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Abstract:  This paper concerns with the problem of obtaining infinitely many non-zero distinct integer solutions of the binary 

quadratic Diophantine equation 1213 22  xy . Employing the lemma of Brahmagupta, we find infinitely many integral 

solutions of the above equation. The recurrence relations on the solutions are presented. An interesting relations among the solutions 

are presented. 
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I. INTRODUCTION 

Equations with integer co-efficient which are to be solved integer are called Diophanine equations.  Consider the linear Diophantine 

equation 432  yx has )2,1( as a solution.  In fact it has finitely many solutions )2,32( tt  , where t is an arbitrary integer.  

A Pell equation is a type of non-liear Diophantine equation in the form 122  Dxy , where D is non-square positive integer.  

when D takes different integral values [1-4].  For an extensive review of various problems, one may refer [5-10].  The above 

equation is also called the Pell Fermat equation. 

                        In this communication, we obtain infinitely many integer solutions to the negative Pell equation 1213 22  xy . 

We also obtained different relations among the solutions, different choices of hyperbolas, parabolas and Pythagorean triangle 

together with their solutions    

 

II. METHOD OF ANALYSIS: 

The Negative Pell equation under consideration is 

   1213 22  xy                        (1.1)  

whose smallest positive integer solution  is 

   1,1 00  yx        

To obtain the other solutions of (1.1), consider the Pell equation 

 

                                            113 22  xy                                                                                         (1.2) 

whose general solution is given by 
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Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~
, the other integer solutions of (1.1) are given by 
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                nnn gfx   13132 1                                                                                     (1.3)  

                       nnn gfy 1313132 1                                                                                 (1.4) 

A few numerical examples are given in the following Table: 1.1 

                     

Table: 1.1 Numerical Examples 

 

n  
1nx  

1ny  

  -1 1 1 

0 829 2989 

1 1076041 3879721 

2 1396700389 5035874869 

3 1812916028881 6536561700241 

4 2353163608787149 6824452051037949 

5 3054404551289690521 11012812225685557561 

 

The recurrence relations satisfied by the values of 1nx and 1ny are respectively, 

                      01298 123   nnn xxx  , ....1,0,1n  

                      01298 123   nnn yyy , ....1,0,1n  

1. A few relations among the solutions are given below:  

(i). 
1nx  and 

1ny  are always odd. 

(ii).  2mod011   nn yx  

2. Relations among the solutions:                       

   

 0180649 212   nnn yxx  

 0180649842401 312   nnn yxx   

 0233640842401 113   nnn yxx  

 0360 213   nnn yxx  

 06492340 211   nnn yyx  

 08424013037320 311   nnn yyx  

 06498424012340 321   nnn yyx  

 0180842401649 123   nnn yxx  

 0180649 223   nnn yxx  

 0180649 233   nnn xyx  

 06492340 212   nnn yyx  

 04680 312   nnn yyx  

 06492340 322   nnn yyx  

 0842401180649 213   nnn xyx  

 08424012340649 231   nnn yxy  

 08424013037320 331   nnn yxy  

 06492340 332   nnn yxy  

 02340649842401 312   nnn xxy  

 0180649 233   nnn xyx  
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3. Each of the following expressions represents a Nasty number: 

                

  16822080623278326
1401840

1
4222   nn xx  

  72678
6

1
2222   nn yx  

  46728664662
3894

1
3222   nn yx  

  60652872683931198
5054406

1
4222   nn yx  

  129601793423278326
1080

1
4232   nn xx  

  467281793478
3894

1
2232   nn yx  

  721793464662
6

1
3232   nn yx  

  467281793483931198
3894

1
4232   nn yx  

  606528722327832678
5054406

1
2242   nn yx  

  46728387972110777
3894

1
3242   nn yx  

  7223278326783931198
6

1
4242   nn yx  

  1684806466278
14040

1
2232   nn yy  

  2186870408393119878
18223920

1
2242   nn yy  

  1684808393119864662
14040

1
3242   nn yx  

  12960617934
1080

1
3222   nn xx  

 

