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ABSTRACT

In this paper we discussed about the multi fuzzy set and multi dimensional membership, fuzzy multi
ideal , fuzzy multi ring and apply to the theory of ring and in their notations.

INTRODUCTION

The innovative works of Zadeh[16] and Rosenfield[12] led to the fuzzification of algebraic
structures.The idea of anti fuzzy subgroup was introduced by Biswas[3] which was extended by many
researches F.A Azam, A.A Manum and F.Nasrin[2] apply the idea of Biswas to the theorey of ring.they
introduced a notion of anti fuzzy ideal A of a ring X.

We introduce the theorey of multi-fuzzy set in terms of multi-dimensional membership
functions and investigated some properties of multi level fuzziness.After introducing multi-fuzzy subsets of
a crisp set.

We also introduce some elementary properties of multi-fuzzy subgroups.The concept of
multi-anti fuzzy subgroup and discussed some of its properties.

We also extended the concept of multi-anti fuzzy subgroup to multi-anti fuzzy ideal of a
ring and introduce a notion of multi-anti fuzzy ideal A of a ring X and some of its properties.

In this paper we discuss the properties of image of multi-fuzzy ideal of a ring under
homomorphism and anti homomorphism and the properties of image multi-anti fuzzy ideal of a ring under
homomorphism and anti-homomorphism.
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CHAPTER-1
PRELIMINARY
DEFINITION: 1.1

Let R and R! be rings. A function f: R— R! is called a homomorphism.If

(i) fla+b) = f(a)+f(b)

(i) f(ab) = f(a)f(b) for all a,pe R

If fis 1-1.then f is called a monomorphism.

If f is onto .then f is called an epimorphism. A homomorphism of a ring onto itself is
called an endomorphism.

DEFINITION: 1.2

A Mapping f from a ring R to a ring S (both R and S not necessarily commutative) is
called an anti-homomorphism. If for all X, y € R

() fx+y)=f)+ f(x)and
(i) flxy) = f(yx)

A surjective anti-homomorphism is called an anti-epimorphism.
DEFINITION: 1.3

A non empty subset S of a ring R is said to be an Ideal of R if it is both left and right
Ideal of

(i.e.) an additive subgroup S of R is an ideal of R.if
a€ESreER=>ra€eSare€s
DEFINITION: 1.4
An additive subgroup S of a ring R is said to be a left ideal of R.if

ae€eS,reR>rac€s.

DEFINITION: 1.5
An additive subgroup S of a R is said to be a right ideal of R.if
a€ES,reER=>are€s
DEFINITION: 1.6

A Proper ideal S of a ring R is said to be maximal ideal of R.if it is not strictly contained
by any other proper ideal of R.

Eg:

If R is a ring of even integer’s . Then the ideal of R if there exist no proper ideal between S and R.
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DEFINITION: 1.7

A non zero ideal is called minimal if it contains no other non zero ideal.

DEFINITION: 1.8
If R be a commutative ring.Then an ideal S+ R is said to be prime ideal.
abeS=>a€S(or)beS Foralla,b €R.

DEFINITION: 1.9

If R is a commutative ring.Then aR = Ra is an ideal.

This is called the principal ideal generated by ‘a’ and is denoted by (a).

DEFINITION: 1.10

A multi-fuzzy ring A on a ring R is called a multi-fuzzy ideal if it is both a multi-fuzzy
left ideal and a multi-fuzzy right ideal.

In other words,
a multi-fuzzy set A on R is a multi-fuzzy ideal of a ring.if

(i) AX -Y) = min{A(X),A(Y)}and
(i) A(XY)= max{A(X),A(Y) forall x,y €R

DEFINITION: 1.11
A non empty set R with binary operation ‘+” and °.’. If the following axioms hold.

(i) (R,+)is an abelian group
(i) Forallab,ce R

Such that,

(R,.)is semigroup
Then, (R, +,.) is called a Ring.
DEFINITION: 1.12

A non empty subset S of a ring (R,+,.) is called a subring. If S itself is a ring under the
same operations as in R.

