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1. Introduction: - 

Mishra (1990) analyzed the following integral in this paper. 

∫ (sin 𝑥)𝑤−1 𝑒𝑖𝑚𝑥 𝐹𝑝
 

𝑞 
 [

𝛼𝑝;

𝛽𝑞:
𝐶 (sin𝑥)2ℎ] 𝑑𝑥

𝜋

0
=

𝜋 𝑒𝑖𝑚𝜋/2

2𝑤−1
∑

(𝛼𝜌)
𝑟
 𝐶′ Γ(𝑤+2ℎ𝑟)

(𝛽𝑞)
𝑟
𝑟!4ℎ𝑟 Γ(

𝑤+2ℎ𝑟±𝑀+1

2
)

∞
𝑟=0      (1.1) 

Where (𝛼)𝑝 denotes 𝛼1, … , 𝛼𝑝; Γ(𝑎 ± 𝑏) represents Γ(𝑎 + 𝑏). Γ(𝑎 − 𝑏); ℎ  is a positive integer ; 𝑝 > 𝑞 and 

𝑅𝑒(𝑤) > 0.  Recall the following elementary integrals: 

  ∫ 𝑒(𝑚−𝑛)𝜋𝑑𝑥 = {
𝜋, 𝑚 = 𝑛;
0, 𝑚 ≠ 𝑛;

𝜋

0
           (1.2) 

∫ 𝑒𝑖𝑚𝑥 cos 𝑛𝑥 𝑑𝑥 = {

𝜋
2⁄ ,     𝑚 = 𝑛 ≠ 0;

𝜋,          𝑚 = 𝑛 = 0;
 0,𝑚 ≠ 0;

𝜋

0
                                                      (1.3) 

∫ 𝑒𝑖𝑚𝑥 sin𝑛𝑥 𝑑𝑥 = {
𝑖𝜋

2⁄ ,     𝑚 = 𝑛.

0,𝑚 ≠ 0;

𝜋

0
                 (1.4) 

Provided either both m and n are odd, or both m and n are even integers. Mishra Employed (1.2), (1.3) and (1.4) 

to establish three Fourier series for the product of generalized hyper geometric functions. She has also evaluated 

a double integral and a double Fourier exponential series for Fox's H-function. 

We evaluate an integral using the product of the Kampe De Feriet functions and the I function of ‘r’ 

variable in this document and apply it is to generate three Fourier series involving the I- function of ‘r’ variable. 
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A multiple integral involving I function of ‘r’ variable is also evaluated. Derive a multiple Fourier series 

utilizing the above I- function of ‘r’ variable. 

Finally, we also discuss some particular cases. 

For brevity, we shall use the following notations: 

∏ (𝑒𝑘)𝑟+𝑡 ∏ (𝑓𝑘)𝑟 ∏ (𝑓𝑘
′)𝑡

𝐹′
𝑘=1

𝐹
𝑘=1

𝐸
=1

∏ (𝑔𝑘)𝑟+𝑡 ∏ (𝑓1𝑘1
)𝑟1

∏ (ℎ𝑘
′ )𝑡

𝐻′
𝑘=1

𝐹1
𝑘1=1

𝐺
𝑘=1

=∈ 

∏ (𝑒1𝑘1
)𝑟1+𝑡1

∏ (𝑓1𝑘1
)𝑟1

∏ (𝑓1𝑘1

′ )
𝑡1

𝐹′
𝑘1=1

𝐹1
𝑘1=1

𝐸1
𝑘1=1

∏ (𝑔1𝑘1)𝑟1+𝑡1
∏ (ℎ1𝑘1

)𝑟1
∏ (ℎ𝑘1

′ )
𝑡1

𝐻′
𝑘1=1

𝐻1
𝑘1=1

𝐺
𝑘1=1

=∈1 

            ….  ….  ….  ….  

∏ (𝑒𝑛𝑘𝑛
)𝑟𝑛+𝑡𝑛

∏ (𝑓𝑛𝑘𝑛
)𝑟𝑛

∏ (𝑓𝑛𝑘𝑛

′ )
𝑡𝑛

𝐹𝑛
′

𝑘𝑛=1
𝐹𝑛
𝑘𝑛=1

𝐸𝑛
𝑘𝑛=1

∏ (𝑔𝑛𝑘𝑛)𝑟𝑛+𝑡𝑛
∏ (ℎ𝑛𝑘𝑛

)𝑟𝑛
∏ (ℎ𝑛

′
𝑘𝑛  

)
𝑡𝑛

𝐻𝑛
′

𝑘𝑛=1
𝐻𝑛
𝑘𝑛=1

𝐺𝑛
𝑘𝑛=1

=∈𝑛. 

2.   Main Integral:  In this section, making as appeal to (1.1), we derive 

 ∫ (sin 𝑥)𝑤′−1 𝑒𝑖𝑚𝑥𝐹
𝐺:𝐻;𝐻′
𝐸:𝐹;𝐹′𝜋

0
[
(𝑒): (𝑓); (𝑓′)
(𝑔): (ℎ); (ℎ′)

;  𝛼(sin 𝑥)2𝑝, 𝛽(sin 𝑥) 2𝑣] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … ; 𝜃(𝑛)]: [(𝑏′): ∅′]; … ;

(𝑐): 𝜓′, … , 𝜓(𝑛): [(𝑑′): 𝛿′];… ; 
 

               
[(𝑏(𝑛)):𝜙(𝑛)];

[(𝑏(𝑛)): 𝛿(𝑛)];
z1(sin x)2σ1 , … , zn(sin x)2σn] 𝑑𝑥  

           =
𝜋 𝑒𝑖𝑚𝑥/2

2𝑤′−1
 ∑ ∈  

((𝛼/4𝜌))
𝑟

𝑟!
∞
𝑟,𝑡=0   

((𝛽/4𝛾))
𝑡

𝑡!
× 𝐼

𝐴+1,𝑐+2:[𝐵′,𝐷′];…; (𝐵(𝑛).,)

