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Abstract

In the present paper, the author has studied about the structures which are the products and ratios of
statistically independently distributed positive real scalar random variables.The author has derived the exact
density of a slightly different Type-1 beta density by the Mellin Transform and Hankel Tranform of the unknown
density and afterthat the unknown density has been derived in terms of Aleph functions by taking the inverse
Mellin transform and Inverse Hankel Transform .A more general structure of Type-1 beta density has also been
discussed. Some special cases in terms of H -function are also given.

Key words: Type-1 Beta density, Aleph Function, | -function, H -function, Mellin Transform, Inverse Mellin
Transform, Hankel Transform, Inverse Hankel Transform.

(2010 Mathematics Subject Classification: 33CXX, 44A15, 82XX)
1. Introduction

The | -function introduced by Saxena [4] will be represented and defined in slightly different manner as
follows:

)1,n ’(aii @ji )M, i

m,n m,n aj,9j l -s
1(2)=1."5r(@)=1."%. R[ |Eb,-,ﬂj) (o1.5) }zz—ﬁij@(s)z ds (1)
L

1,m m+1,Gj

Where i =+/-1, z#0and z° =exp[—sin| z|+iarg z] where | z |represents the natural logarithm of | z |and
arg zis not the principal value. Here
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For R =1, the | -function reduces to the H -function.

(2)
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The N - function introduced by Suland et.al. [6] defined and represented in the following form:

N[z]=R0"% . [2] =N l:z | @)l (aii’“ﬁ)]nﬂ,pi}

P Pdit (bj ) ﬂj )1,m ) [Ti (bji 1 ﬁji )]m+l,qi
1
=——|6(s)z°ds
27m)-[ (3)
Where o= -1;
ﬁr(bj —ﬂjs)ﬁr(l—aj +a;s)
0(s) = —= )

r T, { lq_[ C1-b; + B;s) ﬁ [(a; —ajis}

i=1 j=m+1 j=n+1

We shall use the following notation:
A = (aj’aj )1,n L7 (aji 1 Ui )]n+l,pi B, = (bj’ﬂj )1,m [z (bji’ﬂji )]m+l,qi
The Mellin transform of f (X) denoted by M { f(x); S} or F(s)is given by
M { f(x);s} =[x (x)dx (5)

0
The Hankel transform of f (X) denoted by H, { f(x); p} or F,(p)is given by
H, { £ (x); p} = [ 3, (px) f (x)dlx (6)

0

A real scalar random variable X is said to have a real type-1 generalized beta distribution,if the density is of the
following form ([1], p.121, eq. (4.8)):

L(a)L(B) (7)

0,elsewhere

L(@+h) ya(1 311 0axet, a0, 450
f(x)=

Where the parameters « and £ are real. The following discussion holds even when & and £ are complex
quantities. In this case, the conditions become Re(«) >0,Re(f) >0 where Re(.)means the real part of ().

2. General structures

A real scalar random variable X is said to have a real generalized type-1 generalized beta distribution,if the
density is of the following form:

a+tm

F(a+tm+ﬁ]A P
/4

(=], L ®)

X (1-Ax)P R (a,bic,wi s pxt)
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For 0<x<A7,a>0,,6’>0,A>O,a>0,b>0,c>0,1—Ax7>0.

Where the parameters « and f are real. The following discussion holds even when & and £ are complex
quantities. In this case, the conditions become Re(«) >0,Re(f) >0 where Re(.)means the real part of (.).

The h"™ -moment of X, when X has the density in (8), is given by

F(Ot-ktm-l-th[a-i-tm +,B]
E(Xh): 4 4
A:F(aﬂmjr(owrh +IBJ
e e

For Re(a +tm+h) >0,Re(a+tm+ ) >0,y >0.

9)

When « and h are real, the moments can exist for some values of halso such that &« +h >0.

The Mellin transform of f (X) is obtained from (8) as:

F(a+tm+s—1Jr(6¥+tm +ﬂ}

M{f (X)) =—— A (10)
Ayr(a+thr(a+s—l+ﬂJ
y y

For Re(a +tm+s-1)>0,Re(a +tm+ ) >0,s=v+2r+2>0,7>0.

The unknown density f (X) is obtained in terms of X -function by taking the inverse Mellin transform of (10).
Thatis

1
Ayr(a;tm”fj L l(etod)
f(x)= o D Ayx(aﬁm_lf 1] (11)
(5
y

ﬂ’7
The Hankel transform of f (X) is obtained from (9) as:

F(a+tm+s—1jr(a+tm+ﬂj

H{T ()} =3,(p)—5— L

Ayr(a+tmjr(a+s—l+ﬂJ
e Y

For Re(a +tm+s—-1)>0,Re(e¢+tm)>0,s=v+2r+2>0,7>0.