Eg:
Z is a subring of Q.

Q isasubring of R.
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DEFINITION: 1.13

A multi-fuzzy set A on a ring R is said to be a multi-fuzzy ring on R.if for every
(x,y € R).

() AX-Y) = min{AX),A(Y)}
(i)  AXY) = min{A(X),A(Y)}

DEFINITION: 1.14

Let R be a ring a fuzzy ring A of R is called a ring with operator (read as M-fuzzy ring) iff for any
t € [0,1], A, is a ring with operator of R

(i.e). M-subring of R), when A; # ¢
Where,

A ={x €ER:A(x) >t}
DEFINITION: 1.15

Let A be M-fuzzy ideal of R is an M-fuzzy subring of R.

Such that,
(AKX —Y) = min(A(X),A(y)) forall X,Y inR
(i) A(XY) = min(A(X), A(Y)) forall X,Y.inR
(iii) AY+X-Y) = AX)
(iv) A(XY) = A(Y)
(V) A(X+2)Y —XY) = A(Z)
Forall X,Y,Ze R
Note that,

A is a M-fuzzy left ideal of R if it satisfies (i),(ii),(iii) and (iv),and A is said to be a M-fuzzy
right ideal of R.if it satisfies (i),(ii),(iii) and (V)

DEFINITION: 1.19
Let A be M-fuzzy anti ideal of R.if A is an anti M-fuzzy subring of R.
Such that,
The following conditions are satisfied”
(i) AX —-Y) <max{A(X),A(Y)}

(i) A(XY) < max{A(X),A(Y)}
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(INAY +X-Y) < AX)

(iv) A(XY) < A(Y)

(V) A((X + 2)Y — XY) < A(Z)
Forall X,Y, Z€ R.

Note that, A is an anti M-fuzzy left ideal of R if it satisfies (AF,), (AF,), (AF;) and (AF,) and A is
called an anti M-fuzzy right ideal of R if it satisfies (AF,), (AF,), (AF;) and (AFs)

CHAPTER-2
MULTI- FUZZY IDEAL
THEOREM: 2.1

Let f be a homomorphism from a ring R into a ring S and Let B be a multi-fuzzy left ideal
of S. Then the pre-image, f~!(B) is a multi-fuzzy left ideal on R.

PROOF:
Consider a ring homomorphism f: R — S.

Let B be a multi-fuzzy left ideal of S. Forall x,y € R

(i) fIBE-y) =B(f&—y)
= B(f(O) ~ ()
> min{Bf (x), Bf ()}
= min{f~1(B)(@), f 1 (BY»)
£1B)(x — ) = min{f1(B) (), £ (B3}

(ii) £1(B)(xy) = B(f(xy))
> max{Bf (x), Bf (v)}
=max{f~I(B)(x), f ' (B)(»)}
F1(B)(xy) = max{f~1(B)(x), f1(B)(»)}
(iii) f1(B)(xy) = Bf (xy)
= B(f(x), f(»))
> B(f(y))
=f1(B)(¥)
fFA1IB)(xy) = F1(B) ()

Therefore,
f£71(B) is a multi-fuzzy left ideal of R.
THEOREM: 2.2

Let f be a homomorphism from a ring R into a ring S and Let B be a multi-fuzzy right ideal
of S. Then the pre-image, f~!(B) is a multi-fuzzy right ideal on R.
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PROOF:
Consider a ring homomorphism f: R— S.

Let B be a multi-fuzzy right ideal of s. For all x, ye R.