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)],

[(𝑐): 𝜓′, … , 𝜓(𝑛)],
 

 [1 − 𝜔′ − 2𝑝𝑟 − 2𝛾𝑡: 2𝜎1, … ,2𝜎𝑛: 𝜙′];… ; [(𝑏(𝑛)): (𝜙(𝑛))]; 

          [
1−𝜔′−2𝜌𝑟−2𝛾𝑡±𝑚

2
; 𝜎1, … , 𝜎𝑛] : [(𝑑′): 𝛿′];…′[(𝑑(𝑛)):𝛿(𝑛)] ;

𝑧1

4𝜎1
, … ,

𝑧𝑛

4𝜎𝑛
]         (2.1) 

Provide that |arg 𝑧𝑖|  <  𝜋 2  ∆𝑖 ,⁄  

∆𝑖= ∑ 𝜃𝑗
(𝑖)𝜆

𝑗=1 − ∑ 𝜃𝑗
(𝑖)

+ ∑ 𝜙𝑗
(𝑖)

− ∑ 𝜙𝑗
(𝑖)

− ∑ 𝜓𝑗
(𝑖)𝐶

𝑗=1
𝛽(𝑖)

𝑗=𝑣(𝑖)+1
𝑣(𝑖)

𝑗=1
𝐴
𝑗=𝜆+1 + ∑ 𝛿𝑗

(𝑖)
− ∑ 𝛿𝑗

(𝑖)
> 0, 𝑖 = 1, … , 𝑛.𝐷(𝑖)

𝑗=𝜇(𝑖)+1
𝜇(𝑖)

𝑗=1   

 

and 𝑅𝑒(𝜔′) > 0; 𝛼, 𝛽, 𝜌, 𝛾, 𝜎1, 𝑧𝑖 are positive integers, i =1,…, n. Now making an appeal to (1.1), we derive a 

multiple integral 

       ∫ …∫ (sin 𝑥1)
𝜔1−1 …(sin 𝑥1)

𝜔𝑛−1𝜋

0

𝜋

0
𝑒𝑖(𝑚1𝑥1 + ⋯ + 𝑚𝑛𝑥𝑛) 
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. 𝐹
𝐺1:𝐻1:𝐻1

′

𝐸1:𝐹1:𝐹1
, :
[
(𝑒1): (𝑓1): (𝑓1

′);
(𝑔1): (ℎ1): (ℎ1

′ );
𝛼1(sin𝑥1)

2𝜌1 , 𝛽1(sin 𝑥1)
2𝛾1] 

                                     …× 𝐹
𝐺𝑛:𝐻𝑛:𝐻𝑛

′
𝐸𝑛:𝐹𝑛:𝐹𝑛

, :
[
(𝑒𝑛): (𝑓𝑛): (𝑓𝑛

′);
(𝑔𝑛): (ℎ𝑛): (ℎ𝑛

′ );
𝛼𝑛(sin𝑥𝑛)2𝜌𝑛 , 𝛽𝑛(sin 𝑥𝑛)2𝛾𝑛] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]; 𝑧1(sin 𝑥1)

2𝜎1
(𝑛)

⋮

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ;  … ; (𝑑(𝑛): 𝛿(𝑛)); 𝑧1(sin𝑥1)
2𝜎𝑛

(𝑛)

] 𝑑𝑥1 …𝑑𝑥𝑛 

                                =
𝜋𝑛 𝑒𝑖(𝑚1+⋯.+𝑚𝑛)𝜋/2

2(𝜔1+⋯+𝜔𝑛)−𝑛  ∑ … ∑  ∞
𝑟𝑛,𝑡𝑛=0

∞
𝑟1,𝑡1=0 (𝜖1 … 𝜖𝑛)   

(
𝛼1
4𝜌1

)

𝑟1!

𝑟1
(
𝛽1
4𝑟1

)

𝑡1!

𝑡1

(
𝛼𝑛
4𝑟𝑛)

𝑟𝑛!

𝑡𝑛
(
𝛽𝑛
4𝑟𝑛

)

𝑡𝑛!

𝑡𝑛

 

         . 𝐼
𝐴+𝑛,𝐶+2𝑛:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+𝑛:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)], [1 − 𝜔1

 − 2𝑝
1
𝑟1 − 2𝛾1𝑡1: 2𝜎1

′
 
, … ,2𝜎 𝑛

′ ],… ,

[(𝑐): 𝜓′; … , 𝜓(𝑛)] [
1−𝜔1−2𝑝1𝑟1−2𝛾1𝑡1±𝑚𝑛

2
: 𝜎1

′ , … , 𝜎𝑛
′ ] , … ,

 

[1 − 𝜔𝑛
 − 2𝑝𝑛𝑟𝑛 − 2𝛾𝑛𝑡𝑛: 2𝜎𝑛

(𝑛)

 
, … ,2𝜎 𝑛

(𝑛)]: [(𝑏′): 𝜙′];

[
1 − 𝜔𝑛 − 2𝑝𝑛𝑟𝑛 − 2𝛾𝑛𝑡𝑛 ± 𝑚𝑛

2
: 𝜎1

(𝑛)
, … , 𝜎𝑛

(𝑛)] : [(𝑑′)𝛿′];
 

          
… ; [(𝑏(𝑏)): 𝜙(𝑛)];

… ; [(𝑑(𝑛))𝛿(𝑛)];

𝑧1

4
(𝜎1

′
 +⋯+𝜎1

(𝑛)
 
)
, … . ,

𝑧𝑛

4
(𝜎𝑛

′
 +⋯+𝜎𝑛

(𝑛)
 
