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Abstract: - In this study, we evaluate three Fourier series using an integral using sine function, exponential
function, the product of the Kampe De Feriet functions and the I-function of 'r' variable specified by Prathima
(2). Which is of interest itself and many find significance usage in the field of applied Mathematics. Several
researchers finding can be combined on specializing parameters. We also access a number of integrals. Utilizing
the I- function of ‘r’ variable in order to obtain a multiple exponential Fourier series a Mathematical series.
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1. Introduction: -

Mishra (1990) analyzed the following integral in this paper.

) ay; imm/2 (ap). €' T(w+2hr)
T, . w—1 _imx p’ . 2h _me 00 P
fo (sinx) e kg [ﬁqic (sinx) ]dx T Twen 4r=0gy r|4rhr F(W+2hriM+1)
/"’ 2

(1.1)

Where (a), denotes ay, ...,ap;'(a £ b) represents I'(a + b).I'(a — b); h is a positive integer ;p > q and
Re(w) > 0. Recall the following elementary integrals:

T om T,m=mn;
fo e dx = {O,m *+n; (1.2
T/, m=n=#0;
T _imx 2
J, €™ cosnx dx =4, m=n=0; (1.3)
0,m =+ 0;
T imx s i/, m=n.
e™* sinnx dx = 2’ (1.4)
Jo { 0,m # 0;

Provided either both m and n are odd, or both m and n are even integers. Mishra Employed (1.2), (1.3) and (1.4)
to establish three Fourier series for the product of generalized hyper geometric functions. She has also evaluated
a double integral and a double Fourier exponential series for Fox's H-function.

We evaluate an integral using the product of the Kampe De Feriet functions and the I function of ‘r’
variable in this document and apply it is to generate three Fourier series involving the |- function of ‘r’ variable.
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A multiple integral involving I function of ‘r’ variable is also evaluated. Derive a multiple Fourier series
utilizing the above I- function of ‘r’ variable.

Finally, we also discuss some particular cases.

For brevity, we shall use the following notations:

Hil(ek)r+tl'[’:§=1(fk)r ’iél(f;é)t _
b1 (90 T 2y Frge Iy TTHZ, (R,

Mt et Moy G T (£,
Hk1_1(91k1)r1+t1 Hk1 1( 1k1)7”1 k1=1( kl)tl

[T -1 Cng It T2 g D Ty (foe ).
Hk —1(gn n)rn+tn Hk _1( Nk, )rn Hk =1 (h’ )t

=€,,.

2. Main Integral: In this section, making as appeal to (1.1), we derive

T, . w'—1 pimx (e)(f):(f,)
fo Gsimx)* et (9): (h); (W'Y

a(sin x) 2 B(sin x) ¥
% 10/1(;4’ v’) (™ p ) [(a): 6’,. Q(n)] [(B"):0']; ..
AC:[B",D"];..; B™.D™) (c): vy, ...,l/)(”): [(d"):6'];...;

p™). (n);
[[((b(n))):?(n)]]_h(Sin x)201 , ey Zn(Sin X)chl P,

memi2 oy (@/aP)" (BAN)0a+ (0 Y™ ™) [(@):6"...; 6],
ow'-1 &nt=0 r! t! A+1,c+2:[B'D'];..; (B™.) [(C):lp"___’w(n)]’

[1—w' —2pr — 2yt: 20y, ..., 20,: ¢']; ..; [(B™): (¢ ™)];

[1—a)’—2pr—2yt-l_-m

I ][(d')a] Aa®ys) | 1)

V401 " gon
Provide that |argz;| < /2 A;,
i ® ® i i
Z;{ 9(1) z]f1=/1+1 9](1) Zv() ¢(l) Zﬁ ¢(1) §:1¢](l) Z# 6(1) ZD() 5(1) > 0,1 — 1’ )

j=r®+1 j=u®O+1Yj

and Re(w') > 0; a, B, p,v, 04, z; are positive integers, i =1,..., n. Now making an appeal to (1.1), we derive a
multiple integral

fon fon(sin x)917 L L (sinx)n et (myxy + -+ Mpxy)
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Eq:Fy:Fy: (61) (fl) (fll)
Gu:HyH 1(gy): (hy): (D)

