,2). This explain why we were not able to extend Theorem
5.1.1 to the case where ae(1,2). However, we know that systems like (5.1.1) and (5.1.2) are null
controllable as soon as @ > 1, so one can conjecture that there is a way to extend the estimates for
ae(1,2).

Proof of Lemma 5.2.3. First of all, consider some te[0,1) and fe(—m, ). Wecallp:=1—tand z =t +
pe'?. One has (see [TT07, Page 85])

1 1

1
Re S>——
1-z2 — 4p 4~ 4p1/(a—1) + 4

because p < 1 and a = 2. So, doing as in [TT07], we obtain by applying the Cauchy formula for
holomorphic functions

1
0 v e VD
R
oy (t)| <jle4 f)lig of

Computing the supremum on peR**, we obtain

(5.2.36)
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N (a—1)j
. v M4 (ax—1
051)(t)| <! e ze—(@-1)j (%) ,te[0,1).

Using the fact that o, is even, inequality (5.2.36) is true for every te(—1,1). Using inequality j! > j/e~/
in (5.2.36), we obtain

(a-1)j
; v(4(a—1
|01§])(t)| < (D% = <%> (5.2.37)
Since all derivatives of g, vanish att = —1 and t = 1, we have
6))
o < 2 (5.2:38)
(2 VA

For every x > 0 and jeN. Combining (5.2.37), (5.2.38) and (5.2.34), we deduce that

(a-1)j

; a3_v(4(a_1)) , 2.
Hp(x) s Vv + 1(j))%T o) ,jeN. (5.2.39)
We set
j=|1/a)(Bx)V| (5.2.40)

With some constants a and y which will be chosen correctly soon. Then we have

px = (aj)’. (5.2.41)
Using (5.2.41) and (5.2.39) we obtain
3v Y
Hp(x) S Vv + 1(j)%+ D) (5.2.42)

(ap)¥i
We choosey = a and a = (4(a — 1)1="/%. Combining (5.2.42), (5.2.40), (5.2.31) and inequality
0])(1 < ja/Zjaje—aj,

We deduce (5.2.43)

1
|H[;(x)| SAWVv + 18%8‘“jj“/2 <+Vv+ 16%1;6‘(”+5/2)/(Si“(”/“))|x|5.
Proof of Theorem 5.1.1.

The proof follows the proof of [TT07, Theorem 3.1 and 3.4]. We still assume without loss of generality
that R = 1. Let us first consider the dispersive case (Equation (5.1.2)). We call

gn(2) = Op(—z — L HB(z + Ay).

5.2.44
We want to apply at the end the Paley-Wiener Theorem (see estimate (5.2.35)) in( an optir)nal way, so
we want 8 to be close to T /2. Assume that § < T/2 and close to T /2, for example

_T(1-6)
o 2 (5.2.45)

One has g, (—Ay) = &k,. Moreover, thanks to (5.2.44), (5.2.1), Lemma 5.2.3, (5.2.31) and (5.2.45)

1

3v . 1 (w+6/2)/sin(r/a)|x+An|@
|gn ()] S e /SNl Anle Plx+AnD (5.2.46)
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3v ) 1 (5.2.47)
< 67_6/(2 sm(n/a))|x+/1n|ap(|x + Anl)
- 3@ (@+8)%~ 1) /((a sin(m/a)) ¥/ (@~ g1/ (@=1) (5.2.48)
~ 1+(x+1,)?
1
ezm3(a—1)(n+8)“(“‘1)/((“ sin(rr/a))®/ (@=1) (7(1_5))1/(“_1)) (5.2.49)
~ 1+(x+1,)?
Let us fix some
K > 3(a — 1)2Y/@Dra/(@= /(g sin(m/a)) ¥/ @D,
Considering § as close as 0 as needed, we deduce that
__K
| Y eTt/(@-1) (5.2.50)
IO S /753
1+ (x+4,)2

This notably proves that g,eL?*(R). Moreover, using (5.2.1), (5.2.44), (5.2.45) and (5.2.35), we obtain
|gn(2)| < eT171/2,