)
]     (2.2) 

provided that all conditions of (1.1) are satisfied and  𝑅𝑒 (𝜔𝑖) >

0; 𝜎1
′
 
, … , 𝜎1

(𝑛)

 
, 𝜎𝑛

′
 , … , +𝜎𝑛

(𝑛)
, 𝛼𝑖 , 𝛽𝑖 , 𝜌𝑖 , 𝛾𝑖 , 𝑧𝑖 

 are positive integers (𝑖 = 1,… , 𝑛) 

3.  EXPONENTIAL FOURIER SERIES:   

 Let   

𝑓(𝑥) = (sin 𝑥)𝜔′− . 𝐹
𝐺 :𝐻 :𝐻 

′
𝐸 :𝐹 :𝐹 

,

[
(𝑒 ): (𝑓 ): (𝑓 

′); 𝛼 (sin 𝑥1)
2𝜌

(𝑔 ): (ℎ ): (ℎ 
′); 𝛼1(sin𝑥1)

2𝛾
] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

                                              
… ; [𝑏(𝑛): 𝜙(𝑛)]; ]

… ; [(𝑑(𝑛): 𝛿(𝑛)); ]
𝑧1(sin 𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin𝑥1)

2𝜎𝑛
 
 

   = ∑ 𝐴𝜌𝑒−𝑖𝑝𝑥∞
𝜌=−∞                                                             (3.1) 

which is valid due to 𝑓(𝑥) is continuous and of bounded variation with interval (0, 𝜋). 

Now, multiplying by 𝑒𝑖𝑝𝑥 both series in (3.1) and integrating it with respect 0 to 𝜋 from 0 to x, and then making 

an appeal to (1.2) and (2.1), 
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 We get  

                      𝐴𝜌 =
𝑒𝑖𝑝𝑥/2

2𝜔′−1 ∑ ∈
(𝛼/4𝜌)𝑟

𝑟!
∞
𝑟,𝑡=0  

(𝛽/4𝑟)𝑡

𝑡!
 

× 𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)]

[(𝑐): 𝜓′ … ,𝜓(𝑛)] 
 

[1 − 𝜔′ 
 
− 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1

 
 
, … ,2𝜎 𝑛

 ]: [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)): 𝜙(𝑛)]; 

[
1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡 ± 𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿′] 

                   
𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ].           (3.2) 

An appeal to (3.1) and (3.2) gives the required exponential Fourier series 

Integrating both sides with respect to x from 0 to x, we get 

(2 sin 𝑥)𝜔′−1 𝐹
𝐺:𝐻 :𝐻 

′
𝐸:𝐹 :𝐹

′

[
(𝑒 ): (𝑓 ): (𝑓′); 𝛼 (sin 𝑥1)

2𝜌

(𝑔): (ℎ): (ℎ′); 𝛽 (sin 𝑥1)
2𝑦

, ] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′… ; 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)];

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ;  … ; (𝑑(𝑛): 𝛿(𝑛));
𝑧1(sin 𝑥 )

2𝜎1
 
, … , 𝑧𝑛(sin 𝑥 )

2𝜎𝑛
 
] 

= ∑ ∑ 𝑒𝑖𝑝(𝜋/2−𝑥).∈.

∞

𝑟,𝑡=0

(𝛼/4𝜌)𝑟

𝑟!

∞

𝜌=−∞

(𝛽/4𝑟)𝑡

𝑡!
× 𝐼

𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
  

[

[(𝑎): 𝜃′, … ; 𝜃(𝑛)][1 − 𝜔′
 
 
− 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1

 
 
, … ,2𝜎 𝑛

 ], : [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)): 𝜙(𝑛)];

[(𝑐): 𝜓′, … ,𝜓(𝑛)] [
1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡 ± 𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′]; … ; [(𝑑(𝑛)): 𝛿(𝑛)];

 

𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ].                        (3.3) 

4.  Cosine Fourier Series: 

Let  

𝑓(𝑥) = (sin 𝑥)𝜔′−1 . 𝐹
𝐺 :𝐻 :𝐻 

′
𝐸 :𝐹 :𝐹′ 

,

[
(𝑒 ): (𝑓 ): (𝑓 

′); 𝛼 (sin 𝑥1)
2𝜌

(𝑔 ): (ℎ ): (ℎ 
′); 𝛼1(sin 𝑥1)

2𝛾
] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[

[(𝑎): 𝜃′… ; 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]; ]

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; … ; [(𝑑(𝑛): 𝛿(𝑛)); ] 
𝑧1(sin𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin 𝑥1)

2𝜎𝑛
 
 

   = 𝐵0/2 + ∑ 𝐵𝜌 cos 𝑝𝑥∞
𝜌=1                             (4.1) 

Integrating both side with respect to 𝑥 from 𝜋, we get  

𝐵0/2 =
1

√𝜋
∑ ∈∞

𝑟,𝑡=0  
(𝛼)𝑟

𝑟!
  

(𝛽)𝑡

𝑡!
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  𝐼
𝐴+1,𝐶+𝑟:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[

[(𝑎): 𝜃′, … , 𝜃(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)] 
 

[
2−𝜔′

 
 

2
− 𝑝𝑟 − 𝑦𝑡: 𝜎1

 
 
, … , 𝜎 𝑛

 ] , : [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)): 𝜙(𝑛)];

[
1−𝜔′ 

2
− 𝑝𝑟 − 𝑦𝑡: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′]; … ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1, … , 𝑧𝑛] (4.2) 

Now, multiplying by   both sides in (4.1) and integrating it the respect to x from 0 to x, and finally, making an 

appeal to (1.2), (1.3) and (2.1), we derive 

                   𝐵𝑝 =
𝑒𝑖𝑝𝑥/2

2−𝜔′
 
 ∑ ∈∞

𝑟,𝑡=0  
(𝛼)𝑟

𝑟!
  

(𝛽)𝑡

𝑡!
     

𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)],

[(𝑐): 𝜓′, … ,𝜓(𝑛)] ,
 

[1 − 𝜔′
 
 
− 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1

 
 
, … ,2𝜎 𝑛

 ], : [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)): 𝜙(𝑛)]; 

                       [
1−𝜔′ −2𝑝𝑟−2𝑦𝑡±𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ]           (4.3) 

Using (4.2), (4.3), from (4.1) we get required cosine Fourier series 

(sin 𝑥)𝜔′−1 . 𝐹
𝐺 :𝐻 :𝐻 

′
𝐸 :𝐹 :𝐹′ 

,

[
(𝑒 ): (𝑓 ): (𝑓 

′); 𝛼 (sin 𝑥 )
2𝜌

(𝑔 ): (ℎ ): (ℎ 
′); 𝛼1(sin𝑥 )

2𝛾
] × 𝐼

𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
 

[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]; ]

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ;  … ; [(𝑑(𝑛): 𝛿(𝑛)); ]
𝑧1(sin 𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin𝑥1)

2𝜎𝑛
 
 

   =
1

√𝜋
∑ 𝜀∞

𝑟,𝑡=0  
(𝛼)𝑟

𝑟!
  

(𝛽)𝑡

𝑡!
     

   𝐼
𝐴+1,𝐶+1:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)],

[(𝑐): 𝜓′, … ,𝜓(𝑛)] ,
 

[
2 − 𝜔′

 
 

2
− 𝑝𝑟 − 𝑦𝑡: 𝜎1

 
 
, … , 𝜎 𝑛

 ] , : [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)):𝜙(𝑛)];

[
1 − 𝜔′ 

2
− 𝑝𝑟 − 𝑦𝑡: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′]; … ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1, … , 𝑧𝑛

]
 
 
 
 

 

+∑ ∑ ∈∞
𝑟,𝑡=0  𝑒𝑖𝑝𝑥/2 cos 𝑝𝑥  

(𝛼/4𝜌)𝑟

𝑟!
  

(𝛽/4𝑟)𝑡

𝑡!
∞
𝜌=1   

1

2𝜔′−2
𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … ; 𝜃(𝑛)],

[(𝑐): 𝜓′, … ,𝜓(𝑛)] ,
 

         [1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1
 , … , 2𝜎𝑛

 ]: [(𝑏′): 𝜙′];… ; [(𝑏(𝑛)): 𝜙(𝑛)]; 

[
1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡 ± 𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿(𝑛)] 

      
𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ].             (4.4)                                                              

http://www.ijcrt.org/


www.ijcrt.org                                                     © 2022 IJCRT | Volume 10, Issue 2 February 2022 | ISSN: 2320-2882 

IJCRT2202238 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org c44 
 

5. Sine Fourier Series:  

 Let                                                                                 

𝑓(𝑥) = (sin 𝑥)𝜔′−1 . 𝐹
𝐺 :𝐻 :𝐻 

′
𝐸 :𝐹 :𝐹′ 

,

[
(𝑒 ): (𝑓 ): (𝑓 

′); 𝛼 (sin 𝑥1)
2𝜌

(𝑔 ): (ℎ ): (ℎ 
′); 𝛼1(sin 𝑥1)

2𝛾
] × 𝐼

𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
 

[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; … ; [(𝑑(𝑛): 𝛿(𝑛)); ] 
𝑧1(sin 𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin𝑥1)

2𝜎𝑛
 
 

   = ∑ 𝐶𝜌 sin 𝑝𝑥.∞
𝜌=1                   (5.1) 

Multiplying by 𝑒𝑖𝑚𝑥 both sides in (5.1) and then integrating it with respect to x from 0 to x, and making an 

appeal to (1.4) and (6.1), we obtain  

  𝐶𝜌 =
𝑒𝑖𝑝𝑥/2

𝑖 2𝜔′−2 ∑ ∈
(𝛼/4𝜌)𝑟

𝑟!
∞
𝑟,𝑡=0  

(𝛽/4𝛾)𝑡

𝑡!
× 𝐼

𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
 

[
[(𝑎): 𝜃′, … ; 𝜃(𝑛)][1 − 𝜔′ 

 
− 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1

 
 
, … ,2𝜎 𝑛

 ]: [(𝑏′): 𝜙′]; . . ; [(𝑏(𝑛)): 𝜙(𝑛)];

[(𝑐): 𝜓′, … ,𝜓(𝑛)] [
1−𝜔′ −2𝑝𝑟−2𝑦𝑡±𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′]; … ; [(𝑑(𝑛)): 𝛿′]

𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ]   (5.2) 

Now making an appeal to (5.1) we get required sine Fourier series 

(sin𝑥)𝜔′−1 . 𝐹
𝐺 :𝐻 :𝐻 

′
𝐸 :𝐹 :𝐹′ 

,

[
(𝑒 ): (𝑓 ): (𝑓 

′); 𝛼 (sin 𝑥 )
2𝜌

(𝑔 ): (ℎ ): (ℎ 
′); 𝛽1(sin 𝑥 )

2𝛾
] × 𝐼

𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
 

                  [
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]; ]

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; … ; [(𝑑(𝑛): 𝛿(𝑛)); ]
𝑧1(sin 𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin 𝑥1)

2𝜎𝑛
 
]  

   = ∑ ∑
2∈ 𝑒𝑖𝑝𝑥/2

𝑖
∞
𝑟,𝑡=0  sin 𝑝𝑥  

(𝛼/4𝜌)𝑟

𝑟!
  

