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Abstract

The aim of this paper is to introduce a new notion of set called Wi closed set in hexa topological space. Also,
hexa interior and hexa closure of Wy sets were framed. Furthermore, some of the theorems and properties are

verified with examples and the relationship between the W closed set and other existing sets were investigated.
Keywords: hexa Wh open, hexa Wh closed , hexa Wh interior set, hexa Wh closure.
1 Introduction

The single topology is extended to bi-topological space by Kelly™, tri-topological space by Kovarl?, quad-
topological space by Mukundanf®! penta-topological space by Muhammad Shankar Khan and Gulzar Ali
Khan! and hexa topological space by R.V Chandral®. Also, he introduced the notation of h-open sets and h-
closed sets in hexa topological spaces.

An a-open, pre-open, b-open, B-open sets have been introduced and investigated by O.Njasted who knows the a
open set and studied a continuous and o irresolute®®121, Mashhour ™ introduced and studied the concept pre
open set, pre continuous and pre irresolute in topological space. While Andrjevic*® presented b open set and
studied its characteristics of b continuous and b irresoltute. EI-Monsef %! introduced the ideal of p open set and

B continuous, so studied its characteristics B irresolute by Maheshwair and Thakur 1. In hexa topological set
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Semi-h-open, an-open, Br-open,pren open, br-open sets are introduced by Asmaa S. Qaddoorit®. In this paper,
Wh closed set in hexa topological space were discussed. Also, hexa interior and hexa closure of Wy closed sets
were framed. Also, some of its basic properties were studied and its relationship with other existing sets were

investigated and the converse part is verified with the examples.
2 Preliminaries

Definition 2.1 P

Let X be a non- empty set and t1, 12, 3, T4, T5, Te are general topology on X. Then a subset A of space X is said

to be hexa-open(h-open) set if ActtU T2 U3 U T4 U 15 U 16
Definition 2.2 B

Let X be a non- empty set and t1, T2, 3, T4, T5, Te are general topology on X. Then a subset A of space X is said

to be hexa-closed(h-closed) set if Aeti N T2NT3 NT4 N T5 N T

Definition 2.3 B!
The set X with six topologies called (X, t1, 12,13, T4, T5, T6) Hexa topology (h-topology).

Definition 2.4 B

If (X,7) is a topological space then a set ACX is said to be open if A€t
Definition 2.5 [

If (X,7) is a topological space then a set ACX is said to be closed if A°et
Definition 2.6 [

If (M, §r) is a h_topological and F < M. Then
1. The h_ interior of F is the union of all h-open subset contained in F and is denoted by int (F)». So

be int (F )nis the largest h-open subset of F

2. The h_ closure of E is the intersection ofall h —closed sets containing E and is denoted by

cl(E)n. So be cl(E)nis the smallest h_closed set containing E.
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Definition 2. 1 [9

A subset P of space (M, $) is said to be:

1- Hexa Semi-open set if A € t-cln(inth(A))

N
1

Hexa a- open set if AC intx (cln(intn(A))). Hence Acis called o _closed set.

w
1

Hexa pre_open set (pr- ) if ACintr(clx(A)). Hence Ac is called pr-closed set.

AN
1

Hexa B_open set (Bn_open) if Acclr(intn(cln(A))). Hence Ac is called Br_closed set.

(@)
[

Hexa b_open set (» _ open) if AC(clx(intn(A)) U intr(cln(A)). Hence A< called br_closed set.

3 Wh-closed set in Hexa topological space
Definition: 3.1

Let (X, th) be a hexa topological space. The subset, A of X is said to be Wh-closed set if cln(A) € U and U is
semi-h-open in X.

Theorem 3.2
In a hexa topological space (X, th), every Wh closed is Semi-h-closed .
Proof:

Let (X, ) be the hexa topological space. Let A be the subset of X. Let A be the Wh-closed set in X. Then
establish A is Semi-h-closed. Since A is Wh-closed, for A< U and U is semi-h-open in (X, t), we have cln(A)
c U. Ac U, U is semi-h-open, cly(A) € U. Ac cln(A), Ac clh(A) € U, AC cly(A), inth(A) < intn(clh(A)),
inth(A) €A, intn(clh(A)) SA. Then A is Semi-h-closed.