(12)

The unknown density f (X) is obtained in terms of N -function by taking the inverse Hankel transform of (12).
That is
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1
A}’l—*(a'i‘tm +ﬁ} 1 L‘1+ 1
/4 1,0 7 [ ¥ ﬂ'?)

t\<1,1:‘r- ‘R A a+tm-1 1 (1 3)
r [ a+tm j ( p +/3,;]
Y

F()=3,(p)

Consider a set of real scalar random variables X, ..., X, , mutually independently distributed, where X i has the

density in (8) with the parameters «;, f;; j =1,...,K and consider the product
U= XX,...X, (14)

In the standard terminology in statistical literature, the h™ moment of U, when U has the density in (8), is given
by

a.+tm+h a. +tm
r|— r|— + 3,
E(u)=—— 4

h
W aj+tm aj+h
AT r + B
7i 7i

For Re(a; +tm+h)>0,7,>0; j=1,...k

(15)

Then the Mellin transform of g(u) ofU is obtained from the property of the statistical independent and is given
by

M[gW]=M[x"]..M[x*] (16)

[aj+tm+s—1J (aj+tm j
r r + B
M [g()]=T1 & 4

1= 57_1 a;+tm a;+s-1
AT r + 5
7 Vi

For Re(a; +tm+s-1)>0,y, >0,s=v+2r+2

(17)

The unknown density f (X) is obtained in terms of X -function by taking the inverse Mellin transform of (17).
That is

y | o +tm
) A F 7/ +ﬂj ‘ 1 [aj_l+ﬁ’ ’i]
g(u) = H J NEIETiZR 11;[1ij u [ajyﬂm]_:; 1 j (18)

Vi JY}’j

Then the Hankel transform of g(u) ofU is obtained from the property of the statistical independent and is given
by:

H[g(u)1=H[xJ,(px)]H[x,Jd,(px,)]...H [%J,(px)] (19)
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a +tm+s-1 o. +tm
r| r| + 3,
Vi e

K
H{g(u)}=1J,(p)[1—
I — (g +tm a. +s-1
A7JF J T J +ﬂj
Vi Vi

For Re(a; +tm+s-1)>0,y;, >0,s=v+2r+2>0

(20)

The unknown density f (X) is obtained in terms of N -function by taking the inverse Hankel transform of (20).
That is

yij a;+tm
AT ” + 5, ¢ L [L‘le,i]
g(U)sz(p)Jl;[l ’ Neo | TTASul, 7 7

If we consider more general structures in the same category. For example, consider the structure
U = X7, 8, >0, j=1..,k (22)
Where X,,..., X, are mutually independently distributed as in (8).

Then the Mellin transform of g(u,) ofu, is given as

M[g(u)]=M [x{l“’”]...M [xkyk(s‘”] (23)
k r(ozj+tm+§j(s—1)]l{ocj+tm+ﬂj}
Vi e
M[g(ul)]=r_ll 5 (5D J J (24)
= —— (a +tm a;+0.(s-1)
A 7 r‘{ J JF[ J J +ﬂjJ
Vi Vi

For Re(a; +tm+s-1)>0,s=v+2r+2,6,; >0.

The unknown density g(u,) is obtained in terms of N -function by taking the inverse Mellin transform of (24).
Thatis

vl +tm
ATT +ﬂj Jj [“rb}m_ ﬁ]
K Vi ko ﬂAf ro

a;+tm-7; S
74.5],'*
7ij 7ij

(25)

For Re(a; +tm+s-1)>0,s=v+2r+2,5; >0.
The Hankel transform of g(u,) ofu, is obtained from the property of the statistical independent and is given by:

HIg )] =H [ x*3, (o) [H[x23,(px?) |- H[x*3,(px) | (26)
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a. +tm+0.(s-1) o +tm

1—* J J F J +ﬂ'
K Vi Vi J

H {g(ul)} = ‘]v(p)}_:‘[l 6,—(5—1)

AT a;+tm r aj+5j(s_1)+ﬁj
7 7,

For Re(a; +tm+s-1)>0,s=v+2r+2>0,5; >0.

(27)

The unknown density g(u,) is obtained in terms of N -function by taking the inverse Hankel transform of (27).
That is

7; a; +tm
AT +,Bj .4 {aj—(suﬁ_‘i]
7 k.0 A u b 7 "y

k
u)=1J I1 o ) 28
a(u)=1J,(p) = o +1m Kk R| 1 1 [aﬁtym,bj ” j’} (28)
J J
Vi
For Re(a; +tm+s-1)>0,s=v+2r+2>0,0, >0.
A More General Structure
We can consider more general structures. Let
y Xoyeeny X

w= 2k X (29)

Xegreen Xy

Where X, ..., X, , mutually independently distributed real random variables having the density in (8) with X;

having parameters aj,,Bj; j=1..k.

