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Abstract

In this work, we study dynamical systems with mathematical applications. We deal with specific properties
of dynamical systems, namely stability and optimal control. Both qualities are common in industrial
economics and engineering. We have selected some important examples and geometric solutions such as B.
Portfolio selection and related economic problems. We have described the corresponding differential
equations and used optimal control theory to approach the problem, and we have found some geometric

solutions in dynamical systems and control theory.
Definition (1.1) [1] Monoid written additively, M is a set and @ is a function @: UcT XM - M
With I(x) ={t € T:(t,x) e U}, ®(0,x) =x

D (ty, @(t,x)) = @(ty + ty,x),forty , t,, ty +t; € 1(x)

The function ®(¢, x) is called the evolution function of the dynamical system: it associates to every point in
the set M a unique image, depending on the variable t, called the evolution parameter. M is called phase space
or state space, while the variable x represents an initial state of the system, we often write @,(t) = ®(t, x),
08 (x) = B(t,x)

If we take one of the variables as constant. @,:1(x) — M is called flow through x and its graph trajectory

through x. The set

IJCRT2302121 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | b21


http://www.ijcrt.org/

www.ijcrt.org © 2023 IJCRT | Volume 11, Issue 2 February 2023 | ISSN: 2320-2882

Yx = {®(t,x):t € I(X)} is called orbit through x. A subset S of the state space M is called ®-invariant if for

allxinSandalltinT

®(t,x) € S. For S to be ®-invariant, we require that I(x) = T for all x in S. That is, the flow through x should
be defined for all time for every element of S.A real dynamical system, real-time dynamical system or flow
is a tuple (T, M, ®) with T an open interval in the real numbers R, M a manifold locally diffeomorphic to
Banach space, and @ a continuous function. If T = R we call the system global, if T is restricted to the non-

negative real's we call the system a semi-flow. If @ is continuously differentiable we say the system is a

Differentiable dynamical system. If the manifold M is locally diffeomorphic to R™ the dynamical system is
finite-dimensional and if not, the dynamical system is infinite-dimensional. Define a discrete-time dynamical

system to be a pair(M, ¢ ), where M is a metric space and ¢: M — M a continuous map.

Let (M, @) and (N, ¥ ) be dynamical systemsand 6: M — N be a homeomorphism, that is, 6 is continuous,
one-to-one, and onto, and its inverse is continuous. The homeomorphism 6 is a called a topological conjugacy
if @ =071¥%  Let A be afinite alphabet and ¥, a set of bi-infinite sequences on 4, that is, fors € 3, s =

o, 8 — 2,5 —1.55.5,55., ... where s, € A.For § > 1 define a metric on 2'by

d3(s,5) = Lo A2, (1.1)
Where
0 =b,
da(a,b) = {1 Cclz # b.

The metric space 2'is called a shift space if there isamap o: ). - 2, such that if s" = a(s), thens’, =
Sn—1.The important requirement is 2'is closed under the action of o
Let FC*(R) be the subspace of k-times continuously differentiable scalar functions on R. On this space

there are metrics

dF(f,f") = f F(O) — £(0)] g,

For B > 1, Fis a signal space, if the map @,: F — F where @,(f)(t) = f(t +1),T € R, (2, 0)there can be
constructed a dynamical system (F, @,), (F, @,) is conjugate to (2, 0) , h: X — F which is a homeomorphism
between (2, o) and (h(2), @,). the function @,(t) € c*(R), for a € Athat satisfy the following conditions.
1. @,(t) # 0,(t) almost everywhere fora # b,

2. maxgp|0,(6) = 0,()| < G771, 7> p > 1,and

3.min [ 1|@,(t) — 0, ()| dt > f|t|<1maxl(25a(t) — 0, (t)|dt.

awb JItI< 2
Where Sis the same as used for the metric (3).
Define h: X — c*(R)by

hs)= ) 8., (t—n). (1.2)

n=-—oo
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Define F = {f(t + 7): f € h(2),0 < 7 < 1}.It is easy to check that h(a(s)) = @,(a(s)), and so, such an F
is a signal space.