Hence, using the Paley-Wiener Theorem, g, is the Fourier transform of a function f,,eL*(R) with
compact support [—T /2, T /2]. Moreover, by construction {f, } is biorthogonal to the family {e**nt}, Then,
one can create the control thanks to the family {f;,}. Let us consider y° = ¥ a, e, the initial condition,
we call

u(®) = = ) (a/b)e T2f (¢ = T/2) (5.2.51)

keN

This expression is meaningful since b, = 1, moreover the corresponding solution y of (5.1.2) verifies
y(T,.) = 0. Using the Minkovski inequality, Parseval equality, (5.2.51), b, = 1 and (5.2.50), we obtain
e Clarl? fy ——2—1/2 (5.2.52)

||u(t)||L2(0,T) e (1+(x+dy) *)?

K
< erif@ 2y, 1212 (5.2.53)

K
< eTl/(“‘l)”yOHH. (5.2.54)
We now consider the parabolic case (Equation (5.1.1)). We call
h(z) = @ (=iz—An)HP(z sin(m/a)?/(2a))*®)) (5.2.55)
M HB(idnsin(n/a)%/ (2 sin(/(2a))®))
Assume that
T(2sin(m/2a))*
2sin(rt/(a))*
and close to
T(2sin(m/2a))*
2sin(m/(a))* ’
For example
(5.2.56)
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(1-89T2sin(n/2a))*
2sin(rt/(a))*

One has h,(id;) = 6xpn. Moreover, thanks to (5.2.55), (5.2.2), (5.2.33), Lemma 5.2.3. (5.2.31) and
(5.2.56), one has

B <

3

i i ; 1 Bl _
lh, ()] < (v + 1)e4v+7t/(251n(7r/2a))|x| ((m+68/2)/(2 sin(n/2a)))|x| 2o1P(|x], |A,]) (5.2.57)

3 . 1 p

Zp-§/(2 sin(m/2a))|x|a——=2=
S (v+1)e4 /( ( / ))I I 2,_V+1P(IXI,ATLD (5.2.58)
<w+1) e3@-1)(@+8)%/ (@~ /((2a sin(m/a))*/ (@~ 1) p1/(@=1)) (5.2.59)
~ (1+(x+1p)?)

1 -_—

<@w+1) eS(a—l)zﬁ(ma)“/(“—1)/((zasin(n/(za)))a/(a_1>(T(l_s))1/<a 1) (5.2.60)
~ (1+(x+1p)?)

Let us fix some

K > 3(a — 1)2Y/(@-Dga/la-1)/ ((Za sin(n/(Za)))a/(a_l)).
Considering § as close as 0 as needed, we deduce that
_k
T1/(a-1)
h < : (5.2.61)
This notably implies that h, (x)eL!(R) N L*(R) and
K
_1
lhnll 2y S €T (5.2.62)

Moreover, using (5.2.2), (5.2.55), (5.2.35) and (5.2.56)
|hn(2)| < ™71/

So using the Paley-Wiener Theorem, h,, is the Fourier transform of a function w,eL?(R) with compact
support [-T/2,T/2]. Moreover, by construction {w,,} is biorthogonal to the family {e ~*t}. Then, one can
create the control thanks to the family {h,}. Let us consider y° = ¥, a, e, the initial condition, we call

u(®) = = ) (a/be /2wt = T/2),
(5.2.63)
This expression is meaning since b, < 1, moreover the corresponding solution y of (5.1.1) verifies

¥(T,.) = 0. One easily verifies that ueC°([0, T, R). Using (5.2.63), |b| = 1 and inequality (5.2.62), we
obtain
K
lu(®)]|,0(0,T) S er/@ D Z|ak|e—mk/z_

Using the Cauchy-Schwarz inequality, one deduces

K
lu(®)l,0(0,T) s er/@||y°||H.