En:Fpn:Fy [(en) (fn) (fn)
(gn): (hn): (hy);

[(a): o' .. 0(”)]: [(B):@'];..5 . [b(n): d)(”)]; z,(sin xl)z"l(n)

a4 (sinx;)?r1, B (sin xl)zh]

.XF

Gp:Hp:Hj, an(sin xn)zan ﬁn (Sin xn)zy”]

02:(p' 0 )i (D M)

AC:[B',D"];..; (B™.p(M) dx; ..dx,

[(c): Y, ...,1/)(")]: [(dD:6'];..; , (d("): 6(")); Zl(sinxl)z"n(n)

_ 7.L.nei(m1+~-.+mn)1'r/2 200 ZOO ( )
(Wi +—+wn)-n Ty, t1=0 =+ ity t, =0 €1 ...€n

(&) (8) ()" (f)"

11! t,! ! tn!

““a+n,c+2n:[B’,D'];..; B™.pM)

0A+n: (#/ v/) _____ (”(n) v(n)) [[(a) e’ ) B(n)], [1 — w1 — ZplT'l - Zyltll 20"1 . ,ZO"n], .

1-w1—2p,r1—2y,t1tm 4 '
[(c):i,b'; ...,l,l)(")] [ L > L n:al,...,an],...,

|1 = wn = 2put0 — 2patn: 207, .20 ) [(0): ¢'1;
1—wy, —2p,1; — 2yt £ M
[ n PnTn Ynln TNy : 0-1(n): ".,O_T(ln)] : [(d’)5'];

2
S [(p®): ™.
[( (n)) d)(n)] ; () ~ (n)l (2.2)
,[(d )5 ]; <o +otog ) 4(0 ++0 )
provided that all conditions of (1.1) are  satisfied and Re (w;) >
0;04, .. al(”) Oy )y + (") , i, Bi, pi, Vi, Z; are positive integers (i = 1,...,n)

3. EXPONENTIAL FOURIER SERIES:
Let

s w' — E:F:F (e): (f) (f’); a (Sinxl)zp
f(x) = (sinx) 'FG :H:H' (g): (h): (h); ay(sinx,)?

0,1:(u' v (u™ ) [(a) 6'.. (n)] [(b): ¢]
e 50 [0y s [y B

5 [p™: ™) ]
S [(@m™: M) ]

= e AyePx (3.1)

z,(sinx;)%%, ..., z,(sin x,)?%n

which is valid due to f(x) is continuous and of bounded variation with interval (0, 7).

Now, multiplying by e* both series in (3.1) and integrating it with respect 0 to = from 0 to x, and then making
an appeal to (1.2) and (2.1),
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We get

lpx/z 4P\ 4t
A, = ’12”0 (a/4P)" (B/47)

r! t!

[(a): o'..; 9(”)]
[(©): ¢ ..., p™]

[1-w" —2pr—2yt:20y,..,20 [ [(B):¢'];..; [(b™): p™];

0,+1:(u' v (™ (M)
A+1,c+2:[B",D'];..; (B™.0(V)

1—w' —2pr—2yt+
w pzr yt_mla l [(@):87; s [(d): 6]
Zq Zn
o (32)

An appeal to (3.1) and (3.2) gives the required exponential Fourier series

Integrating both sides with respect to x from 0 to x, we get

. w'—1 pEFF | (@) (F): (f); a (sinx;)%°
@S0 Foar | (g): (h): (h; ﬁ(smxlwl

x 10,1 (v, v') (™ M)y [(a): 0'..; H(n)]' (b’) d), o O [b(n)' d)(n)]'

: 201 : 20m
A1 Yes BP0 |[(€): 9, s p ] [(): 875 s (AP 6, z1(sinx )?%, ..., z,(sinx)

[ee] (o] t L
= Z Z eiP(TE/Z—x).e. (a/4p)r (13/41') % IO,/’l+1:(u v );...;(u(n).v(n))

r! t! A+1,c+2:[B",D'];..; B™.0(V)
p=—oo1,t=0

[(@):6,..; 6™][1 —w' —2pr —2yt: 20y, ...,ZO'n], [(B):9'T;..; [(B™): p™];

[(©: ', ...,p®] l ZPZT — Zytim:% l [(d): 8. [(@™): ™];
o (33)
4, Cosine Fourier Series:
Let
a1 B | (@) (F):(fN); a(sinx)?

fG) = (0" o | (g): (): (k) al(s1nx1)2vl

DA Y a5 [(a):@' . H(n)], [(B)): d'];..; .[b(n).¢(n)].] _ o . -
xIAC[: D (P;(n).D(b)) [[(C):l/) O] o [(A: 50, ]zl(smxl)Z ooy Zn (Sin xq)?