Corollary (1.1) [2]

There exist K,/ > 0 such that Kds(s,s") = dp(h(s), h(s")) = Jds(s,s").

Proof

The prove there exists K > 0 such that dF(h(s), h(s’)) < Kd (s, s"). The following chain of inequalities
holds:

D 0., -0y, (c—w)|pHldr

n=-—oo

dp(h(s), h(s") = f

<[ lou—m -0, @~ m|pa

n=—oo

:foo z dA(Sn;S’n)|®sn(t_n)—@sln(t—n)lﬁ—|t|dt

n=—oo

<[ S dyCsnstr - g = 6 Z daCsnst) |y g

‘n__—OO

Where n > 0 and n < 0 separately,

) —Inl4g-In| =Inl_,,~In| .
f_ooy_|t—n| ﬁ_ltldt Y +B + B Y < < 2 log )ﬁ |n| '8—|TL|_ Hence’ puttlng K = GC,

log By 10g% logBy
o) d ’
() hs) < 66y, M = k(5,50
n=—oo

Next, we prove/ds(s,s") < dF(h(s), h(s’)). The following chain of inequalities holds:

(bR =), P

m__

B~ ltld¢

Zassn(t—n) 0o, (=)

n+m) -0y (t—n+m) pgltrmlge

Sn

(E+)) =0y, (t+)|pIH™de

Sm—j

ZdA<sn. ) f D 0,4 = 00, (¢4 )| gt

2

| =

dA(Sn' "n) f

B ﬁlml z ®5m—j(t +]) - (Z)S,m—j(t +]) ﬁ_“:ldt

Where ] > 0 for all m

1

le Z(bsm—j(t-l_j)_ s'me (EF DB ltlgt > g

2| J
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The following reduction uses the stated third condition in the final strict inequality.

2
195, — 04 (©|pat
2

1
f_zl qusm—f(t+f) — @y, (t+)|p Mt Zf
2|7

1

2.,

Jj£0 2

1
Bs,;(E=1) =By (t—n)|pHde = ™ jzllcba(t) - 0, B 1de
2

-2

Jj#0

1
2

1ma}JXI(Z)a(t —n) —Qp(t—n)|dt >0
- q,

2

Hence, there exists / > 0 such that
dA(sn,5'n)

,Blml =]d2(5, S,)

ar(h(), k(D) =] )

The global dynamical system (R, X, ®) on a locally compact and topological space X, it is often useful to
study the continuous extension ®* of ® to the one —point compactification X* of X. Although we lose the
differential structure of the original system, we can now use compactness arguments to analyze the new
system (R, X*, ®*). In compact dynamical systems the limit set of any orbit is non-empty, compact and simply
connected. Let us remind the definition of a continuous dynamical system. Denote by X, and with pa metric

function. A dynamical system on X is defined to be a mapping @: R X X — X; such that
1. @(0,x) = x for all x, (Identical property);

2.0(t +s,x) =0(t,8(s,x)) for all x € X; and t, s € R, (Group property);
3.0(t, x) is a continuous function.
One may expect that systems with similar properties can be defined for processes with discontinuities. Present
chapter is devoted to the problem of identification of such kind of systems, one of the most interesting and
difficult problems for impulsive differential equations.
Theorem (1.1)[3] A function @(t) € pC'(T,0), B(t,) = x, is a solution of Ax|,—g, = J;(x). If and only if
f t
(xo+ [ s0ds+Y. (@), t2t
to tgsOi<t
o(t) = t
on + j f(s, @(s))ds + Z ]i(Q)(Hi)), t > to.
to tg<0;<t

Proof. Necessity. Let @(t) be a solution of Ax|,—g, = J;(x) on T: Define a function

|(x0 +f f(s,0(s))ds + zt <e-<t]i(¢(9i))’ t > to,

(o) = t
le +f f(s,0(s))ds + zt <6_<t]i((25(9i)), t > t,.