5.3 Applications
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5.3.1 Linear KdV equations controlled on the boundary: the case of periodic boundary conditions with
a boundary control on the derivative of the state

In this section, we consider the following controlled linearized KdV equation posed on (0, T) x (0, L)
(this is the first example studied in [Ros97]. Let us first introduce the following family of periodic
Sobolev spaces (endowed with the usual Sobolev norm)

HE :=={Y € H*(0,)[u?(0) = uP(L),j = 0..k - 1]}.

We consider the following equation :

Y+ Yy =0 in(0,T) x (0,L), (5.3.1)
! Y, 0) = Y L) in (0,T),
Yx(t,0) = Yp(t, L) +u(t) in (0,L),
Yox (£,0) = Ynr (¢, L) in (0,L),

with initial condition Y° € H := (H;)’ and control u € L?(0, T). This system was first studied in [RZ93]
where the authors proved a result of exact controllability under the technical condition that the integral
in space of the initial state had to be equal to the one of the final state. This case there exists a unique
solution Y € C° ([0, T], (H;)’) to (5.3.1). Moreover, it is explained in [Ros97, Remark 2.3] that this

equation is exactly controllable (and then null controllable) at all time T > 0 for every length L > 0 (in
fact the case which is treated in [Ros97] is L = 2m but it can be easily extended to all L). We call A the
operator 03y, with domain D(4) := H; (0, L). This operator is skew-adjoint, the eigenvalues are i} :=

8im3k3 /L3 for k € Z, the corresponding eigenfunction is (normed in (H,})')

2,2 21/2M
(1+4n°k=/L*)"%e L
Ny :

IfY°’e (H;)’ is written under the form Y°(x) = Y yczarex(x), then the solution Y of (5.3.1) can be
written under the form.

ek:x

Y1) = ) apeile, ().

k€EZ

One easily proves (using integrations by parts, see for example [Cor(07, Section 2.7, page 101]) that for
every ¢ € D(A),

b(p) = —(A7"¢)'(0),
so that
b=6 A1,
where A™1 := —(—A"1) is the inverse of the Dirichlet-Laplace operator. We have
|bic| = lex(L)I/k* = 1.
One can apply directly theorem 5.1.2 and Theorem 5.1.3 with k =3 and R = SL—ﬂ; to obtain:

Theorem 5.31. Equation (5.3.1) is null controllable and the cost of fast controls Cr verifies
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K
Cr S eVT

For every K > 3% L3/2, Moreover, the power of 1/T involved in the exponential is optimal.

5.3.2 Linear KdV equations controlled on the boundary: the case of Dirichlet boundary conditions with
a boundary control on the derivative of the state

In this section, we consider the following controlled linearized KdV equation posed on (0, T) x (0, L):

Y + Yy +Ysxx =0 in (0,T) x (0,L),
Yt 0)=0 in (0,7),

Yt L)=0 in (0,7),

yx(t: L) = u(t) + yx(t: 0) in (0' L);

With initial condition Y° € L2(0, L) and control h € L2(0,T).

(5.3.2)

However, the problem is that the steady-state operator associated to (5.3.3) with the given boundary
condition is neither self-adjoint nor skew-adjoint, so we cannot apply directly the results presented
before. That is why we have to change a little bit the system (5.3.2) studied in [CC09].

To be able ro apply theorem 5.1.1 or Theorem 5.1.2, we have to study the sequence of eigenvalues
(4D n=1- One has the following result:

Lemma 5.3.1. (4,) ez is regular and one has

8 3.,3
A, = ”L3" +0m?) (5.34)

asn — too,

Proof of Lemma 5.3.1. This is an immediate consequence of [CC09, Proposition 1], which gives exactly
(5.3.4) and proves that each eigenspace is of dimension 1, which implies the regularity of (4,)),ez
because of the asymptotic behavior given by (5.3.4).

From now on, we call e, one of the unitary eigenvector (for the H~! -norm) corresponding to the
eigenvalue i4;. We fix an initial condition Y° := ¥,z arex € H 1(0,L). As in the previous Subsection,
we have for every ¢ € D(A),

b(p) = —(A7"9)'(0),
So that
b = §,°A71,
and
|bie| = lex (L)1 /k?.

