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ABSTRACT

In the present paper we have determined the conditions under which a geodesic of a Finsler space F™ =
(M™, L) is also a geodesic of Finsler space F™ = (M™, L) and vice versa underlying with the same manifold M",
where L = f(L, 5) is a positively homogeneous function of degree one in L and B, B(x, y)= v;(x, y)y', v;(x,y) is
an h-vector inF* = (M™, L).
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1. INTRODUCTION

Let F* = (M™, L) be a Finsler space,M™ an n-dimensional differentiable manifold and L(x,y) is the metric
function. A geodesic on F™ = (M™, L) which is an extremal of the length integral, is given by the system of
differential equation ([8], [9])

dy'|dt + 2Gi(x,y) = 1yt (1.1)

wherey’ = dx|dt,T = (d®s|dt?)|(ds|dt) and G'(x,y) = ¥/, (x, y)y v are (2)

p-homogeneous function in y*, yj;, = %gir(ajgkr + 0xgjr — 0r9ji ), 0; = 0|0x
Let G'; = 0;G., G} ; = 0,G';, 0 = |0y".

The connection coefficients of Berwald connection BT are (G j» Gij, 0). The h- and v-covariant derivatives of a
contravariant vector field X* with respect to BT are given by ([8])

X =0,X" = 6" (0X") + X™G,y (1.2)
Xt =9;Xt (1.3)

BI is neither h-metrical nor v-metrical since g;j,, = —2C;jkjo and g;jx = 2C;j, in terms of the Cartan connection
Cr.
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The Ricci identities with respect to BT'are given by ([8])

:i]';k - ;ik;j = XhHhijk - X.ih R};c (1.4)
;ij.k - .ik;j = X"G), ijk (1.5)
l]k - X.ik.j =0 (1.6)

The tensors Hhijk and G, ijk are called the h- and h v- curvature tensors respectively and R ’]‘-kis the v(h) —
torsion tensor of BT'. In terms of the coefficients (Gji kG ‘ j70) these tensors are written as. ([8])

thk = Q(jk)(akGhj - Gjhm Gn}c) (1.7)
Hi ik = Qiol0kGy' j — G (0mGr ;) + G G 1} (1.8)
Ghijk = ah ji k-
Throughout the paper, we shall use the notations
QuipXimVi) = XimVi — XjemYir
and A j i) (XY ) = (XY + XY + XKY;))
Here G, ijk is symmetric in subscripts andG, ijo where '0' denotes the contraction with respect to the supporting

element y* throughout this paper.
Matsumoto [7] has introduced the metric
"L(x,y) = L(x,y) + B (x, ), (1.9)
B (x,y) = vi(x)y*
Hashiguchi and Ichijyo [3] called it a Rander's change.

The change

L (xy)=L*(xy) |8 (x,¥) (1.10)
is called a Kropina change ([11])

Shibata ([13]) has introduced a $-change by
*L=f(L B), (1.11)

B = v;(x)y" and f is a positively homogeneous function of degree one in L and 8. If L is a Riemannian metric,
then *L = f(a, B) becomes (a, §) metric. Many authors ([2], [4], [5], [10], [12], [14]) studied the properties of this
metric with different physical and mathematical aspects. In all these works, v;(x) are assumed to be a function of
coordinates only.

During the study of conformal transformation of Finsler space, Izumi ([6]) introduced an h-vector which is

defined by v;|; = 0, LCl-hjvh =Kh;j,K = glc—:’l’;,ci’} = g’”‘Cijk, Cijk = %a'kgijis Cartan's  C-tensor, C!=
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g’ ]-ik,hij = L(0%L|dy‘'dy’)is the angular metric tensor, v;|; is the v-covariant derivative with respect to the

Cartan connection CT' (Fjy., Ni, Cf,), [9]

— A m
vilj = ajvi — UmCi j

Thus the h-vector v;(x,y) is not only a function of coordinates but it is also a function of directional argument

Singh and Srivastava ([15]) studied the properties of Finsler space with a change.
L=fLPp). (1.12)

where B(x,y) = v;(x,y)y%, v;(x, y) is an h-vector in F™. We shall call this change ([1.12]) a generalized $-change
by an h-vector.