(𝛽/4𝛾)𝑡

𝑡!
∞
𝜌=−∞  

           .𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃; … ; 𝜃(𝑛)],

[(𝑐): 𝜓; … ,𝜓(𝑛)] ,
 

         [1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡: 2𝜎1
 , … , 2𝜎𝑛

 ]: [(𝑏′): 𝜙′];… ; [(𝑏(𝑛)): 𝜙(𝑛)]; 

[
1 − 𝜔′ − 2𝑝𝑟 − 2𝑦𝑡 ± 𝑚

2
: 𝜎1

 , … , 𝜎𝑛
 ] : [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿(𝑛)] 

𝑧1

4𝜎1
 , … . ,

𝑧𝑛

4𝜎𝑛
 ].         (5.3) 
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6. Multiple Exponential Fourier Series:  

Let 

𝑓(𝑥1, … , 𝑥𝑛) = (sin 𝑥1)
𝜔1−1 …(sin 𝑥𝑛)𝜔𝑛−1 𝐹

𝐺 :𝐻 :𝐻 
′

𝐸 :𝐹 :𝐹′ 
,

[
(𝑒 ): (𝑓 1): (𝑓1 

′); 𝛼1 
(sin𝑥1)

2𝜌1

(𝑔1 
): (ℎ1 

): (ℎ𝑛
′ ); 𝛽𝑛(sin 𝑥𝑛)2𝛾1

] 

               …𝐹
𝐺𝑛:𝐻𝑛:𝐻𝑛

′
𝐸𝑛:𝐹𝑛:𝐹𝑛

, :
[
(𝑒𝑛): (𝑓𝑛): (𝑓𝑛

′); 𝛼𝑛(sin𝑥𝑛)2𝜌𝑛

(𝑔𝑛): (ℎ𝑛): (ℎ𝑛
′ ); 𝛽𝑛(sin 𝑥𝑛)2𝛾𝑛

] ,× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
 

[
 
 
 [(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ; … ; [𝑏(𝑛): 𝜙(𝑛)]; 𝑧1(sin𝑥1)

2𝜎1…(sin𝑥1)
2𝜎1

(𝑛)
 

  

⋮

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ;  … ; (𝑑(𝑛): 𝛿(𝑛)); 𝑧𝑛(sin 𝑥1)
2𝜎1

′
…(sin 𝑥𝑛)2𝜎1

(𝑛)

 

 

]
 
 
 
 

= ∑ …∑ 𝐴𝑝1…𝑝𝑛.  𝑒−𝑖(𝑝1𝑥1+⋯+𝑝𝑛𝑥1)
∞
𝜌𝑛−1=−∞

∞
𝜌1=−∞               (6.2) 

Equation (6.1) is valid, since 𝑓(𝑥1, … , 𝑥𝑛) is continuous and of bounded variation in the open interval (0,∞). In 

the series (6.1), to calculate 𝐴𝑝1…𝑝𝑛
 we fix 𝑥1, … , 𝑥𝑛−1, so that 

∑ … ∑ 𝐴𝑝1…𝑝𝑛 .  𝑒−𝑖(𝑝1𝑥1+⋯+𝑝1𝑥1)

∞

𝜌𝑛−1=−∞

∞

𝜌1=−∞

 

Depends only on 𝜌𝑛. 

Furthermore, it must be the coefficient of Fourier exponential series in 𝑥𝑛 of 𝑓 (𝑥1, … , 𝑥𝑛) over 0 < 𝑥𝑛 < 𝜋. 

Now multiplying by 𝑒𝑖𝑚𝑛𝑥𝑛 both sides in (6.1) and integrating with respect to   𝑥𝑛  from 0 to 𝜋, we get 

(sin 𝑥1)
𝜔1

 −1 …(sin 𝑥𝑛−1)
𝜔𝑛−1

 −1 𝐹
𝐺1 :𝐻1 :𝐻1

′

𝐸1 :𝐹1 :𝐹1
′
 

,

[
(𝑒1 

): (𝑓 1): (𝑓1
′); 𝛼1 

(sin 𝑥1 
)
2𝜌1

(𝑔1 
): (ℎ1 

): (ℎ1
′ ); 𝛽1(sin 𝑥1 

)
2𝛾1

] 

…𝐹
𝐺𝑛−1 :𝐻𝑛−1 :𝐻𝑛−1

′

𝐸𝑛−1 :𝐹𝑛−1 :𝐹𝑛−1
′

 

,

[
(𝑒𝑛−1 

): (𝑓 𝑛−1
): (𝑓𝑛−1

′ ); 𝛼 𝑛
(sin 𝑥𝑛 

)
2𝜌𝑛−1

(𝑔𝑛−1 
): (ℎ𝑛−1 

): (ℎ𝑛−1
′ ); 𝛽𝑛−1(sin 𝑥𝑛−1 

)
2𝛾𝑛−1

] 

        × ∫ (sin 𝑥𝑛−1)
𝜔𝑛−1

 
𝑒𝑖𝑚𝑛𝑥𝑛𝐹

𝐺𝑛 :𝐻𝑟𝑝 
:𝐻𝑛

′

𝐸𝑛 :𝐹𝑟𝑝 
:𝐹𝑛

′
 
,

[
(𝑒𝑛 

): (𝑓 𝑛): (𝑓𝑛
′); 𝛼𝑛 

(sin 𝑥𝑛 
)
2𝜌𝑛

(𝑔1 
): (ℎ1 

): (ℎ1
′ ); 𝛽1(sin 𝑥1 

)
2𝛾𝑛

]
𝜋

0
 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

[(𝑏(𝑛)): 𝜙(𝑛)]; 𝑧1(sin𝑥1)
2𝜎𝑛

 
, … , (sin 𝑥𝑛)2𝜎1

(𝑛) 

⋮

[(𝑑(𝑛)): 𝛿(𝑛)]; 𝑧𝑛(sin𝑥1)
2𝜎𝑛

 
, … , (sin 𝑥𝑛)2𝜎1

(𝑛) 
] 𝑑𝑥𝑛 

    

                                   = ∑ …∑ 𝐴𝑝1…𝑝𝑛 .  𝑒−𝑖(𝑝1𝑥1+⋯+𝑝𝑛−1𝑥𝑛−1)
∞
𝜌𝑛−1=−∞

∞
𝜌1=−∞  
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   +∑ ∫ 𝑒𝑖(𝑚𝑛−𝑝𝑛)𝑥𝑛
𝜋

0    
𝑑𝑥1.