To apply Theorem 5.1.1, we just need to ensure that

Lemma 5.3.2.
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Proof of Lemma 5.3.2. b, # 0 is a consequence of [Ros97, Lemma 3.5] (because L € V') and [CC09,

Lemma 3.1] gives immediately that |e;,(0)| is equivalent as k — oo to 2mv/3k?/L3/? (because in Lemma
3.1 of [CCO9] the eigenvectors are normalized in the L?-norm and here in the H~!-norm so the behavior
of their norm as k — oo has to be multiplied by k), so we finally have b, =~ 1.

Applying Theorem 5.1.2, we obtain directly the following Theorem:

Theorem 5.3.2. Let L € V. Then equation (5.3.2) is null controllable and the cost of fast controls Cr
verifies.

i
Vp < 2VT

for every K > %LWZ. Morever, the power of 1/T involved in the exponential is optimal.

Remark 5.3.1. Using [GG09, Remark 1.3] one can also add a term of diffusion —Y,,, in equation (5.3.2)
and obtain the same upper bound as in Theorem 5.3.2.

5.3.3 Anomalous diffusion equation in one dimension

Let us first consider the 1 — D Laplace operator A in the domain D(A) := H}(0, L) with state space H :
= H~1(0,L). It is well-known that —A : D(A) —» H1(0, L) is a definite positive operator with compact
resolvent, the k — th eigenvalue is

5 - kr
k — L )
One of the corresponding normed (on H) is
0 V2(1 + kr/L) sin(kmx / L)
ex(x) = 5
. VL
Thanks to the continuous functional calculus for positive self-adjoint operators, one can define any
positive power of —A. Let us consider here some y > 1/2 and let us call AY := —(—A)Y. The domain of

AY, that we denote H,, is the completion of Cy°(0, L) forthe norm.

1/2
lyll, := <Z 1T+ )< e > H|2> .

keN*

We now consider the following equation on (0,T) % (0,L) :

{ Ye=4aYY in(0,7)x(0,L), (5.3.5)
Y©,.)=1° in (0,L),

This kind of equation can modelize anomaly fast or slow diffusion (see for example [MK04]).

We now consider the following controlled equation on (0, T) X (0, L), that we write under the abstract
form

{yt =AY +bu in(0,T)x(0,L), (5.3.6)
Y©,.)=7Y° in (0,L),

where for every ¢ € D(A),
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b(p) = —(479)'(0),

i.e.
b:=6,0A71 € D((—A)Y)

and u € L*(0,T). If y € N*, one can observe, using integrations by parts, that b corresponds to a
boundary control on the left side on the y — 1 — th derivative of Y, so that b van be considered as a
natural extension of the boundary controls in the case of non-entire y (this kind of controls has already
been introduced in [MilO6c, Section 3.3] to give results about the control of fractional diffusion
equations withy < 1/2).

We see that
b = lep(L)|/k?* = 1.

If Y° € H, then there exists a unique solution of (5.3.6) in the space C°([0,T],H) (because b is
admissible for the semigroup). To our knowledge, the controllability of anomalous diffusion equations
with such a control operator and y > 1 has never been studied before.

Applying directly Theorem 5.1.1 and Theorem 5.1.3, we obtain:

Theorem 5.3.3. Assume y = 1. Then Equation (5.3.6) is null controllable with continuous controls.
Moreover, the cost of the control in L* norm, still denoted C; here, is such that

K
Cr S eT/@D for every K > 3(a — 1)2V/@r=D12v/Qv=1 /((4y sin(r/(4y)))?/@V~D),

Moreover, the power of 1/T involved in the exponential is optimal.

Conclusion

In short, in this work we are interested in the cost of border control in small time of a certain
number of equations for the associated space operator is self-adjoint or anti-autoadjoint with
compact resolving and having eigenvalues behaving polynomially using the method of
moment. Results are derived for linearized Kortewez-of- Varies, fractional diffusion, and
fractional Schrodinger equations. In addition, we give some extensions to our investigation.
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