= By, + Xp=1B, cospx 4.1)

Integrating both side with respect to x from mr, we get

1 Is) ()" (ﬁ)t
Boj2 = \/_Ezr,t=0 € o

r! t!
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0141w Yieiu® oy [ [(@):67, ..., 0]
A+1,c+7:[B',D'];..; (BT.D(M) [(c) W', l/)(”)]

[2_:)' —pr—yt:oq,..,0 ] [(b"): ¢ [(b(n)) ¢(n)]

[1—2@: —pr—ytioy,.. ] [(d"): 8']; [(d(n)) 5(n)]

AT (4.2)

Now, multiplying by both sides in (4.1) and integrating it the respect to x from 0 to x, and finally, making an
appeal to (1.2), (1.3) and (2.1), we derive

e'Px/? c @ ®F
Bp Zrt 0€ T

0+ 1:(t" 0" )i () 0 MY [(@):0',...,6M],
A+1,c+2:[B',D'];..; (B(W.D(M) [(c): v, ___’l/)(n)] ’

[1-w' —2pr—2yt:20,,...20,]:[(B):¢'T;..; [(B™): ¢™];

[l_w’ =l 01y e O'n] [(d):6]; ...; [(d(")): 6(")];%, ., 4.3)

2 40’n

Using (4.2), (4.3), from (4.1) we get required cosine Fourier series

(sinx)@'~1 FEF" (@): (f): (f"); a (sinx )2 l 0,2:(1! 0 )i (U ()

G:H:H' [(g): (h): (h); ay(sinx )|~ "ac:[B".0'].; B™.0®))
[(a): 9/, Q(n)]. (b’) d)l Sl [b(n): ¢(n)];]
[(©: ', ..., p™]: [(@):6'];. -;[(d("):5("));]

@ B
Zrt 0€

r! t!

z;(sinx;)%%, ..., z,(sin x, ) %%

[ORHL ()0 5 ) [(@):6,...,6™],
A+1,c+1:[B",D'];..; (B™.D(M) [(c):l,[)', ___,¢(n)] )

[2 —Zw —pr —ytioy, ..., l :[(b"): ¢ [(b(n)) ¢(n)]

ll —Zw' —pr —yt:oyq, ..., Unl [(d)D): 8T; [(d(n)): 5(n)];

(a/4P)" (B/4N)¢
r!

00 [ ipx/2
+2p=12rt=0 € €7 /2 cos px m

L0 s ) [(a)'G’ -(9(")],
20'-2"A+1,c+2:[B',D'];..; (B™.0M) [(c) W', (n)]’

[1— o' —2pr — 2yt: 20y, ..., 20,]: [(B"): ¢']; ...; [(B): ¢ ];

1—w —2pr—2yt+m
2

0y, ][(d)a 5[(@m): 6]

e | (4.4)

4g1) ;4an
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5. Sine Fourier Series:

Let

'_1 FE :F:Fr (e) (f) (f ) a (Sin xl)zp Ol(ﬂ’ vl) (ﬂ(n) v(n))
G:HH (g) (h) (h ) a1(51n xl)zy Ac:B'.D'];... ; (B p®))y

l [(a);g’ Q(Tl)]. (b')'d)" . .[b(n).¢(n)]
[(©): 9, ., p™]: [(d):67; [(d<n> s™);]

= Yp=1 C, sinpx. (5.1)

f(x) = (sinx)®

z1(sinx;)?%1, ..., z, (sin x; ) %%

Multiplying by e?™* both sides in (5.1) and then integrating it with respect to x from 0 to x, and making an
appeal to (1.4) and (6.1), we obtain

_ iPx/2 soo (a/4P)T (B/4aM)t 5 (O (W' ") (@)

p T e TE At 0 & t! A+1,c+2:[B’ D’] (BM pm)