∞
𝜌𝑛=−∞            (6.2) 

Using (1.2) and (2.1), from (6.2), repeatedly, we get   

𝐴
𝑝1…𝑝𝑛=∑ …∞

𝑟1,𝑡1=0 ∑   
𝑒𝑖(𝑝1+⋯+𝑝𝑛)𝜋/2

2(𝜔1+⋯+𝜔𝑛)−𝑛   (𝜀1…𝜀𝑛)∞
𝑟1,𝑡1=0

 

.
(

𝛼1
4𝜌1

 )
𝑟1

𝑟1!
 
(

𝛽1
4𝛾1  )

𝑡1

𝑡1!
…

(
𝛼𝑛
4𝜌𝑛

 )
𝑟1

𝑟𝑛!
  
(

𝛽𝑛
4𝛾𝑛  )

𝑡𝑛

𝑡𝑛!
 

× 𝐼
𝐴+𝑛,𝐶+2𝑛:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆+𝑛:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)] 
 

[1 − 𝜔1 − 2𝑝1𝑟1 − 2𝑦1𝑡1: 2𝜎1
′
 

 
, … , 2𝜎𝑛

′
 
 ], …, 

[
1 − 𝜔1 − 2𝑝1𝑟1 − 2𝑦1𝑡1 ± 𝑚1

2
: 𝜎1

′, … , 𝜎𝑛
′  

[1 − 𝜔𝑛 − 2𝑝𝑛𝑟𝑛 − 2𝑦𝑛𝑡𝑛: 2𝜎1
′
 

 
, … , 2𝜎𝑛

′
 
 
]: [(𝑏′):𝜙′];

[
1 − 𝜔𝑛 

− 2𝑝𝑛𝑟𝑛 − 2𝑦𝑛𝑡𝑛 ± 𝑚𝑛

2
: 𝜎1

(𝑛)
, … , 𝜎𝑛

(𝑛)] : [(𝑑′): 𝛿′];
 

… ; [(𝑏(𝑛)): 𝜙(𝑛)];

… ; [((𝑑(𝑛)): 𝛿(𝑛))] ;

𝑧1

4
(𝑣1

′ +⋯+𝜎1
(𝑛)

)
, … ,

𝑧𝑛

4
(𝜎1

′ +⋯+𝜎1
(𝑛)

)
 

].                     (6.3) 

Using (6.3), in (6.1) we get required multiple exponential Fourier series 

(sin 𝑥1)
𝜔1

 −1 …(sin 𝑥𝑛)𝜔𝑛−1
 
𝐹
𝐺1 :𝐻1 :𝐻1

′

𝐸1 :𝐹1 :𝐹1
′
 

,

[
(𝑒1 

): (𝑓 1): (𝑓1
′); 𝛼1 

(sin𝑥1 
)
2𝜌1

(𝑔1 
): (ℎ1 

): (ℎ1
′ ); 𝛽1(sin 𝑥1 

)
2𝛾1

] 

…𝐹
𝐺𝑛 :𝐻𝑛 :𝐻𝑛

′

𝐸𝑛 :𝐹𝑛 :𝐹𝑛
′
 
,

[
(𝑒𝑛 

): (𝑓 𝑛): (𝑓𝑛
′); 𝛼 𝑛

(sin 𝑥𝑛 
)
2𝜌𝑛

(𝑔𝑛 
): (ℎ𝑛): (ℎ𝑛

′ ); 𝛽𝑛(sin 𝑥𝑛 
)
2𝛾𝑛

] 

× 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

[(𝑏(𝑛)): 𝜙(𝑛)]; 𝑧1(sin𝑥1)
2𝜎1

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

⋮

[(𝑑(𝑛)): 𝛿(𝑛)]; 𝑧𝑛(sin𝑥1)
2𝜎𝑛

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

]𝑑𝑥𝑛 

  = ∑ …∑
∈1…∈𝑛

2(𝜔1+⋯+𝜔𝑛)−𝑛
𝑒−𝑖(𝑝1𝑥1+⋯+𝑝𝑛𝑥𝑛)

  
∞
𝑟1,…,𝑟𝑛.𝑡1,…,𝑡𝑛=0

∞
𝜌1,…,𝜌𝑛=−∞  

. 𝑒𝑖(𝑝1+⋯+𝑝𝑛)𝜋/2
(

𝛼1
4𝜌1

 )
𝑟1

𝑟1!
 
(

𝛽1
4𝛾1  )

𝑡1

𝑡1!
…

(
𝛼𝑛
4𝜌𝑛

 )
𝑟𝑛

𝑟𝑛!
  
(

𝛽𝑛
4𝛾𝑛  )

𝑡𝑛

𝑡𝑛!
 