We shall check that ¢ € pC'(T,0)and show that functions i, @ satisfy. Condition @(t,) = ¥(t,) is

obviously true. If t € 8 and it is not an end point of T, then differentiating. ¥ (t) we find that ¢’ =

f(t,0@) = 0'(t), t =ty j € Aone has that
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0
W(B)=x0+ [ fls0ds Y H(00D)

and

6;—h
(6, —h) =x, + ft 0 f(s,0(s))ds + Zt059i<9j_h]i(®(ei))
Where h > 0, we obtain that
, (g —h)—(e;)
Vo) = -

. 1 Qj—h 9]' ’
hlgml f 0 f(s,9(s))ds + f 0 f(s,ms))ds] = £ (6,0(6)) = 0" - (8))
If « is the right end point of T and a € T then similarly one can check that ¥’ (a) = @'_(a),j € A then
Aple=g; = (65 +) —9(6)) =

9j+
[xo + f f(s,0(s))ds + z ]i(Q)(Qi))l -
to t0S9i<9j
0;
[xo + j f(s,0(s))ds + Z ]i((b(el-))] =
to t0S9i<9j
Ji(0(6)) = Ax|¢=g,-
Thus, the conditions are verified if t > t,.
Example (1. 1)[4] Let us consider the following system:
x'q= —%xl — 3x,.
x,2 — 3x1 = éxZ,
Axq|xer = (Zcos% = 1) b — Zsin%xz,
T s
Ax,|x €T = Zsingxl + (ZCOSg — Dx,. (1.3)

Where G=R?, and T = [(x,x,)|x; = x, ,0 < x4] . Let us start to

check conditions (C1)—(C6). One can easily find that T = [(xy,x,)|V3 x; = x,, 0< x;], 0(x) = x; —

X2, B(x) = V3 x; — %5, f(x) = (—%xl — 3x,,3%1 — %xz), J(x) = (Zcos%xl - Zsin%xz,Zsin%xl +

Zcos%xz) Consequently, we have that V@ (x) = (1, —1) # 0, so, condition (C1) is satisfied. It is seen that J,

f are continuously differentiable functions and

det (GO <2cosg 25in%>_ )r o am o _ -
et [ " 1= det n ~ |74(cos - tsin 6)—4¢ 0,for all x it is also obvious that I'nT =

2sin— 2cos—
6 6

@ moreover,
(Vo(x), f(x)) = ((1: -1), (_§X1 —3x3,3x; — §X2)> = (_?9& - gxz) #0

For all x € T the inequality (V@(x), f (x))# Ofor all x € T can be shown
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Similarly. Thus, all conditions, (C1)—(C6) are fulfilled
Definition (1.2)[5] A solution x (t) = x(t,0, x,) of (1.5) is said to be continuable to a set S — R™as time
decreases (increases) if there exists a moment ¢ € R such that & < 0(¢ = 0)and x(¢) € s. The following
theorems(1.2) provide sufficient conditions for the continuation of solutions of (1.5)
Lemma (1.1) [5]
There exists constant ¢; = c;(m) > 0 such that for all A%, A* € Z,,,,

[#(A%) = H(A*) [ .orarerarmuormn < cslla’ =A%,
Proof
For k = 1,2 denote by 7*the hypersurface defined by A*
Let h(u,A) € C*([—L,L] X R) be function satisfying
h(u, ) = {'u’ iflul = %L' ., hy(u,A) >c>0 forsame constant c

0 ,if u=41
Define Yy = 2% [0,T,,] » 2 X [0, T,,1by
x, if dist(x, Iy) > %L,

Y (x,t) =
g x°(s") + R (s, A*(s", )| N(s")

3
ifdist(x,[y) <=L
(s',sn)=(51(x),...,s"(x)), ifdis (x 0) 4

Clearly, Yy is a ¢3+*G+®/2 diffeomorphism of 2 x [0, T,,] which maps Qi onto @} denoting by x =
Yo 1(y, t)the inverse function of y = Y (x,t) = (YL, ...V, vy, t) = w (Y t(y, t),t). Then

( 2% _yn_ kav'k J_ B
U = up onFO X [0, Trn],
NE [k ub — K2V, ui] = IV on Iy x [0, Ty,
v =g(¥ ', 0),8) on (2x{t =0} U (32X [0,T,]),
Where v, = v. on QF and

afi = af;(y, £) = V.Y (x, £). V.Y (x, t)|x=Yk_1(y,t)’

oy, j
bt = b, ) = 3£ (6. 0) = Ve (e O] Ly o)

Nk = Nk(y,t) = (N (x,0). V) Vi (6, D)oy =10y, ),
N*(x, t) is the unit vector normal to 7%, V¥ is the normal velocity of I*.