4. Each of the following expressions represents a Cubical Integer: 

                       

  315333 3116391633879721
1401840

1
  nnnn xxxx  

  113333 33913
6

1
  nnnn yxyx  

  214333 33233110777
3894

1
  nnnn yxyx  

  315333 34196559913988533
5054406

1
  nnnn yxyx  

  325343 89671163916329893879721
1080

1
  nnnn xxxx  
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  123343 896739298913
3894

1
  nnnn yxyx  

  224343 896732331298910777
6

1
  nnnn yxyx  

  325343 896741965599298913988533
3894

1
  nnnn yxyx  

  133353 1163916339387972113
5054406

1
  nnnn yxyx  

  234353 1163916332331387972110777
3894

1
  nnnn yxyx  

  335353 1163916341965599387972113988533
6

1
  nnnn yxyx  

  214333 39323311310777
14040

1
  nnnn yyyy  

  133353 41965599391398853313
18223920

1
  nnnn yyyy  

  234353 41965599323311398853310777
14040

1
  nnnn yyyy  

  214333 389672989
1080

1
  nnnn xxxx  

5. Each of the following expressions represents a Bi-quadratic integer: 

                        

 










 

8411040

4155188843879721

1401840

1 42226444 nnnn xxxx
 

 










 

84240

43108521310777

14040

1 22325444 nnnn yyyy
 

 










 

109343520

55954132481398853313

18223920

1 22424464 nnnn yyyy
 

 










 

30326436

45595413213988533

5054406

1 42226444 nnnn yxyx
 

 










 

6480

119561551888429893879721

1080

1 42326454 nnnn xxxx
 

  233641195652298913
3894

1
22324454   nnnn yxyx  

  361195643108298910777
6

1
32325454   nnnn yxyx  

 










 

23364

1195655954132298913988533

3894

1 42326454 nnnn yxyx
 

 










 

30326436

1551888452387972113

5054406

1 22424464 nnnn yxyx
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23364

1551888443108387972110777

3894

1 32425464 nnnn yxyx
 

  3645213
6

1
22224444   nnnn yxyx  

  2336444310810777
3894

1
32225444   nnnn yxyx  

  64804119562989
1080

1
32225444   nnnn xxxx  

 

6. Each of the following expressions represents a Quintic integer:           
                          

        

 
















6575

435323

1398853310777

6994266553885139885330107770

14040

1

nn

nnnn

yy

yyyy
 

 

 
















7555

533331

3879721

5193986051038797210

1401840

1

nn

nnnn

xx

xxxx
 

 
















55

65334312

10777

135388565107770130

14040

1

n

nnnnn

y

yyyyy
 

 
















5575

335313

1398853313

69942665165139885330130

18223920

1

nn

nnnn

yy

yyyy
 

 
















6555

433321

10777

55388510107770

3894

1

nn

nnnn

yx

yxyx
 

 
















7555

533331

13988533

56994266510139885330

5054406

1

nn

nnnn

yx

yxyx
 

 
















7565

534332

29893879721

14945193986052989038797210

1080

1

nn

nnnn

xx

xxxx
 

 
















55

65334312

2989

13149456529890130

3894

1

n

nnnnn

y

xyxyx
 

  5555333311 1356510130
6

1
  nnnnnn yxyxyx  

 
















6565

434322

298910777

149455388529890107770

6

1

nn

nnnn

yx

yxyx
 

 
















7565

534332

298913988533

149456994266529890139885330

3894

1

nn

nnnn

yx

xxyx
 

 
















5575

335313

387972113

193986056538797210130

5054406

1

nn

nnnn

yx

yxyx
 

 
