[(@:6',...; 6™][1 - —2pr —2yt:20y,...,20 [: [(b):¢'];..; [(b™): p™]; | .
[(C):l/)', ...,l/J(n)] [1—wr—2pzr—2ytim:0_1’" ] [(d) 5 [(d(n)) 5] 401 4<Tn ( )

Now making an appeal to (5.1) we get required sine Fourier series

w1 pEEEe | (@) () (F)a(sinx)?e | oa(u! v s (u™ o)
I Fot | (g ): (h)s () ﬁl(slnx)2vl a6 o)
[(a):@’ (n)]'[(b,)'¢’]' . .[b(n).d)(n)].]
[(): ', ¢<">] [(@):87;..; i [(d™:6™); ]

ipx/2 Pp\T Y\t
2€e sin px (a/4' )" (B/4Y)
t!

z,(sinx;)?91, ..., z, (sinx, )2 l

= Z;))oz—oo Z?‘?t:()

0,A+1:(p" ') (U™ ™) [(a): G g(n)],
A
A+1,c+2:[B",D'];..; (B™W.p(V) [(c): Y; ___'d,(n)] )

[1—w' —2pr — 2yt:20y, ..., 20,]: [(B): ¢'T; s [(B™): V]

[1_‘“' _szr_zytim:al, l [(@): 87 ; [(d™): 6]

o (5.3)

4(]'1’ ’4-0-71
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6. Multiple Exponential Fourier Series:

Let

(x4, ., %) = (sinxy)®1™1 .. (sinx,)®n !
1 n 1 n

FE :F:FI,' (e): (fl): (fll); a; (Sil’l xl)zpl I
GHH (91 ): (h1 ): (h)); By (sinx,)?r1

FEntFuiFy (en): (fi): (f); oy (sinxy, ) 2em 04 v )ss (™ ™)
" GriHniHn | (g,): (hy): (Ry); Br(sinxy)2vn |’ "Ac:[B".D"];.; B™.D®))

[, s 9] [(@): 8 oe; (A: 8MY; 2, (50 %7)2% .. (sin )2

|r [(@):6, .., 6™ [(B): @'];..; s [D™: p]; 2, (sin xl)zm..-(siHM)za(ln) }

= 2;)01=—OO "'Zzon—1=_°°Ap1.-.pn- e—i(P1x1+“'+pnx1) (62)

Equation (6.1) is valid, since f (x4, ..., x;,) is continuous and of bounded variation in the open interval (0, o). In
the series (6.1), to calculate A, we fix x4, ..., x,,_1, SO that

oo
Z Aplpn e_i(p1x1+"'+p1x1)

Depends only on p,,
Furthermore, it must be the coefficient of Fourier exponential series in x,, of f (x4, ..., x,,) over 0 < x,, < .
Now multiplying by e‘™»*x both sides in (6.1) and integrating with respect to x,, from 0 to.rr, we get

(sinx;)%t * B (sinx,_,)®n-1 -1 F:l.::l :1: [(61 ): (fl): s (Sin N )2 1]
I (g): (- G); B (sinxy )™

pEn=1n-1 Fp—1’ [ (en—1): (fn—l): (fa-1)s @ n(sin X, )an_1 ]
oo i (gn-1): (hn=1): (hp_1); B (sinxp,_4 )2"”-1

(en ): (F,): (f); aty (sinc, )4

(91): (hy): (hD); By (sinxy )2”"

0,2:(1 0 );.i () ) [(a): e’,.., 9(")]: [(B):d];..;
AC:[B",D'];..; B™.p®D)) [(©): ¢, ., p @] [(@): 8.

. Ep :Fpp :FY
. i n frp n

X inx. .)®n-1 giMnXnp

fo (sinxp—1) € Gn :Hyp H},

[(B™): p™]; z, (sinxy)2°7, ..., (sin xn)zain)

dx,

o , )
: s Zn ., n
[(d0): 50 2, in )7, G 2,07

—_ o [¢e] .
- Zp1=—oo an_1=—oo Apl---pn- e~ iP1x1++Pn—1xn-1)
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+ Z;)Onz—oo fonel'(mn_pn)xn dxl' (62)
Using (1.2) and (2.1), from (6.2), repeatedly, we get

A - - el P1++PR)T/2
D1.-Dn=2 —ge D =0 5——F————=7 (&1..&n)
1 n 71,61=0 7r1,t1=0 2(w1++wn) n 1-<n

()" @) @) ()

7! tq! ! t,!