Hence, setting  w(y,t) = v,(y,t) — v,(y, t), we see that w satisfies

n n

(dw! Z . 0%w N L 0w! o} 62v2 [ b? ] ]
L)) Sz =o
ot 4= 0y;0y; - = ay ay; e

in QO ,

) w!=w? ,on I'yx[0,Ty,],

N1 [k'V,w! — k2V,0?] = [V = V2] + (N1 — N2).(k'V,vi — k2V,v3)
=¥ ,on IyX%][0,Ty,l

\ w=0 ,on(Q2x{t=0}H U @R2x][0,T,D,
Thus, we can now reflect w? across 7y X [0, Ty,
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lwll 2+aera2Qf + |0l 2racrarQf < C {”w”Ca,a/ZQ% + llwll jwe2QF + ”lp”c1+“’(1+“)/2(F0X[0,Tm])} ’

Where C depends on the c®®/2 norm of af, bf or, equivalently, on . ||®||Ca,a/2(53)+

191l acrz(Q3)COM{EToalal; — || warzcadormy + Zimall b = || warzconiorm <
C(m)”/ll - AZ ||c3+“'(3+“)/2'

Definition (1.3)[6] .The space C"e3 ([0, T]; H*(£2)) denotes continuity on the interval [0, T] with values in

the weak topology of H*. In other words, for any fixed @ € H*, (@, u(t)), is a continuous scalar function

on[0, T]. The inner product of H® is given by

(u,v)s = ZJD“u.D“vdx.

ass

The Hilbert spaces we will be working on for most of the time is:
V™M = {(u,v) € H™(2) x H™(2)} (1.4)

We consider the following regularization of

2 = DJRDAT — A° + pA + A°, (1.53)
a € a € —_
%2 = JeUebp®) — 2J |V. (35 JcVA) - pA° + B.| (1.5b)

The Banach space V2 ,m = 2 in(10)with norm ||(4, p)ll,2 = llAll, + lloll; -

Theorem (1.2)[6] (Local existence of solutions to the regularized residential burglary Model) For any € > 0
and initial conditions (4,(x),po(x)) € V2 such that Ay(x) >0 there exists a solution, (4¢,p¢) €
Cc1([0,T.],V?), for some T. > 0 to the regularized system (1.5). Furthermore, the following energy estimate

is satisfied:

d
a 145, p€IIVZ < c5llA%, pEIIPV2 + c,lIAS, pEIIPVE + cyllAS, pellV?,

Where c,, c, and c5 are constants that depend only on Aio, eand n

Proof :
Define the map F€ = [Ff,F§] : 0cV? - X , 0 the set such that F€maps 0 toV? ,i.e X = V2 define the
function by:
FE(AS,p€) = nJEA A — A + p°A° + A°,
F§(A%,p) = J20 p — 2] [V. (& JovA)| - peac + B.
Hence, if v€ = (4¢, p€) € V2 the original model reduces to an ODE in V2

d

L= Fe(),  v5(0) = (A (®), po()).