6575

435323

387972110777

193986055388538797210107770

3894

1

nn

nnnn

yx

yxyx
 

  2143336555 10298905149452989
1080

1
  nnnnnn xxxxxx  

http://www.ijcrt.org/


www.ijcrt.org                                               © 2022 IJCRT | Volume 10, Issue 9 September 2022 | ISSN: 2320-2882 

IJCRT2209252 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org b952 
 

 
















7575

535333

387972113988533

193986056994266538797210139885330

6

1

nn

nnnn
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III. REMARKABLE OBSERVATIONS: 
 

1. Employing linear combinations among the solutions of (1.1), one may generate integer solutions for other choices of 

hyperbola which are presented below: 

 

Table: 1.2 Hyperbolas 

S. 

No Hyperbolas  YX ,  

1 400786062154213 22  YX  
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31

1076041

,3879721
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nn

xx

xx
 

2 14413 22  YX  


















11

11 ,13

nn

nn

xy

yx
 

3 6065294413 22  YX  


















12

21

2989

,10777

nn

nn

xy

yx
 

4 51344102188080013 22  YX  




















13

,31

3879721

13988533

nn

nn

xy

yx
 

5 466560013 22  YX  


















23

32

1076041829

,29893879721

nn

nn

xx

xx
 

6 6065294413 22  YX  


















21

12

829

,298913

nn

nn

xy

yx
 

7 14413 22  YX  


















22

22

2989829

,298910777

nn

nn

xy

yx
 

8 6065294413 22  YX  


















23

32

3879721829

,298913988533

nn

nn

xy

yx
 

9 51344102188080013 22  YX  


















31

13

1076041

,387972113

nn

nn

xy

yx
 

10 6065294413 22  YX  


















32

23

29891076041

,387972110777

nn

nn

xy

yx
 

11 14413 22  YX  


















33

33

38797211076041

,387972113988533

nn

nn

xy

yx
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12 78848640013 22  YX  


















21

12

2989

,1077713

nn

nn

yy

yy
 

13 665600132844504013 22  YX  


















31

13

3879721

,1398853313

nn

nn

yy

yy
 

14 78848640013 22  YX  


















32

23

29893879721

,1398853310777

nn

nn

yy

yy
 

 

2. Employing linear combinations among the solutions of (1.1), one may generate integer solutions for 

other choices of parabolas which are presented below: 
 

 

 

 

 

 

 

 

 

 

 

 

  

Table: 1.3 Parabolas 

S. No 
Parabolas  YX ,  

1 4007860621542131401840 2  YX  
















13

31

1076041

,3879721

nn

nn

xx

xx
 

2 144136 2  YX  
















11

2222 ,13

nn

nn

xy

yx
 

3 60652944133894 2  YX  




















12

,3222

2989

10777

nn

nn

xy

yx
 

4 513441021880800135054406 2  YX  


















13

4222

3879721

,13988533

nn

nn

xy

yx
 

5 4665600131080 2  YX  


















23

4232

1076041829

,29893879721

nn

nn

xx

xx
 

6 60652944133894 2  YX  


















21

2232

829

,298913

nn

nn

xy

yx
 

7 144136 2  YX  


















22

3232

2989829

,298910777

nn

nn

xy

yx
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8 60652944133894 2  YX  


















23

4232

3879721829

,298913988533

nn

nn

xy

yx
  

9 144135054406 2  YX  
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2242

1076041

,387972113

nn

nn

xy

yx
 

10 
         60652944133894 2  YX  


















32

3242

29891076041

,387972110777

nn

nn

xy

yx
 

11 144136 2  YX  
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4242

38797211076041

,387972113988533

nn

nn

xy

yx
 

12 7884864001314040 2  YX  
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2232

2989

,1077713

nn

nn
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yy
 

13 66560013284450401318223920 2  YX  


















31

2242

3879721

,1398853313

nn

nn

yy

yy
 

14 7884864001314040 2  YX  


















32

3242

29893879721

,1398853310777

nn

nn

yy
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3. Employing linear combinations among the solutions of (1.1), one may generate integer solutions for 

other choices of straight lines which are presented below: 