Example 3.3: X={1,2,3,4,5}, u={o X, {1}}, ={o X, {2}}, t=={o X.{3}}, t={o X {L.2}}, ts={9 X{2,3}}.
%={¢ ,X,{1,3}}

Semi-h-closed sets are {{2,3,45}{1,3,45}{1,2,45}{3.45}{24,5}, {2,35}, {2,34}{145}, {135},
{1.3.4}, {1.2,5}, {1.2.4}, {4,5}, {2,5}, {2.3}, {3.4}, {24}, {1.5}, {1.3}{1.4}, {1.2}{3,5}, {5}, {1}, {2} {8},
{4}}

Wh closed sets are {{1,4,5}, {2,4,5}, {3,4,5}, {2,3,4,5}, {1,3,4,5},{1,2,4,5}}
Theorem 3.4

Every on closed is Wh closed
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Proof:

Suppose A is an closed, let A € U and U is Semi-h-open, then a- clh(A) = A € U, a- clh(A) S U, Since every on

closed is closed a- clh(A) < cln(A) then clh(A) € U so every an closed is Wh closed.

Example 3.5: X={1,2,3,4,5}, u={op X {13}, 2={¢ . X{2}}, t=={¢ X{3}} u={¢ X{4}}, 15={o X {1,2}},
%=19 X A3:4}}

an closed sets are {{2,3,4,5}{1,34,5}{1,2,45}{1,2,3,5},{3,4,5}{2,45} {235}, {145} {1,3,5},
{1,2,5}{4,5}.{1.5}, {3,5}.{5}, {1}}

Wh closed sets are {{1}, {5}, {1,5}, {2,5}, {3,5}, {45}, {145}, {1,2,5}, {1,3,5}, {2,4,5}, {2,3,5}.{3.4,5},
{2,3,4,5}, {1,3,4,5}{1,2,4,5},{1,2,3,5}}

Remark: Similarly Every Wh closed set contains in h-closed, Bn closed, Pren closed and bn closed. Their

representation is in the following figure

an closed Bn closed

Wh closed ——— 3 by-closed
h-closed [

Pren closed Semiy closed

4 Wh-Closure and Interior Operators

Definition 4.1

Let (X, n) be a hexa topological space and A < X. The W int(A) is defined by the union of all Wy open sets
contained in A. That is int Wh (A) = U {G: GEA and G is Wh open} then Wy interior of the subset A is denoted
by int Wi (A).
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Definition 4.2

Let (X, th) be a hexa topological space and A < X. The Wh cl(A) is defined by the intersection of all Wy closed
sets contained in A. That is cl Wh (A)=n {G: ACG and G is Wh closed} then Wh closed of the subset A is
denoted by cl Wh (A)

Theorem 4.3

Let (X,th) be the hexa topological space and let AS BS X, then
i) IntWh () =9

i) Int Wi (X) = X

iii) Int Wh (A) € A

iv) Int Wh (A) € Int Wh (B)

V) Int Wh (Int Wh (A)) = Int Wi (A)

Theorem 4.4

Let (X,th) be the hexa topological space and let AS BS X, then
i) ¢l Wh (¢) = ¢

i) cl Wh (X) =X

iii) A < cl Wi (A)

iv) cl Wh (A) < cl Wh (B)

V) ¢l Wh (cl Wh (A)) = cl Wh(A)

Theorem 4.5

For hexa topological space (X,th)

i) Int Wh (A) U Int Wh (B) € Int Wh (AU B)

if) Int Wy (A) N Int Wh (B) 2 Int Wy (A N B)

Theorem 4.6

For hexa topological space (X,th)

i) ¢l Wh (A) U cl Wh (B) 2 ¢l Wh (A U B)
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ii) cl Wi (A) n ¢l Wh (B) € Int Wy (A N B)

5 Characteristics of Wh-closed sets

Theorem 5.1

Union of two Wj closed set is hexa Wh closed set.
Proof:

Let A and B be two Wh closed set in hexa topological space (X, ), Since A is Wh closed, cln(A) < U,
Whenever AC U and U is Semi-h-open in X. Since B is Wh closed cly(B) < U, Whenever BS U and U is Semi-
h-open in X. We have cln(AUB) = cly(A) U clh(B), clh(AuB) S U therefore (AUB) is Wi closed in (X, ).

Therefore union of two Wh closed set is hexa Wh closed set.

Example 5.2 X={1,2,3,4,5} u={¢ X {1}{2}}, ©w={¢ X{1}}, ©5={o ,X,{2}}, © ={o X, {4}}, ©s={¢
XA{1}1{4}} =19 X}.

h-open sets are {¢ ,X,{1},{2},{4}}, h-closed sets are {X, ¢, {2,3,4,5},{1,3,4,5},{1,2,3,5}}

W, closed sets are {{1,3,5},{2,3,5},{3,4,5}, {2,3,4,5},{1,3,4,5}, {1,2,3,5}} Here, the intersection of W closed
sets {1,3,5} n {2,3,5} is {3,5} which is not in W, closed set.