Let vf = (A5, pf) € V2 (i =1,2) wedrop e for notational convenience. By definition of the V2 -norm and
F we have:

IF(vy) = FW)llyz = [IF1(v1) = Fa(2)llz + IF,(v1) — F2(w2) I
By substituting (1.3) above and using

v € H™(Q),y,k €27 U0,and 0 < € < 1t Jevllmsy £ L0l
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|JcD*v|o < ﬁllvllk and Yme Ztu 0 there exists C > O0such that for all u,v € L*(2)n
H™(0):
luvllm < c{lulolD™vllo + [ID™Vllo|v|0}, XosjaismllD* (uv) —uD®v||y <
c{IVuloID™ o + ID™v]lo|v o}
We obtain a suitable bound for F;. Initially we have:
IFy(vy) = Fy(w)llz < nllJEACA; — ADl; + 1A — Az, + llp1As — Azpall
Using
Vs > g,Hm(.Q) is a Banach algebra. That is, there exists ¢ > 0 such that for all ||uv||s < Cllulls||vll. by

lp1 A1 — Azp2llz < llp2ll21lA1 — Azl + [1A2ll2llp1 — P2l (1.6)
Using (1.6) we easily obtain the final estimate for F;:

n
|F;(v1) — Fy(w)ll; < (6_2 +1+ ||,02||2) |41 — Azl + [1A21211p1 — p2ll2. (1.7)
If we define the open set {(u, v) E V2 |%| < Ky, lluylly < Ly, vl < Lz}

If vy, v, € 0 then

||F1(U1) - F1(U2)||2 < C~'1”1‘11 - Az”z i C~12||P1 - Pz“z' (1.8)
Where

~ K
¢, = E_;(”Pz”z + K1 llA1ll1lp1le + K1 llA2 1121102112 + K12||A2||%”P2”2 +

K3 K
?1 [AL 1 1A 1211 p2 112 + 5_21 lp1loo + ||Pz||2),

Ty= 2+ sl + i—f 1421121141115 (1 + K 1|4l + KallAs):

C, and C, depend only on ||4;|l,, llp;ll2 , € and K; for i = 1,2. Combining (1.7) , and (1.8) gives

|Fy(vy) = Fy(w)lly2 < C(73, Ly, Ly, Ky, 1|41 — Azll; +C(Lyg, Ly, Ky, €)lp1 — p2ll2
1.1 Linear Homogeneous and Nonhomogeneous Systems
We start discussion of linear impulsive systems with the following differential
Equation:

x' = A(t)x.
Ax|i—g, = Bix
Where (t,x)€ R X R™, 6;,i € Z is a B-sequence, such that |8;| — o asl|i| - .
We suppose that the entries of n x n matrix A (t) are from pc(R, 8), real valued
n X n matrices B;, | € Z, satisfy
Det (t + B;)# 0,

where 7 is the identical n X n matrix?
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1.2 Laplace transform Method solution of Fractional ordinary Differential Equations

In 1819 Lacroix developed the formula for the nt" derivative f(t) = x™ ,where m is a positive integer. then

Dny_ m! x(m—n)'

- (m—-n)!

Replacement of factorial symbol by the gamma function gives:

I'(m+1) m-n
(m—-n+1)

DMy = (1.9)
Now(1.29)is defined for either n integers, or not (arbitrary number) (Debnath and Bhatta.2009). Liouville's
first formula:
For any integer n, we have
Dm"e% = q"e% (1.10)
Liouville replaced n by an arbitrary number « (rational, irrational or complex), it is clear that the R.H.S of
(1.10)is well defined; in this case, he obtained the following formula.
DNedX — gneax

This formula is called first Liouville's formula. In series expansion of f(x)
, Liouville formula is given by

D?f(x) = Ln=zoCcnan e“nx (1.11)
Liouville's second formula:
Liouville formulated another definition (second form) of a fractional derivative based on the gamma function
to extend Lacroix's formula (Loke Nath and Bhatt a, 2009).

a,—B — (=D« —-f-«a
D%x @ I'(B+ a)x (1.12)

Formula (1.11), (1.12)is called the Liouville's second definition of fractional derivative. We note that the
Liouville derivative of a constant (whenf = 0) is zero, but the derivative of a constant function to Lacroix’s

formula is

x—a

a1 —
D*1 = 1—-a)

#0 (1.13)