 
  

Table: 1.4 Straight lines 

S.No 

Straight lines  nn YX ,  

1            nn XY 180  


















11

21

13

,2989

nn

nn

yx

xx
 

2 

nn XY
649

180
  


















21

21

10777

,2989

nn

nn

yx

xx
 

3 

    nn XY
842401

180
  




















31

,21

13988533

2989

nn

nn

yx

xx
 

4              nn XY   


















32

21

29893879721

,2989

nn

nn

xx

xx
 

5 

             nn XY
13

1
  


















12

21

1077713

,2989

nn

nn

yy

xx
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6 

           nn XY
16874

1
  


















13

21

1398853313

,2989

nn

nn

yy

xx
 

7 
nn XY 233640  


















11

13

13

,1076041

nn

nn

yx

xx
 

8 

nn XY
649

233640
  


















21

13

10777

,1076041

nn

nn

yx

xx
 

9 

nn XY
842401

233640
  


















31

13

13988533

,1076041

nn

nn

yx

xx
 

10            nn XY 1298  


















32

13

29893879721

,1076041

nn

nn

xx

xx
 

11             nn XY 360  


















12

13

298913

,1076041

nn

nn

yx

xx
 

12 

nn XY
13

1298
  


















12

13

1077713

,1076041

nn

nn

yy

xx
 

13 

            nn XY
649

1
  


















21

11

10777

,13

nn

nn

yx

yx
 

14 

nn XY
842401

1
  


















31

11

13988533

,13

nn

nn

yx

yx
 

15 

nn XY
180

1
  


















32

11

29893879721

,13

nn

nn

xx

yx
 

16 

nn XY
2340

1
  


















12

11

1077713

,13

nn

nn

yy

yx
 

17 

nn XY
3037320

1
  


















13

11

1398853313

,13

nn

nn

yy

yx
 

18 

nn XY
842401

649
  


















31

21

13988533

,10777

nn

nn

yx

yx
 

19 

nn XY
180

649
  


















32

21

29893879721

,10777

nn

nn

xx

yx
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20 
nn XY 649  


















22

21

298910777

,10777

nn

nn

yx

yx
 

21 

nn XY
2340

649
  


















12

21

1077713

,10777

nn

nn

yy

yx
 

22 

nn XY
3037320

649
  


















13

21

1398853313

,10777

nn

nn

yy

yx
 

23 

nn XY
120

561601
  


















32

31

29893879721

,13988533

nn

nn

xx

yx
 

24 

nn XY
649

842401
  


















12

31

298913

,13988533

nn

nn

yx

yx
 

25 
nn XY 842401  


















22

31

298910777

,13988533

nn

nn

yx

yx
 

26 

nn XY
2340

842401
  


















12

31

1077713

,13988533

nn

nn

yy

yx
 

27 

nn XY
3037320

842401
  


















13

31

1398853313

,13988533

nn

nn

yy

yx
 

      

 

  4:    Consider ., 111   nnn xqyxp  Note that .0 qp    

Treat  qp ,  as the generators of the Pythagorean triangle  ),,( ZYXT   

where  .,,2 2222 qpZqpYpqX    

Then the following results are obtained: 

a)  .02411132  ZYX   

b) 

 

.
2

11  nn yx
P

A
                                     

c) 

 

)(3 YZ   is a nasty number. 

d)  

 

)
4

(3
P

A
X 

 

is a nasty number. 

e)  

 

Y
P

A
X 

4

 

is written as the sum of  two squares. 

IV. CONCLUSION                                                 

       In this paper, we have presented infinitely many integer solutions for the negative  Pell Equations 1213 22  xy .  As the 

binary quadratic Diophantine equations are rich in variety, one may search for the other choices of Pell Equations and determine 

their integer solutions along with suitable properties 
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