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7.1 Introduction

J. Sandoor [8] introduced the notion of A-convexity. Under A-convexity he studied the notions of B-
subadditive and anti-symmetricity. R.B. Dash et al. [4] generalized the definition of anti-symmetry from two
dimensions to three dimensions and four dimensions. They applied this to prove theorems on A-convxity,
subadditivity and super additivity.

In this chapter, the idea of anti-symmetry is further generalized to n dimensions and is effectively
applied to prove theorems on sub-additive and A-convexity and B decreasing properties of functions.

7.2 A-Convex Functions
Definition 7.1

Let V be a vector space and B:VxVx...xV —V be amap in E". Then the function f:V > Ris
called B-subadditive (super additive) if

f(ixij <(2) 2 (%) + B Xy XpuerX,)

forall x, eV, i=12,..n.
Definition 7.2.

The map B:VxVx..V—R is called anti-symmetric map if B(X;,X,,...X, ) =B(X 0, Xu@)-Xo(m )
and B(X,,X,,..X, )= B(xr(l),xT(z),...xt(n))

where ¢ and t denote the even and odd permutations respectively.
Theorem 7.1
If B is anti-symmetric map in E" and f is sub-additive (super additive), then f is sub-additive (super
additive).
Proof: As f is sub-additive (super additive) one can write.
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f [gxijs (z)gf (%) + B (X X+ X)) (7.1)

and f (Zn:xi J < (z)zn:f (x;)+ B(xr(l),xr(z), ....xr(n)) (7.2)

Adding all inequalities in (7.1) over even permutations, we have

Z‘ f(iznl“xijs(z)z (iznl:f(xi))+;B(xc(l),xc(z),....xc(n)) (7.3)

(e

Adding all inequalities in (7.2) over odd permutations, we have

Z f(iznl“xijs(z)z (iznl:f(xi)j+ZB(xr(l),xr(z),....xr(n)) (7.4)

T

Now, (7.3) becomes

f (Zblxi jZl < (Z)if (%) 214 D" B(X oy Xozy Xty )

1 (& 'S
(50 S ) B k)
i1 - L

Also (7.4) becomes,

f (z X, jZl < (Z)Zn:f (%) D1+ B (X0 Xy Xogry )

| n [
:%f (injs (2)%Zf(xi)+ZB(XT(1),xr(z),...xr(n))
i=1 i=1 T

Adding above equations, we have

n!f(ixijg(z)mzn:f(xi)

as other terms are cancelled due to odd and even permutations.

.'.f[ixijs (Z)Zn:f(xi)

—f is sub-additive (super additive)
Definition 7.3

Let B:VxVxVx..xV—R be a map in E" with vector space V. Then f:V—R is called
absolutely B-sub-additive if

f(gxij—inzlf(xi)

<B(X;, X, %, ) forall x; x; eV, i=12,..n

Theorem 7.2
Let B:VxVxVx..xV—R be a map in E" with vector space V and f:V — R be absolutely B-
sub-additive. Then there is an additive function g:V — R such that
f(x)—9(x)| <B(X,X,..,x) forall xeV.
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Proof:

Let us take
X, =n“'x, x, =n*'x,...x, =n*"x

Now as f is absolutely B-subadditive, one can write
‘f [ZXi]_Zf(Xi)
i=1 i=1

= f(n.nk‘lx)— nf (nk‘lx)‘ < B(nk‘lx,....nk‘lx)

<B(Xy, Xy,-X,)

=|f

for k >m,

f(nk’lx) f(n"’zx)|

k-1 k-2 ‘

f(nkx) ~ f (nmx)| g ‘f(nkx) B f(nk—lx)|+

nk nm nk nkt n n

f(nm“x) f(nmx)|

1 1
+..+ - <B(X,X,.X)| —+——+...+—
r]m+l nm ‘ ( )(nk nk—l J

Above line shows hat the sequence of general term is Cauchy.
We know every Cauchy sequence is convergent. So limit exists.

k
1m0 %) g
k—o0 n

i=1

i=1

— g is additive map.

Now we will show that this g is unique. For this let us assume that there is another function h such
that

|f (X) —h(x)| <B(X,X,...,X)
We have

|f (X) —g(x)| <B(X,X,...,X)

So, |g(x)—h(x)|SZB(x,x,...,x)
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:‘g(nkx)—h(n"x)‘ <2B(n*x,n*x,...,n"x)

:‘g(x)—h(x)‘sw—m ask — oo

(note that, g(n*x)=n*g(x),h(n*x)=n*n(x))
So g(x) = h(x), for all x.

=g is unique.

Now inductivity property shows that
‘f(nkx)—nkf (x)‘ <B(n*x,n*x,...n"x)
=n“B(X,X,...,.X)

Dividing n*and taking the limit as k —» o,
We get

9() = (x)| < B(X,X,.., X)
Definition 7.4

The map g:R, — R is called B-decreasing on R+ if
X, >X, =0(X,) <9(X;)+B(X, XX, ) forall x,eR,,i=12,...n.