This led to a discrepancy between the two definitions of fractional derivative. But mathematicians prefer
Liouville's definition. The idea of fractional derivatives or fractional integral can be described in different
ways. Now by considering a linear homogenous nt" -order ordinary differential equation (initial value
problem),
Dy =0,y®(a) =0, 0<k<n-1
The solution is the fundamental set {1, x, x? ... ... ... ,xt 1y
LY=o
Now we must derive the Riemann-Liouville formula, that is by seeking the solution of the following in
homogeneous ordinary differential equation
Dy = f(x), D™ (0)=0, k=0,1,2,.........
To get the solution of the above problem we use the Laplace transform method as follows,
ED™My} = £{f()}= y(s) =s™ f(s),  where y = £[yland f = £[f]
~ y(x) = £71s7f (s). By using the convolution theorem, we get the solution as follows:
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y) = ﬁ j “xe— O F@de, (1.14)

Formula (D"y = = n)lx(’” ™) is called Riemann-Liouville formula. Replacement of n by a number

« gives the Riemann-Liouville fractional integral.
DU (x) = a® “x f(x) = F(n)f (x —t)* L f(t)dt,Re a > 0

Where a® “x (orD~%) is called the Riemann Liouville integral operator
(Debnath and D Bhatta.2009; carl and Tom 2000).if a = 0 in the resulting formula is called Riemann
fractional integral and if a= —oo, is called Liouville fractional integral. The fractional derivative is given by

replacing « by - a in The Riemann fractional integral is given by,

D% (x) = 0P “x f(x) = ﬁfx(x —t)* 1 f(t)dt,Rea >0 (1.15)

The formula (1.12) is of convolution type, then its Laplace transform is given by

1 I‘(a)

B F (Oll= s E[(r® ) * £ () = - "Dy (1.16)
The Laplace transform of fractional derivative of order « is given by Lokenath 2003:
E{D*x()} = s°%(s)— Xi=g s [D @V (0)]=5%(s)— T ¢ 5
Where (n—1)< a <nandc, = D@ Dx(0).
The special function of Mintage- Leffler function is defined by Haubold et al. (Humboldt et al 2009):
Fap@ = S0t (1.17)

Where, B € @,Re(a),Re(B) > 0.1f B = 1 then we have,

k
0 z
Ea1(2) = Yicotmn

Some examples:

1 0 Zk [oe) e 0 Zk
(I) EO,l(Z) = Zk:oﬁ = Zk:o Zk (ll) El,l(Z) = Zk=0m e eZ

P _ o) Zk e?-1 . [e'e) Zk _ z
(lll)El‘z(Z)— 2]{:0 T(k+2) = (lv)El,O(Z) = 2]{:0 m_ze

Z

The function E(t,a, a) is used to solve differential equations of fractional order which is defined by:

(at)*

— -
Etaa)=t — Tk +a+1)

= t%E; 41 (at) (1.18)

Theorem(1.3)[8]:

E(t,,a) = 7 Jy €971 e9Ode

F( )
Proof: We start by the integral in the left-hand side of

1 pa(t=$) 1 ak(t-§)* _ 1
r(a)f {4 et ¢ = F(zx)f ¢ (Zk 0 K )d";_r(a)

o t -
B latth(fy £ (1 - Hagl= =5, [251]
To complete the proof, we have to calculate the integral given by I, where

I=f, £ (1 - $kdg
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Letu = %,then dé =tdu,asé =0thenu=0,andasé =tthenu=1
by substituting into (iii)we get
I=fo1 t Ty (1 — wktdu = t¢ fol u 1 —-wrkdu=t*B(a,k +1) =

t*T(@)l(k+ 1)
Frk+a+1)

x (M=) yields

Substituting of (ii) into (D™y =

(m n)'

o ait teT@kl N (e
F(a) — k! rk+a+1) k=0F(k+a+ 1)

ffa Lgalt-Hgs — tYE o1(at) = E(t,a, a)