0,7L+n:(ﬂ’,v’);...;(,u(n).v(n));...; [(a): o', ..., e(n)]
X I
A+n,c+2n:[B’,D'];..; (B(W.p(1)) [(c): Y, ..., w(n)]

[1 —wq — 2p1 — 2Y1t1: 201, ..., 20y, ], o

1-w; =2piry —2y1t; &+ my ,
| s

> 109, -

[1— wp = 201y — 2ynty: 207, ..., 207, | [(B"): ¢'];

1—w, —2p,1,, —2y,t, + m
[ i ; i n:al(n), ...,0,2")] :[(d"):6'];

(6.3)

s [™):™] o ]
|

e [((@): 5)]; fere o) e

Using (6.3), in (6.1) we get required multiple exponential Fourier series

(e2): (f,): (f)s @y (sinxy )
(91): (ha): (R By (sinx; )™

) B ) Ey :Fy :F{
(sinx;)®1 71 .. (sinx,)®n-1 TR

(en): (F,): (s, (sinx, )
(gn ): (h): (hp); B (sinx,, )Zyn

02:(1t" 0" )i (I () [(a): o', ..., 9(")]: [(B):d];..;
4B BWDO) [[(): ', ..., pM]: [(d): 8; ..

Eq :Fy :FY
""" Gy :Hp :Hy,

[(B™): p™]; z, (sin %)%, ..., (sin xn)z"in)

: dxp
. _ (n)
()50 G )
_ Zoo Zoo _ ©1-&n e—i(p1x1+“'+ann)
= P1yaPp=—00 *** LuTq,..,Tp.tq,.., tn=0 2(w1+...+wn)—n

@) @) @) @)
ei(p1+"'+pn)n/2 4p1 4‘},1 4Pn 4‘)/”

7! tq! 7! ty!

o +n:(p' v )i (W™ ™);.; [(a): ', ..., Q(n)]
X1
A+n,c+2n:[B',D"];..; (B™W.0()) [(c): Y., lp(n)]
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[1—w; —2pymy — 2y1t3: 201, ..., 205 ), -,

[1 — Wy —2pin —2y1tkmy ,]
5 : oyl ...

[1 — Wy — 2PpTy — 2Yntn: 201(n) e 20,(ln) ]: [(b"):9'];

1—w, —2p,1,, — 2y,t, tm
[ n — “Pn ; Yt . al(n), ...,a,(ln)] :[(d"):6'];

!
oq+t+0
iy

S[(®™):p™]; .
[(d®):6™];  (ohrvol) Q) (6.4)

7. Particular Cases:
Putting £, ..., Bn, = 0in (2.2), we get
L.H.S. of (7.1)

fon fon(sin x,)@1 L (sin x,, ) @n2 glMaXst+maxn)

(e), (f0);

- 2
X g +F,FG 41, (g1), (hl)a’l(smxﬂ "1]

(en), (fu);

s Ep+F G +Hy (gn), (hn)an(slnxn)zpn]

0,1:( 0 )55 (™ M) [[(a):@’ LM [(B):9'];..
A€ {50} BP0 [[(©): 7, .., pO]: [(d): 8.
™

[(B™): ¢™]; z, (sin x,)291 ..., (sin x,)2%1
> dx1 dxn

[(@™): 6M]; 7, (sin x1)%on ..., (sin xn)z"gn)

(ﬂ)nei(m1+---+mn)n/2 i Hk1—1 ( 1,(1)7«1 HI)?l:l (f1k1)r
20wy +  + wy) " L Hk1—1 (glkl) H’,lezl (hlkl)r

in=1 (enkn) Hk1—1 (f"kn)rn (%)rl
Hkn—l( n) Hkn—l( nkn)rn e

IO,A+n:(u’,v’);...;(u(n).v(n));...; [(a)5 ', ..., Q(n)]
rmcrands 5L (60 | [y s 0]