In the present paper, we shall determine the conditions under which a geodesic of a Finsler space F™* =
(M™, L)is also geodesic of the Finsler space F* = (M™, L)

2. THE FINSLER SPACE F™ = (M", )

Let F* = (M™, L) and F* = (M™, L) be the Finsler spaces defined on the same manifold M", where L is
obtained by a change

L=f(Lp). (2.1)

B(X,y) = v;(x, )y’ v;(x,y) is an h-vector in F* = (M™, L) and f (L, B) is a positively homogeneous function of
degree one in L and .

The terminology and notations are referred to Matsumoto's book ([9]) unless otherwise stated.
The quantities of Finsler spaces F™are denoted by barred symbols.

If I;, gij,hij and C;j;, denote the normalized element of support, the metric tensor, the angular metric tensor
and Cartan’s C-tensor of F™ respectively, then these quantities of F* = (M", L) are given by ([15])

i = fili + fov; (2.2)

hij = q'h;; + om;m; (2.3)

Gij = 9'9ij + qovivy + -1 (viy; + vjyi) + L0 (2.4)

Cije = q'Cijie + q-1(hijmy + Rjgm; + hyym;) + goymimmy |2 (2.5)

where we put f; = f|0L, f, = 0f |08, fi, = 0%f|0LOL, f;, = 0%f|0LAS etc,

0; = d|ay', 8; = 8|ox!
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p
q = ffilL, r=ffo 1= ffax

f=hAL+ 2B, Lfi2 + Bf22 =0,Lf11 + Bfi2 =0,

(2.6)4 00 =70 + f7, 1 =ffizll, g =11+ qfolf

r_p = f(fir — ilD)|L?, q-p =72 +q°|f?

q' = f(fL + Kf2)IL, q., = q-» — Kr|L?,

\ q-1 = q-1 + (K|L)qo and qo, = 0qo|0p.

~

m; = v; — By;|L? is a non vanishing vector orthogonal to the supporting element y*
The reciprocal tensor g/ of g;; can be written as ([15])

gV = lqNq” —ugv'v’ —uly (viy) +vly) —ulyty’ 2.7)

where v' = gYv;, vt = gYv;, v2 = gy, € = v? — (B2|L?)

uy = f2ro|ll?v'q', uly = (f?1q'v'1?)(q-1 + KfF|L)

!

! ! ! q_ !
v = (F2LA)(q + ery),ul, = q—qz — (uL11q)(eq_y — KrB|L?)

we shall assume that q' + ery # 0 and q + er, # 0 for all values of K. From the homogeneity, we have

of +1_1L2 =0, 11 +1_,1%> = —q,
qoB + q-1L? =1, rB + qL* = f?, (2.8)
q-1B +q-,L> =0

3.RELATION BETWEEN PROJECTIVE CHANGE AND GENERALIZED B-CHANGE BY AN h-
VECTOR

For two Finsler spaces F* = (M™, L)and F" = (M™, L), if any geodesic on

F™ = (M™, L) is also a geodesic on F™ = (M™, L) and vice versa the change L— L= f(L, B) of the metric is called
projective. A geodesic is given by the differential equation ([8], [9]).

(dy'|d) + 2G'(x, y) =ty*  (3.1)
T = (d*s|dt?)|(ds|dt), G'(x,y) =y g (x, )y y*
are (2)p homogeneous function in y*.
Consider the Euler Lagrange Differential equation E;= 0, where
E; = (8L|ox!) — (d|dt)(aL|ox’)  (3.2)
Now Euler Lagrange Differential Equation Now for F* = (M™, L) is given by E; = 0,

Now

E; = (af|axt) — (d|dt)(af|ax?)
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d . )
= f10;L + f,0;8 — E(ﬁail' + 120:8)

f dfy, _, db
= fifo @G} + fog T~ T2p S
af, dyf
= fLE; —miE‘Ffz(aibj —9;b;)y’ — fza b; —— i
df. : : dy’
= fLE; — ml-d—tz + fobjji + N™0mbj + by F/™; — byjj — N™;0,,b; — by F™ Yy? — fo(K|L)Rhyj—— T

= i~ mi (D2) + e~ b)Y — (KILIFa by (ay Lt +267)
Using (3.1), we have
E; = fiE; — my(dfy|dt) + 2f,F,;  (3.3)
where b, ; denotes the h —covariant derivative with respect to Cartan connection CI’
(Fli N, Gy
%(bﬂi — by;), Foi = Fiiy’