I'(a)
1.3 Fractional ordinary differential equations:
The general form of fractional linear ordinary differential equations of order (n, q) is given by
[D 4+ q,_ DOV 4 .. 4 qoDOx(t) = h(t), t=0 (1.19)
Where a = é.]fq =1,thena =1

and equation (1.19) is a simple ordinary differential equation
Of order n. symbolically equation (1.39)can be expressed as

fD9x(t) = h(¢) (1.20)
Where D% = [D“" +a, DO Va4 ... 4 aODO] and
Aoy Ay wee wen one a,_1 are functions of the independent variable t.
Assume that the coefficients ag,a, ... ... ... a,_,are functions of the equation (1.43).They applying the
Laplace transformation with respect to both sides of (1.43) we obtain,
E{[D™ + a,_ D™V 4 ... 4+ q;D°Ix (D)} = £{h ()}  =E{[Dx(O)}+ an £{[D™V|x(t)} + - +
ao£{[D°]x () =[s™%(s) — Xr_; i S™] + ap_1 [s¥ ™ Vi(s) — 2Pzt cpiysk] + -+ ags®x(s) +
aoX(s) = h(s)=[s™" + a,_15% D + oo 4 ;5% + a,]% (5)=0(s) =
?(s)

[sO 4+ a,_1s¥M=D 4 ... + a4, 5% + a;]

x(s) = (1.21)

If the equation of order (n,2), then a = % and formula (1.44)becomes

_ 0]
#(S) = (1.22)

s2+auy_1S 2 +--+aq82+ag

Assume that the R.H.S of (1.45)will be factorized and expressed as,

%(s) = zk:(@& _ Z ()(vs — B,) mr 2 Z (Z)r(s)("l?r)(\/E)mr(ﬁr)mr—i

=1 \/E - 'Br)mr r=1 (S Z)mT r=1i= (S - lgrz)mr
k My
- ZLZ; Sh(s - Z)mr (1.23)

Where

-1
my +my + -+ my, =n,w; = const and s¥i = ((Dr(s)(\/g)mr)

Example (1.2) [9]: consider the following fractional ordinary differential equation with variable coefficients
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tD*(t) + D* 1x(t) + tx(t) = 0, x(0)=1, 1<a<?2 (1.24)
The application of Laplace transform gives
d
= E£[D*(t)] + £[D* x(t)] + £[tx(t)] = 0 =
d 1 0
- = [s“f(s) — Z skDE k=1 x(0) | + [s* ik (s) — Z skpa—k=2 x(O)]
s k=0 k=0
dx(s) _
e 0 =
d dx
— === [s%2(5) = D% 1x(0) = sD*2x(0)] + [s%1%(s) — D" ?x(0)] — — is) ~0 =
—s¢ _dzgs) — as® 1x(s) + D*2x(0) + s* 1x(s) — D¥?x(0) — —dfl(:) =0 = (1+s%) _dzgs) =
(1 - a)s*1x(s)
dx(s) _ (a-1)s*?! _ _ (-
2 = (LD ds=Inx(s) = — In(1+s% +Inc
(1-a
x(t) = £ [c(l +59) ] (1.25)

As special case takes a = 2, then equation (1.25)becomes

tD?(t) + Dx(t) + tx(t) = 0, x(0) = 1,then from (1.48) we have

x(t) = £ [m] = oJo(®).

Definition (1.4) [10] (Lyapunov Stability.) x(t) is said to be stable (or Lyapunov stable) if, given € > 0, there
exists a & = 8(g) > 0 such that, for any other solution, y(t), of (1.48) satisfying |X (ty) — y(ty) |<d (where |.|
is a norm on R™), then |x(t) — y(t)| <efort>t,, t, € R. We remark that a solution which is not stable is

said to be unstable.
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x —
. X(t) y(t)
s A
\ \"‘___ ——_—— .- T
E"',-'.‘ i ~ oo T v ,:
: ‘W =< =/t
t=t0
X
‘ X(t)
‘b y(t)

1.4 Stability
An equilibrium solution, i.e.,x(t) = X, then D x(t, s) f(x) is a matrix
of (1.47) with constant entries, and the solution through the point
y® € R™
of t = 0 can immediately be written as
y(t) = eDf(J?(t))yOI

Thus, y(t) is asymptotically stable if all Eigen values of D f(x) have negative real part