Then the Mellin transform of g(w) is given by

M{gW)]=M[x*|.M[x M x5 ].M[x?] 0]

a. +tm a. +tm+s-1
k }/J. r 7/].
M[g(w)]=11 I

i 2 (g +tm) [ S (o 4+s-1
A'T| AT " T B

7
F£aj+tm_(s_1)J
i 2

j=re1 =S (s-1
A e
7

(31)

For Re(a; +tm*(s-1))>0,s=v+2r+2>0

The unknown density g(W) is obtained in terms of ¥ -function by taking the inverse Mellin transform of (31).
That is
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1 [1—aj +tm+1l 1 ]

K = =
0,k—r Vi Vi Vi
Nk—r,k—r:ri:R H A w 1

j=r+1 aj+l
J 1- - =
7j 7j

Then the Hankel transform of g(w) is given as:

pj=r+1..,k (32)

H[g(W)] = H [Xl‘]v(pxl)]H [Xr"]v(pxr)] H |:X:1'Jv ( px:l)]H |:XlzlJv ( pxlzl)] (33)

ocj+tm aj+tm+s—1
T +ﬂj r——
k 7 I i

H{g(w)}=Jv(|o)jF=I1 - (

o [a;+tm) |2 f a. +s-1
AT A'T| - + 5,
7i i
F(aj+tm—(s—1)]

k .
'}—r‘[+1 —S }/J (34)
I= ijr‘[051-—(8—1) ]

7

For Re(a; +tm£(s-1))>0,s=v+2r+2>0

The unknown density g(W) is obtained in terms of ¥ -function by taking the inverse Hankel transform of (34).

That is

P a1+tm

K a y e 1 [“Jl _LJ
g(w)=3,(p)TL ‘ | TLATW S

1= Q; +tm ] [ I i —j

7] Vi
7

) 1 [ _aj+tm+1‘i]

N ke | IL AW T =4k (35)

j=r+1 aj+l
! [1— o o
7j 7

We can consider more general structures in the same category. For example, consider the structure

2! S
Xty X
W= (36)
X r+l X, k
Pl e N

Where X, ..., X, , mutually independently distributed real random variables having the density in (8) with X;

having parameters aj,ﬂj; j=1...,k.
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Then the Mellin transform of g(W,) is given by

M[g)]=M [ MO M e M [ x5 62 ] 37)

a;+tm o, +tm+0.(s-1)
r +f3; r|— .

k 7/]. r ]/J.

M [g(Wl)] = }_:[1 -5, H

D (g +tm) [T (g4 5(s-1)
All—‘ J AJF J J +IBj

7
r a;+tm-5,(s-1)
f 7

i 20y S (s—1
A}’j F(aJ J( )_l_ﬁj]

(38)

7i

For Re(a; +tm*(s-1))>0,s=v+2r+2>0,0, >0.

The unknown density g(W,) is obtained in terms of N -function by taking the inverse Mellin transform of (38).
Thatis

k . ),
w,) =11 Tw,
g( l) =1 a.+tm rroR =1 1 aj+tm—6] ﬁ
J 7j ! 7j
7
‘ ;01 {1—[11 -¢—tm+§J ﬁ]
N | TT AT W, T j=r+l,..,K (39)
K=oz j=r+l 170«’]*5] 5 (il
7j JY}’j

For Re(a; +tm*(s-1)>0,s=v+2r+2>0,0, >0.

Then the Hankel transform of g(w,) is given as:

HIgW)1=H [ 3, (px) |..H[ %73, (px™) ]

H [xr‘fl”hlv(pxr‘j*1 )]H [xlz‘shlv(pxlz‘sk )] (40)

{aj+tm ] [aj+tm+5j(s—1)]
) r _ + 5 r r _
H {g)} =3, (p) 11— n 7

9 =1 98
A F(%HmJ ! ijr(aj+5j(s_l)+ﬁjJ
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r a; +tm-05,(s-1)
f /

—S0;:

e = (o -6,(s-1
A?j 1—‘ aJ J( )+ﬂj
7j

(41)

For Re(a; +tm*(s-1))>0,6, >0,s=v+2r+2>0

The unknown density g(W,) is obtained in terms of N -function by taking the inverse Hankel transform of (41).
Thatis

f a;+tm
AT " + 5, LG [a,--aj%gJ
g(w;)=J,(p) Hl J KROTTAY 7 2
j=

-5 [l_aj+tm+5j ﬁ]

k -2
N | T AW e 7 “]:j=r+1,...,k (42)

j=r+1 [1_ai+§i &

Vi j'}/j
For Re(a; +tm*(s-1))>0,5;, >0,s=v+2r+2>0.
3. Special Cases

If we take 7; =1, R =1in (11),the unknown density f (X) is obtained in terms of H -function . That is