Remark
The Intersection of two Wh closed set is need not be Wh closed set in (X, th).
Theorem 5.3

Let (X, tn) be a hexa topological space, let A be the Wh closed set in (X, th) and ASBC cln(A), then B is also
Wh closed set in (X, ).

Proof:

Let A be Wh closed set in (X, ) this implies, cln(A) < U, Whenever U is Semi-h-open in (X, th). We have
ACBC cln(A), Since cln(A) < U then BC clh(A) < U, then B € U Now BC cln(A), clh(B) < cln(clh(A)), cln(B) <

U. Therefore cly(B) € U whenever B € U and U is Semi-h-open in X. This implies B is Wy closed set in X.
Theorem 5.4

If a subset A of X is Whclosed in X then cly(A) \ A contain a Semi-h-open set in X.
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Example 5.5: If cln(A) \ A contains empty in semi-h-open subsets in X, then consider X= {1,2,3,4,5} with

11={0 X, {1}}, ©o={0 X, {2}}, ts={0 , X, {3}}, s={0 X, {1,2}}, ©s={0 ,X,{2,3}}, ©6={0 ,X,{1,3}} then Subset
of X, A={1,4,5} then clh(A) \ A ={1,4,5} \ {1,4,5} = ¢ contained in every sets in Semi-h-open sets.

Theorem 5.6
If xeX, the set X\{x} is Wh closed or Semi-h-open.
Proof:

Suppose X\{x} is not Semi-h-open then X is the only Semi-h-open set containing X\{x}. This implies
clh{X\{x}}<X. Hence X\{x} is a Semi-h-closed set in X.

Example 5.7: If X={6,7,8,9,10}, ti={¢ ,X,{6}}, ©o={0 X {7}}, 1={¢ X {8}}, u={p X {6,7}}, 15={¢
XA{7,8}}, te={0 ,X,{6,8}}

Semi-h-closed sets are {{7,8,9,10}{6,8,9,10}{6,7,9,10}{8,9,10}{7,9,10}, {7,8,10}, {7.8,9}{6,9,10},
{6,8,10}, {6,8,9}, {6,7,10}, {6,7,9}, {9,10}, {7,10}, {78}, {8,9}, {7,9}, {6,10}, {6,8}{6,9}, {6,7}.{8,10},
{10}, {6}, {7}. {8}.{9}}

Wh closed sets are {{6,9,10}, {7,9,10}, {8,9,10}, {7,8,9,10}, {6,8,9,10} {6,7,9,10}}
Theorem 5.8

If A'is Semi-h-open and Wi closed, then A is Wh closed in X.

Proof:

Consider a subset A be Semi-h-open and Whclosed in X then, A is Wi closed set in X. Let U be any Semi-h-
open set in X then A c U. Since A is Semi-h-open and Whclosed. So we have clh(A) c A. Then cly(A) c A c U.
Hence A is Whclosed in X.

Example 5.9: Let X={11,12,13,14,15}, 11={¢ ,X,{11}}, t={0 ,X.{12}}, 1s={o ,X.{13}}, ta={o ,X.{11,12}},
15={¢ ,X,{12,13}}, 16={¢p X {11,13}}.

Semi-h-closed sets are {{12,13,14,15},{11,13,14,15}{11,12,14,15} {13,14,15} {12,14,15}, {12,13,15},
{12,13,14},{11,14,15}, {11,13,15}, {11,13,14}, {11,12,15}, {11,12,14}, {14,15}, {12,15}, {12,13}, {13,14},
{12,143, {11,15}, {11,13} {11,14}, {11,12},{13,15}, {15}, {11}, {12}, {13}, {14}}

Whclosed sets are {{11,14,15}, {12,14,15}, {13,14,15}, {12,13,14,15}, {11,13,14,15}, {11,12,14,15}}.
Theorem 5.10

Let A be Whclosed in (X,th). Then A is closed if and only if cln(A)\A is Semi-h-open.
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Proof:

Let Ais closed in X. Then clh(A) = A and clh(A)\A= ¢. Which is Semi-h-open in X.

Conclusion

Here, we discussed the properties of hexa open, hexa closed, hexa interior, hexa closure sets. Further we decide

to investigate the relation between general and hexa topology.
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