Example (1.3) [11] (Stability and Eigen values of Time-Dependent Jacobians). For a general time,
dependent solution X(t) it might be tempting to infer stability properties of this solution from the Eigen
values of the Jacobian D f(x(t)). The following example from Hale [1980] shows this can lead to wrong

answers. Consider the following linear vector field with time-periodic coefficients
X X
() =20()
Xy X2
Where

-1 +% cos’t 1-— %costsint
A= 3 . 3 .,
—-1- Ecostsmt -1- 5 Sin t
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3 3 . 3 ] 3 ] 3 . 3
= (—1 +2 coszt) (—1 - Esmzt) - (1 - Ecostsmt) (—1 - Ecostsmt) = (1 + Esmzt -3 cos’t —

9 . 3,3, 09 3 . 9 . 9
—cosztsmzt) —1—=+4+=+4- = (1 — = (cos?t — sin?t) — —cosztsmzt) —1+-
4 2 2 4 2 4 4

The Eigen values of A(t) are found to be independent of t and are given by

-1+ V7 —1—-iV7
MO=T 0 AT
—cost\ t sint
_ 5 _ —t
Vl(t) N < sint )ez V2= (cost) ¢

Hence, the solutions are unstable and of saddle type, a conclusion that does not

follow from the eigen values of A(t).

{...A%, ..., A71y0, V0, AV, ..., A™Y,, ..} O the infinite sequence (if the map is C”, r > 1, but noninvertible)
o Ay, -, A™Yo}-

Recall that when the nominal feedback system is internally stable, the nominal performance condition is
||[W,S||l <1 and the robust stability condition is ||W,T||, < 1. If P is perturbed to (1 + AW,)P,S is

perturbed to
1 N S
1—(1+AW,)L 1+ AW,T

Clearly, the robust performance condition should therefore be

IW,Tllw < 1 d” Wi5 |<1 VA
28 lleo S 2N AW Tl S '

Here A must be allowable. The next theorem gives a test for robust performance in terms of the function
s 0 [Wi(s)S(s)] + W ()T (s)I:
Which is denoted |W, S| + |W,T]|.
Theorem (1.4) [7] A necessary and sufficient condition for robust performance is
[[IWS] + [WoT||e < 1. (1.26)
Proof (<) Assume (1.50), or equivalently

IW,T o

d ||—1| <1 1.27
M awTll (1.27)

Fix A. In what follows, functions are evaluated at an arbitrary point jw, but this is suppressed to simplify
notation. We have
1= |1+ AW,T — AW,T| < |1 + AW,T| + |W,T|
and therefore
1— |W,T| < |14 AW,T]
This implies that
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sl <
(=) Assume that
IW,Tll <1 and ||1_|W2T||| <1, vA (1.28)
Pick a frequency w where
W, S|
1— |W,T]|

is maximum. Now pick A so that
1—|W,T| = |1+ AW,T|
The idea here is that A(jw) should rotate W, (jw)T (jw) so that A(jw)W,(jw)T (jw) is negative real. The

details of how to construct such an allowable A are omitted. Now we have
|W, S|

=, T

|W1S| |
So, from this and (1.28) there follows (1.50).

“ 1+ AWLT| ||1 + AW,T
Test (1.26) also has a nice graphical interpretation. For each frequency w, construct two closed disks: one

with center —1, radius |W; (jw)|, the other with center L(jw), radius |W,(jw)L(jw)|. More generally, let’s

say that robust performance level « is achieved if

IW,Tllo. < 1 and ||m| <a VA
Noting that at every frequency
... WS | WS
A<t 1 4+ AW,TI ~ 1 — |W,T]
We get that the minimum « equals
l=wm |W2T||| (1.29)

We allow A to satisfy ||All < . Application of Theorem (1.6) shows that internal stability is robust if
|BW,T|| < 1.let’s say that the uncertainty level B is permissible if

Wil <1 and |25 ) <1, v
IBW-TII and T a7l
Again, noting that
WS WS
N2 T+ gaw, Tl = 1= BIwW,TT

we get that the maximum g equals
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=

Now we turn briefly to some related problems.
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