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Abstract:

In this paper | study bilinear forms on finite dimensional vector spaces. Then define a matrix of a
bilinear form and verification of problems about the bilinear then we discussed to Quadratic form and their
application to solve Reduction of a quadratic form to the diagonal form.
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Introduction:

Consider a finite dimensional, inner product space V over the field R of real numbers. The inner
product is a function form V xV to R satisfying the following conditions.

(1) <au, + fu,,v>=a<u,v>+p<u,,V>

(i)  <u,av,+pv,>=a<uv,>+p<uU,v, >

In other words, the inner product is a scalar valued function of the two variables u and v and is a linear
function in each of the two variables.
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This type of scalar valued functions is called bilinear forms. In this paper we introduce the
concepts of the Bilinear form using finite dimensional vector space.

Preliminaries:
Definition:1
Let V be a vector space over a field F. A bilinear form on V is a function f: VxV—F. Such that
(i) f(au, + pu,,v) =of (u,v) + ff (u,,v)
(i) f(u, v, + pv,) =of (u,v,) + pf (u,v,) Where o, 8 F and ui,uz,vi,v2e V.
In other words, f is linear as a function of any one of the two variables when the other is fixed.
Remark:
b (0, v) =b(v, 0) =0.
Examples:1

e Db (X, Yy)=<x,y>inR"is bilinear and symmetric for any scalar product.
o D ((X1, 1), (X2, y2)) = X1X2 + 2X1y2 + 3y1xz + 4y1y- is bilinear, but not symmetric.

Definition:2
Let C=V1..... Vnbasicof Vand let b be a bilinear form on V. The matrix of b with respect to C is

b(vy,vi) b(vy,vz)... b(vy,vy)
[b]c = |b(vy,v1) b(vy,vy)... b(vy,vy)
b(vn' Vl) b(Vnr VZ)- . b(an Vn)
Theorem:1

Let V be a vector space over a field F. Then L(V, V, F) is a vector space over F under addition and
scalar multiplication defined by

(f+g)(u, v)=F (u, v)+g (u, v) and (x f ) (u, v) = f(u,v)

Proof:
Letf,geL(V,V,F)and a, eF.
We claim that f+g and o, fe L(V, V, F).
(f+g)(euatPuz,v)=f(au, + Buz,v)+g(au, + fu,,v)
=af(u1,v) + ﬁf(uz,v) + ag(ul,v) + fg(u,,v)

=alf (uy,v) + g(u, v)] + BIf (w,v) + g(u,, )]
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=a[(f + @) (u, v)] + BI(f + @) (u,,v)]
Similarly, we can prove that
(fro)(uav, + pv,) = a[(f + g)(w,v,)] + BI(f + 9)(w v, )]
Hence (f+g))e L(V,V,F).
Also (o, f)(au, + Bu,,v)
=a,f(au, + pu,,v)

= a,[af (u,,v) + Bf (u,,v)]

= a,af (u,,v) + a, B (u,,v)

= af(a,f)(us, v)] + Bl(a,f)(u,, V)]
Similarly

(. f)(w av; +v,) = al(a,f(w,v,)] + Bl(asf) (v v, )]
~a,f €LWV,V,F).
The remaining axioms if a vector space can be easily verified.
Definition:3
A bilinear form f defined on a vector space V is called symmetric bilinear form

if f(u, v)=Ff(u,v) forall uveV.
Definition:4

Let f be a symmetric bilinear form defined by V. Then the quadraticform associated with f is the
mapping g: v— F defined by q(v)=f(v, v). The matrix of the bilinear form f is called the matrix of the
associated quadratic form g.

Theorem:2

Let g be a symmetric bilinear form defined on V. Let q be the associated quadratic form.

() (V=7 fa)-au}

(i) fu,v) =§{Q(U+V)-Q(U)-Q(V)}
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Proof:

() 3 {0} = €, )y, u))

= % {f(u, u)+f(u, v)+f(v, u)+f(v, v)-f(u, u)+f(u, v)+f(v, u) }

1

:Z {41(u, v)}

=f(u,v).

(if) S{a(u+v)-q(u)-a(v)}

= 2 {f (U+v, u+v)-f(U)-f(v)}

2
= ~{f(ww +f@Wv) +f v +f(v,v)-f(u, u)- f (v,v)

1

={2f (u, v)}
=f(u, v).
Problem:1
Find the matrix of the bilinear form

F(X, y)=X1y2-X2y1with respect to the standard basis v2(R).

Proof:
au1 = (e1,e1)=f((1,0), (1,0))=(1). (0) = (0). (1) =0
a2 = (e1,62)=T ((1,0), (0,1)) = (1). (1) - (0). (0) =1
221 = (e2,e1)=f ((0,1), (1,0)) = (0). (0) - (1). (1) =-1
a22 = (e2,€2)=f ((0,1), (0,1)) = (0). (1)-(2). (0) =0
The matrix of f; {_2 Ol}.
Definition:5

a1X12+azXo?+ ... +anXn?

Which is known as the diagonal form.
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Definition:6

Let f be a bilinear form on V. Fix a basis {v1,vz,......va}for v.

Then f (u, v)

=f(aV, +........ +a N, NV, .t BV,)

n n

22 @k

=> > aya; B; where f (v,v)) = ai

=L j=1

=~ f(u, v)=XAYT Where

X=(a, w.,),A= (aij)andY = (,81, .....ﬁn).
The nxn matrix A is called the matrix of the bilinear form with respect to the chosen basis.

Conversely, given any nxn matrix A=(ajj) the f: VxV—F defined by f(u, v)=XAYT is a bilinear
form on V and f(vi,vj)=aij. Also, if g is any other bilinear form on V such that g(vi,vj)=aij, then f = g.

Problem:2
find the matrix of quadratic form x12+4xi1x2+3x2? vz in (R)
Solution

Q(X1,X2) = X12+4X1X2+3X22

b
X12+4X1X2+3X2%= (X1,X2) {Z }{Xl}
C

X2
= ax1?+2bX1X2+CX22

a=1, b=4/2, c=3

i
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Conclusion:

In this paper | have discussed on Application of Bilinear forms and Quadratic forms and studies
some of properties. Also, | provided a constructive characterization for all Application of Bilinear forms
and Quadratic forms. This construction is a promising tool for proving further properties of Application of
Bilinear forms and Quadratic forms.
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