× 𝐼
𝐴+𝑛,𝐶+2𝑛:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆+𝑛:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)] 
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[1 − 𝜔1 − 2𝑝1𝑟1 − 2𝑦1𝑡1: 2𝜎1
′
 

 
, … , 2𝜎𝑛

′
 
 ], …, 

[
1 − 𝜔1 − 2𝑝1𝑟1 − 2𝑦1𝑡1 ± 𝑚1

2
: 𝜎1

′ , … , 𝜎𝑛
′ ] , … , 

[1 − 𝜔𝑛 − 2𝑝𝑛𝑟𝑛 − 2𝑦𝑛𝑡𝑛: 2𝜎1
(𝑛)

 

 
, … , 2𝜎𝑛

(𝑛)

 

 
]: [(𝑏′):𝜙′];

[
1 − 𝜔𝑛 

− 2𝑝𝑛𝑟𝑛 − 2𝑦𝑛𝑡𝑛 ± 𝑚𝑛

2
: 𝜎1

(𝑛)
, … , 𝜎𝑛

(𝑛)] : [(𝑑′): 𝛿′];
 

… ; [(𝑏(𝑛)):𝜙(𝑛)];

… ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1

4
(𝜎1

′ +⋯+𝜎1
(𝑛)

)
, … ,

𝑧𝑛

4
(𝜎1

′ +⋯+𝜎𝑛
(𝑛)

)
 

]       (6.4)    

7. Particular Cases: 

Putting 𝛽1, … , 𝛽𝑛 = 0 in (2.2), we get 

L.H.S. of (7.1) 

 ∫ … ∫ (sin𝑥1)
𝜔1−1 …(sin 𝑥𝑛)𝜔𝑛−2𝜋

0

𝜋

0
𝑒𝑖(𝑚1𝑥1+⋯+𝑚𝑛𝑥𝑛) 

       × 𝐹𝐸1+𝐹1

 
𝐺1+𝐻1

 [
(𝑒), (𝑓1);
(𝑔1), (ℎ1)

𝛼1(sin 𝑥1)
2𝜌1] 

… 𝐹𝐸𝑛+𝐹𝑛

 
𝐺𝑛+𝐻𝑛

 [
(𝑒𝑛), (𝑓𝑛);
(𝑔𝑛), (ℎ𝑛)

𝛼𝑛(sin 𝑥𝑛)2𝜌𝑛] 

      × 𝐼
𝐴,𝐶:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑏))

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

[(𝑏(𝑛)):𝜙(𝑛)]; 𝑧1(sin 𝑥1)
2𝜎1

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

⋮

[(𝑑(𝑛)): 𝛿(𝑛)]; 𝑧𝑛(sin 𝑥1)
2𝜎𝑛

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

] 𝑑𝑥1 …𝑑𝑥𝑛 

(𝜋)𝑛𝑒𝑖(𝑚1+⋯+𝑚𝑛)𝜋/2

2(𝜔1 + ⋯+ 𝜔𝑛)−𝑛
  ∑ 0

∞

𝑟1,…,𝑟𝑛=0

∏ (𝑒1𝑘1
)
𝑟1

𝐸1
𝑘1=1 ∏ (𝑓1𝑘1

)
𝑟1

𝐹1
𝑘1=1

∏ (𝑔1𝑘1
)
𝑟1

𝐺1
𝑘1=1

∏ (ℎ1𝑘1
)
𝑟1

𝐻1
𝑘1=1

 

∏ (𝑒𝑛𝑘𝑛
)
𝑟𝑛

𝐸𝑛
𝑘𝑛=1 ∏ (𝑓𝑛𝑘𝑛

)
𝑟𝑛

𝐹𝑛
𝑘1=1

∏ (𝑔𝑛𝑘𝑛
)
𝑟𝑛

𝐺𝑛
𝑘𝑛=1

∏ (ℎ𝑛𝑘𝑛
)
𝑟𝑛

𝐻𝑛
𝑘𝑛=1

   
(
𝛼1
4𝜌1

)
𝑟1

𝑟1!
…

(
𝛼𝑛
4𝜌𝑛

)
𝑟𝑛

𝑟𝑛!
 

× 𝐼
𝐴+𝑛,𝐶+2𝑛:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+𝑛:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)] 
 

[1 − 𝜔1 − 2𝑝1𝑟1: 2𝜎1
′
 

 
, … , 2𝜎𝑛

′
 
 ], …, 

[
1 − 𝜔1 − 2𝑝1𝑟1 ± 𝑚1

2
: 𝜎1

′ , … , 𝜎𝑛
′ ] , … , 
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[1 − 𝜔𝑛 − 2𝑝𝑛𝑟𝑛: 2𝜎1
(𝑛)

 

 
, … , 2𝜎𝑛

(𝑛)

 

 
]: [(𝑏′): 𝜙′];

[
1 − 𝜔𝑛 

− 2𝑝𝑛𝑟𝑛 ± 𝑚𝑛

2
: 𝜎1

(𝑛)
, … , 𝜎𝑛

(𝑛)] : [(𝑑′): 𝛿′];
 

… ; [(𝑏(𝑛)):𝜙(𝑛)];

… ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1

4
(𝜎1

′ +⋯+𝜎1
(𝑛)

)
, … ,

𝑧𝑛

4
(𝜎1

′ +⋯+𝜎𝑛
(𝑛)

)
 

]       (7.1) 

Further putting 𝛼1, … , 𝛼𝑛 = 0 in (7.1), we obtain 

L.H.S. of (7.2) 

∫ … ∫(sin 𝑥1)
𝜔1−1 …(sin 𝑥𝑛)𝜔𝑛−1

𝜋

0

𝜋

0

𝑒𝑖(𝑚1𝑥1+⋯+𝑚𝑛𝑥𝑛) 

× 𝐼
𝐴,𝐶: (𝐵𝑛.𝐷𝑛)

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

[(𝑏(𝑛)):𝜙(𝑛)]; 𝑧1(sin 𝑥1)
2𝜎1

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

⋮

[(𝑑(𝑛)): 𝛿(𝑛)]; 𝑧𝑛(sin 𝑥1)
2𝜎𝑛

′  

, … , (sin 𝑥𝑛)2𝜎1
(𝑛) 

] 𝑑𝑥1 …𝑑𝑥𝑛 

(𝜋)𝑛𝑒𝑖(𝑚1+⋯+𝑚𝑛)𝜋/2

2(𝜔1 + ⋯+ 𝜔𝑛)−𝑛
 

                𝐼
𝐴+𝑛,𝐶+2𝑛:[𝐵′,𝐷′];…; (𝐵(𝑛).𝐷(𝑛))