[1 —w; — 2pi1y: 207, ...,20, ], v

l1-w; =2pintmy | ,
i ST
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[1 — Wy, — 2Ppty: 201(n) , ...,20,571) ]: [(b):¢'];

1-w, —2pymtm
[ n ann n:O'l(n), . (n)] [(d)6]

S [(d™): 6]; [Frrsat®) 7 (eeal) (7.1)

S[0™):¢™) 2 ]

Further putting a4, ..., @, = 0 in (7.1), we obtain

L.H.S. of (7.2)
s s
f J(sinxl)“’l‘1 . (Sin x,) @n =1 @l(MaXat+MnXn)
0 0

[(@):6',...,6™]:[(6): ¢];...
[(C):l/)’,...,llj(n)]: [(d):6'];

o (O )i u P ™)
A,C: (B™.D™)

[(B™): ¢™]; z, (sin x,)%91, ..., (sin xn)Z‘fin)

dx; ..dxy,

[(@™): 6M™]; 7, (sin x1)2% ..., (sinx, )zain)

(n.)nei(m1+---+mn)7r/2

2001+ + wp) "

I0,/1+n:(u’,v');...;(u(n).v(n));...; [(a): 6,r ey e(n)]
A+n,C+2n:[B’,D'];..; (B(W.0(V) [(C): Y., 1/,(")]

[1 — W, —:207, ..., 20, ], L [1 — Wy, —: 201(n) , ...,ZG,Sn) ]

l-w,tm; . l—wptm, i

fomtm ) st ) )
[(b"): ¢ S[(™):p™];  z z,
[(d):8'T; ...; [(d™): 6M]; ((, oro) 4(0 ot [

Now putting a + 8 = 0 in (3.3), we establish

1101(;1 2 (u ™M) [(a) 6’,. Q(n)] [(b"): ¢]
Ac:[B",D';..; (B'.D") [(c).¢,...,¢<">]; [(d):8'];

[p®: 4L
[(@:5®)]

(sinxp)®1™

z;(sinx;)?%, ..., 2, (sin x;)%%n l

(0]

. I
3 Z ePG™ 10,1+1(va') Sumamy, s [[(@):67,...,0™],
- 20'=1 "a+1,c+2:[B",D'];..; (B™,D™M) [(c): v, ___’l/)(n)],

p=—0

[1— w20y, ...,20,: 1: [(B): 9']; s [(B™): p™];
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[1—w’—ip;o_1,. ] [(@):87; ... [(d™):6M]; 2, ..., 2o (7.3)

2 401’ 7" 40n

Letting p = 21 as an integer, from (7.3) we establish

L.H.S. of (7.3)
_ L oW )™ [(@):6',...,6™],
\/_ A+1,c+1:[B",D'];..; (B™,p™) [(c) Y. 1/)(”)],
2 - N (). 4 (n) ]
5101 On :[(b):¢];...;[b o) ]; |
! Z1y eyl I
1-w
[ oo ...,crnl [(d):8']; ... [d(n): 6(")]; Jl
O,/1+1:(u’,v’);...;(u(n).v(n));...;
toos Yip=1 cos lm cos 2lx IA+1,C+2:[B',D'];...; (5 p(m)

[(@:6,.., 0] [1 ' = 204, ..., 20,]: [(B): ¢ ..; [(B™): p™];

[<c>¢ e P ][(d)a 5 [(@m): s

a2 (7.4)

2017 ) o
Further letting p = (21 + 1) as | is an integer, from (7.3) we obtain
L.H.S. of (7.3) = Zp 1sin(2l + 1)m/2.sin(21 + 1)x

IO A+1:(p v ) (W@ ™);
A+1,c+2:[B",D'];..; (B(”)D("))

[(@):6,...,6™],[1 - o =204, ..., 20,]: [(B): §'T; ..e; [(B™): p™];

©): Y, .., p™], el ) i2(2l ) 01, ) O'nl: [(d):6']; ...; [(a™): 6™];

., (7.5)

2017 " 20m
Similarly, remaining particular cases can be evaluated by (4.4) and (5.3) applying the same techniques.

It is interesting to note that, after little simplifications, from (7.1), (7.2), (7.3) (7.4) and (7.5), we can be
obtained as special cases of our results.
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