Hence fE; = f LE; — mif (df;]dt) + 2f fFoi (3.4)

4fz _ 0f AL 0f 4B

Now = . .
0 dt oL "dt = 9p " dt

dxt . dy' dx/ . dy’
= fo1| 0;L W"‘ailf dt + f22| 0B —— dt +ajﬁ%
d 1
or f 22 = > (b + byji + 2bwF™)y'y?

dy’ B

~BIffor LY+ fhoz— (b~ T 1)

LY
= 7o Eoo + 70 26, 6™ — Ery@L)y! 410 (0 ~£1)%Y (35)

where Eog = E;;y'y/, E;; = by; + bjy;

using the relation dd—ytr = y0sYVy + Grs dd—y: (3.6)

the above equation reduces to.

% =19Eg + LrgE,m”  (3.7)

Hence from (3.4) and (3.7), we have
fEi = fflEi - LTOErmrml’ — TOEOO + ZT'FOi

or fEl = LQEl - LrOErmrml- + Bi' (38)
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where B; = 2rF,; — ryEyo (3.9)

THEOREM (3.1) A generalized  —change by an h-vector is projective iff B; = 0.

Proof : Let the generalized 8 —change by an h-vector is projective. Then E; = 0 implies E; = 0 and hence we
have B; = 0 by (3.8).

Conversely if B; = 0 then from (3.8) E; = 0 implies E; = 0 Again from (3.8) ifE; = 0 and B; = 0 then
we have
LqE; + refL mim°E; =0 (3.10)
Contracting (3.10) by y/, we have
EsmS=0sinceq +ery #0
“Eg=0

From the above theorem, we have the following results by Shibata ([13]) and Hashiguchi and Ichijyo ([3]).
COROLLARY (3.1) A B-change is projective iff  2rF,; = ryEyom;
COROLLARY (3.2) A Rander's change is projective iff b; is gradient of some scalar function.

Definition(3.1) ([8]) If there exists a projective change L — L of a Finsler space F* = (M™, L) such that the Finsler
space F™ = (M™ L) is a locally Minkowski space, F™is called projectively flat and this change L — L is an
adapted projective change.

THEOREM (3.2) Let the generalized -change by an h-vector ([1.12]) is projective and L is Minkowskian, then
the Weyl torsion tensor WY, and the Douglas tensor D;,of F™ vanish. Hence F™ with n >2 is projectively flat.

Proof The Weyl torsion tensor is given by ([81]).
i i 1 i i
ik =R+ mQ(jk){y Hjj + 87 Hy }
where Hj, = H; ijk and Hy, = ﬁ(nHOk + H,,) Since F™is Minkowskian then jikl = 0 and therefore Hj, = H,=0
Hence W', = 0
Since Wijk is invariant under a projective change hence I/T/ij x=0.
The Douglas Tensor D; %, is given by D; %, = G;% — (¥ Gy + A (6, G} (n + 1)

Since F™is Minkowskian, then G;%, =0 and so Gy, = 0 Hence D;',, = 0Since D;%, is invariant under a
projective change hence we have 13]- L1 =0.

Since W', =0, D;*,; = 0 and n >2, hence F™ is projectively flat. ([8])

THEOREM (3.3) If we suppose that generalized S-change by an h-vecter is projective and L is Riemannian, then
Douglas tensor D;‘,, of F™ vanishes.
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Proof: Since F™ is Minkowskian, then G;%, = 0and Gj;, = 0 Hence D;%; = 0 Since D;", is invariant under a

projective change, hence D;‘;, = 0.
THEOREM (3.4) If B; = 0 then F™ is of scalar curvature iff F™is of scalar curvature.

Proof : By Szabo ([17]), a Finsler space is of scalar curvature iff the Weyl torsion tensor Wijkvanishes
identicallyLet B;=0, then due to Theorem (3.1) generalized -change by an h-vector is projective. Let F™ be of
scalar curvature, then W';, .k =0 But W';, = W', =0 Hence F™ is of scalar curvature.

In the Riemannian space, scalar curvature means constant curvature.
Thus we have the following Yasuda and Shimada result ([16])

COROLLARY (3.3) If B; = 0 in a generalized B-change by an h-vector and F™ is Riemannian, then F" is of
constant curvature iff F™ is of constant curvature.
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