0,𝜆+𝑛:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]

[(𝑐): 𝜓′, … , 𝜓(𝑛)] 
 

[1 − 𝜔1 −: 2𝜎1
′
 

 
, … , 2𝜎𝑛

′
 
 ], … , [1 − 𝜔𝑛 −:2𝜎1

(𝑛)

 

 
, … , 2𝜎𝑛

(𝑛)

 

 
] 

[
1 − 𝜔𝑛 ± 𝑚1 

2
−:𝜎1

′
 

 
, … , 𝜎𝑛

′
 
 
] , … , [

1 − 𝜔𝑛 ± 𝑚𝑛 

2
−:𝜎1

𝑛
 
 
, … , 𝜎𝑛

𝑛
 
 ] 

[(𝑏′): 𝜙′]; … ; [(𝑏(𝑛)):𝜙(𝑛)];

[(𝑑′): 𝛿′]; … ; [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1

4(𝜎1
′+⋯+𝜎1

(𝑛)
)
, … ,

𝑧𝑛

4(𝜎1
′+⋯+𝜎𝑛

(𝑛)
)
 

]. 

Now putting 𝛼 + 𝛽 = 0 in (3.3), we establish  

(sin 𝑥1)
𝜔1−1 𝐼

𝐴,𝐶: [𝐵′,𝐷′];…; (𝐵′.𝐷′)

0,𝜆:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛))
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)]: [(𝑏′): 𝜙′]; . . ;

[(𝑐): 𝜓′, … , 𝜓(𝑛)]: [(𝑑′): 𝛿′]; . . ; 
 

[𝑏(𝑛): 𝜙(𝑛)]; ]

[(𝑑(𝑛): 𝛿(𝑛)); ]
𝑧1(sin𝑥1)

2𝜎1
 
, … , 𝑧𝑛(sin𝑥1)

2𝜎𝑛
 
] 

= ∑
𝑒𝑖𝑝(

𝜋
2
−𝑥)

2𝜔′−1

∞

𝑝=−∞

𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛),𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)],

[(𝑐): 𝜓′, … , 𝜓(𝑛)],
 

[1 − 𝜔′: 2𝜎1, … ,2𝜎𝑛: ]: [(𝑏′): 𝜙′]; … ; [(𝑏(𝑛)):𝜙(𝑛)]; 
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          [
1−𝜔′−±𝜌

2
; 𝜎1, … , 𝜎𝑛] : [(𝑑′): 𝛿′]; … [(𝑑(𝑛)): 𝛿(𝑛)];

𝑧1

4𝜎1
, … ,

𝑧𝑛

4𝜎𝑛
]          (7.3) 

Letting 𝜌 = 2𝑙 as an integer, from (7.3) we establish 

L.H.S. of (7.3)   

=
1

√𝜋
𝐼
𝐴+1,𝐶+1:[𝐵′,𝐷′];…; (𝐵(𝑛),𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
[
[(𝑎): 𝜃′, … , 𝜃(𝑛)],

[(𝑐): 𝜓′, … , 𝜓(𝑛)],
 

[
2 − 𝜔′

2
: 𝜎1, … , 𝜎𝑛] : [(𝑏′): 𝜙′]; … ; [𝑏(𝑛): 𝜙(𝑛)];

[
1 − 𝜔′

2
: 𝜎1, … , 𝜎𝑛] : [(𝑑′): 𝛿′]; … ; [𝑑(𝑛): 𝛿(𝑛)];

𝑧1, … , 𝑧𝑛

]
 
 
 
 

 

                    +
1

2𝜔′−2
 ∑ cos 𝑙𝜋 cos 2𝑙𝑥 𝐼

𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛),𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;∞
𝑝=1  

[

[(𝑎): 𝜃′, … , 𝜃(𝑛)], [1 − 𝜔′ − 2𝜎1, … ,2𝜎𝑛]: [(𝑏′): 𝜙′]; … ; [(𝑏(𝑛)): 𝜙(𝑛)];

[(𝑐): 𝜓′, … , 𝜓(𝑛)],
1 − 𝜔′ ± 2𝑙

2
: 𝜎1, … , 𝜎𝑛]: [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿(𝑛)];

 

  
𝑧1

4𝜎1
, … ,

𝑧𝑛

4𝜎𝑛
]                                 (7.4) 

Further letting 𝑝 = (2𝑙 + 1) as l is an integer, from (7.3) we obtain 

L.H.S. of (7.3) =
1

2𝜔′−2
∑ sin(2𝑙 + 1)𝜋/2. sin(2𝑙 + 1)𝑥∞

𝑝=1  

× 𝐼
𝐴+1,𝐶+2:[𝐵′,𝐷′];…; (𝐵(𝑛),𝐷(𝑛))

0,𝜆+1:(𝜇′,𝑣′);…;(𝜇(𝑛).𝑣(𝑛));…;
 

[

[(𝑎): 𝜃′, … , 𝜃(𝑛)], [1 − 𝜔′ − 2𝜎1, … ,2𝜎𝑛]: [(𝑏′): 𝜙′]; … ; [(𝑏(𝑛)): 𝜙(𝑛)];

[(𝑐): 𝜓′, … , 𝜓(𝑛)],
1 − 𝜔′ ± (2𝑙 + 1)

2
: 𝜎1, … , 𝜎𝑛]: [(𝑑′): 𝛿′];… ; [(𝑑(𝑛)): 𝛿(𝑛)];

 

                                                                    
𝑧1

4𝜎1
, … ,

𝑧𝑛

4𝜎𝑛
]                                                                   (7.5) 

Similarly, remaining particular cases can be evaluated by (4.4) and (5.3) applying the same techniques. 

 It is interesting to note that, after little simplifications, from (7.1), (7.2), (7.3) (7.4) and (7.5), we can be 

obtained as special cases of our results.    
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