1
[ a+tm
Sl e PR
7/ H 1,0 A;X ¥ Y}/
il a+tm-1 J;
r ( a+tm J [ +
YV

For y; =1, j=1,...,k, the H -function reduces to the G -function.

f(x)=

(43)
J

7 4

If we take R =1=17,in (13), the unknown density f(X) is obtained in terms of H -function . That is

1

- tm

NF(OH +ﬂj L (=)
f(x)=J,(p) Y H| Arx| 7 "

11 a+tm-1 1 (44')
F[a +tmj (fw,;j
Y

For y; =1 j=1..,k, the H -function reduces to the G -function.

If we take R =1=7,in (18), the unknown density g(u) is obtained in terms of H -function . That is
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1
— [ a,+tm
A}/JF ! +ﬂ] 1 0!]-*1 1
g(u)—ﬁ 7 H X0 151 Ay R (45)
it F(afﬂm] B [ﬂ%tim%]
7i

For y; =1, j=1,...,k, the H -function reduces to the G -function.

If we take R =1=r;in (21), the unknown density g(u) is obtained in terms of H -function . That is

71_ aj+tm
kAJF 12 5 P [aj—4+ !
g(u)=3,(p) 1L ’

1 ﬁj,f]
HS | TTA |, 7 7 (46)

) i—1 a;+tm-1 1

p| it )

i

For ;=1 j=1..,k, the H -function reduces to the G -function.

If we take R =1=7;in (25), the unknown density g(u,) is obtained in terms of H -function . That is
9
v o +tm
s + 'Bi 9 @j=6; . 9
) el [
Heo| I
Tl

Al | 7
r a; +tm =1 !
Vi

a;+tm—5; J; (47)
[ij va]
7i
For y; =1=6;; j=1,..,k, the H -function reduces to the G -function.

k
g (ul) = 1__[
j=1

If we take R =1=7;in (28), the unknown density g(u,) is obtained in terms of H -function. That is

% aj+tm
kAF , + B 5; [aj—a‘ s
9(u) =3,(P)TL ’

K A 714_'3]. 'J]
HO | TTA b 77 7 (48)
[ rtm <k A 1(5i;tﬁ+ﬂp?J
J ]
7

For y; =1=4;; j=1,..,k, the H -function reduces to the G -function.

If we take R =1=7,in (32), the unknown density g(W) is obtained in terms of H -function . That is

| ' L[t 2
| HO A w77
i1 [aj +th Tia [

r

a;+tm-1 1
Jiﬁgj —
7j

7j

1 [ aj+tm+l 1]

ko o— || =

0,k-r 7j 7j ]
H | TT AW

7] .
cj=r+1,..k 49
j=r+l [1,0’17“,& i] J ( )
7j i
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For y, =1, j=1,..,k, the H -function reduces to the G -function.

If we take R =1=7,in (35), the unknown density g(W) is obtained in terms of H -function . That is

il —
}/JW 7i

a; +tm = aHmt 1

r|—! [ 7j A 7j
i

k

1 [_aj+tm+l 1]
0,k—r Vi 7j '7/1 .
Hk—r,k—r j£I+1A w ;41 1 ,J—r+1,...,k
g
j

7j

711 a;+tm
) A F 7/ +ﬂj . 1 [aj—1+ﬂ ]_J
g(w) =J,(p)I1 ’ HY | .
J=

(50)

For y, =1, j=1,...,k, the H -function reduces to the G -function.
If we take R =1=17,in (39), the unknown density g(W,) is obtained in terms of H -function . That is

% a; +tm
) AT ’. +ﬂj 5 [L—b‘jJrﬂ_ 6jj
9(W1)=11_=11 J

r — i
r,0 7 7j Vi
HI’,I’ E[ A Wl

aj+tm—5j EJ-
—+p,
7j 7j

. -5, [7a]—+tm+5j ﬁ]
0,k— 7i i i)
HX L T AT w, s j=r+1.,k
{E S et} [, a9
=i oL
7j 7j

(51)
For y; =1=9;; j=1...,k, the H -function reduces to the G -function.

If we take R =1=7;in (42), the unknown density g(W,) is obtained in terms of H -function . That is

7; aj+tm
) AT ’ +ﬂj S8 [Mw_’cSq
g(w) =J,(p)11 ' Hi? I TTA  w | 77
=1 r a;+tm R
7

) -5 [l_aj+tm+6j i}
0,k—r 7
H k—rk—r H A Wl

i vi).
j=r+1 [ aj+§]j (;J.J’ J - r+l,,k (52)
1- -8,
7j 7i

For y; =1= 5j; j=1,...,k, the H -function reduces to the G -function.
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