Theorem 7.3
f(x)

Let f:R, —> R be a function such that the map x — —=% is B-decreasing on R+, then f is B1-sub-
X

additive,
Bl(xl,xz....xn):XIB(in,xl,xl...xi]+ XZB(in,xz,xz...x2j+ .....
i=1 i=1
+an[in,xn,xn...an forall x, eR,,i=12,..n
i=1
Proof: Now x; eR_,,i=12,...n

n
Also in > X,
i=1

f(ixij n
Then li]:l Sf(xx1)+B£le,Xl,...le
X. 1 i=1

Similarly, we have
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—=f is Bi-sub-additive.
Theorem 7.4

Let AR, xR, xR, >R and f:R, - R be A concave function with A, :CxC — R with convex

vector space C. Let A1 (., .)= A(., ., 0). Assume f(0) = 0. Then f is B1-subadditive where

By (XX, ) = =X, A (xlzn:xi]— X,A, (xz,zn:xi ]....anl (xn , Zn:xij
i=1 i=1 i=1

Proof:
Note that the function f is A-convex (A-Concave) if

F9-1@ _ oy fW=F2) | p(x y2)

X—2 y—-z

Where x<z<y
By hypothesis, f is A-concave. So one can write,

f(x)-f(2) >f(y)—f(z)+

X-z y-z Axy.2)
= (y-2)(f(x)-f(2)) = (x-2)(f() - f(2))+(y-2)(x-2)A(x,Y,2)
=(y-2)f(x)-(y-2)f(2) = (x-2)f(y) - (x-2)f (2) +(y—2)(x—2) A(X,y,Z)
=(y-z)f(x)=(x-2)f(y)-(x-2)f(2) +(y-2)f (@) +(y—-2)(x—-2)A(X,Y,Z)
=(y-2)f(x)=(x-2)f(y)+(y-2)f(2) +(y—2)(x—2)A(X, Y, )
:>f(x)2%f(y)+%f(z)+(x—z)A(x,y,z)
Take
kzy_ze(O,l)
1-a=2"%
y—z
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Also Ly +(1-1)z :Ey+uz =X

y-z y-<Z
So  f(X)=Af(y)+(1-2)f(2)+(x—2)A(x,Y,2)
By assumption, f(0) =0

) -1(0)  f(x)
Tox=0 X

f(x)

Now from above, we observe that the function —= is Az increasing. So one can write

On simplification, we have

. f(zn:xiJ fzn:xi . )
z lri:—l+"'+xn :1;+X1A1[X1’inj+m+an” (XMZXJ
i=1 zxi zxi i=1 i=1

i=1 i=1

=f(i2l:xij—Bl(xl,...xn)
:>f(iz_nl:xijgiZ::f(xi)+Bl(xl,...xn)

= fis By sub-additive with given B1 above.

Theorem 7.5
Let f:R, >R be convex and B-sub-additive. Then the function % is C-increasing for
C:R, xR, »>R.
(n—1)x

Proof: Take A = S (0,1),h > 0.

(n—1)x+h

AX+(1-2)(nx+h)

T L

(n-1)x+h’ (n-1)x+h
(n-1)x (n-1)x+h—(n-1)x
:(n—l)x+h'XJr (n-1)x+h (nx-+h)
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~ (n-1)x*+nxh +h?
B (n—1)x+h

=x+h

As f is B-sub additive, we have
f(nx+h)=f (x+..+x+x+h) <(n-1)f (x)+f(x+h)+B(x,X,..X, x+h)

As f is convex function, one can write

f(x+h) <Af(x)+(1-2)f (nx+h)

=Af (x)+(1-2){(n=1)F (x)+F (x+h)+B(X,X,..X,x +h)}

=M (X)+(n=1)F(X) (N —1)AF () +F (x+h)—AF (x + h)
+(1-1)B(X, X,...., X, x +h)

=M (x+h)<(n=1)f (x)—(n—2)Af (x)+(1-1)B(X,X,..X, X +h)

(n-1)x

(n—l)x+hf(x+h)

<(n-1)f (x)- (”(;E)l()r;lr?x f(x)_i_{l_%}B(X,X,....X,X+h)

= (n(ﬂl_)lx)ih f(x+h)<(n-1)f()- (n(;f)l()r)](;lgxf(X)+mB(x,x,...x,x+h)
=%§§12)f(x)+m8(x,x,mx+h)

= (n-1)xf (x+h) <(n-1)(x+h)f(x)+hB(X,X,..x,x+h)

(n—l)xf(x+h)<f(x) hB(x, X,..x,x+h)
(n—1)x(x+h) =~ x  (n—D)x(x+h)
f

hB(x, X,..x,x+h)
(n-1)x(x+h)

where C(x,h)=-

f(x) . .
So the function —= is C-increasing.
X
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