() B (x—-y) =Bf(x—y)
=B(f(x) — f(»)
> min{Bf (x), Bf ()}
= min{f ~1(B)(x), f1(B)(»)}
F1B)(x —y = min{f1(B)(x), f 1 (BY(»)}
(i) B y) =B(f(xy))
> max{Bf (x), Bf (y)}
= max{f 1(B)(x), f 1(B)(»)}
1B (xy) = max{f~I(B)(x), f1(B)(»)}
iy  f(B)(xy) = Bf (xy)
=B(f()f ()
> B(f(x))
= f1(B)(x)
1B (xy) = fF1(B)(x)

Therefore,
f£~1(B) is a multi-fuzzy right ideal of R.
THEOREM: 2.3

Let f be a homomorphism from a ring R into a ring S and let A be a multi-fuzzy left
ideal of a ring R with sub property. Then the image f (A) is a multi-fuzzy left ideal of a ring S.

PROOF:
Consider a ring homomorphism f: R— S.

Let A be a multi-fuzzy left ideal of R. For all X, ye R.

() FAF@ - ) =fAf(x—y)
=Alx—y)
> min{A(x),A(y)}
= min{f (A (x), f(A) ()}
fA ) — f(¥)) = min{f (4)(x), f(A) ()}
(i)  fFAFCFO) = FAf(xy)
= A(xy)
> max{A(x),A(y)}
= max{f (4)(x), f(A) ()}
fAF ) f () = max{f(A)(x), f(A)(¥)}
(i) fFAF@fB)) = FASxy)
= A(xy)
= A®Y)
= 0@ )
(@@ O) = 0@ E@)

Therefore,
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f (A) is a multi-fuzzy left ideal of S.
THEOREM: 2.4

Let f be a homomorphism from a ring R into a ring S and let A be a multi-fuzzy right ideal
of a ring R with sub property. Then the image f (A) is a multi-fuzzy right ideal of aring S.

PROOF:
Consider a ring homomorphism f:[1 — (1.

Let A be a multi-fuzzy ideal of R. For all x, ye [

(i) SO = 0() = 0o =)
=(0-0)
> min{ (), (L)}
= min{J(C) (D), D(D) (D)}
) = 0(E)) = min{ (D)), D))}
(ii) 0(D)(0(D)o(D)) = o(o)o(oo)
= 0(0D)
> max{[1(]), 1(C)}
= max{[J(L) (1), D))}
O(O)(O(D)0(D)) = max{01(0)(0), I(0) (D)}
(i)  0(@(O(@O(D)) = 0(D)O(OO)
= 0(0D)
> 0(0)
= 0 )
0(O)(C(D)D(D)) = DOY(DD)

Therefore,

f(A) is a multi-fuzzy right ideal of S.

THEOREM: 2.5

Let f be an anti-homomorphism from a ring R into a ring S and let B be a multi-fuzzy left
ideal of S.Then the pre-image ©~!(7)) is a multi-fuzzy right ideal of R.

PROOF:
Consider a ring anti-homomorphism f:(] — 1.
Let B be a multi-fuzzy left ideal of S. For all x,y€ [

() Ol =0) =000 =0)
= 00 = ()
> min{[J (1), ()}
= min{07(C) (), 07D ()}
= min{071(0) (D), 071 (O)}
07O (0 = 0) = minf 00, 07O}
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(i) 0TI = o))
= 00 O)
> max{]1(), 10()}
= max{0~1(0)(D), 0~ I(D)(D)}
max{~'(0) (), 071 (D)}
OO0 = max{ 0T ), 0T ()}
(iii) oM@ =ooEn)
= 0(U(@O)
> 0(0()
= 07l ()
BRI [(aln) Nl () I(E))

Therefore,171(1) is a multi-fuzzy right ideal of R.
THEOREM: 2.6

Let f be an anti-homomorphism from a ring R into a ring S and let B be a multi-fuzzy right
ideal of S. Then the pre-image,[1~!(1) is a multi-fuzzy left ideal of R.

PROOF:
Consider a ring anti-hnomomorphism [1: [1 — .
Let B be a multi-fuzzy right ideal of S. For all x,ye€ [

i ol(o)(o-0)=00-0)
= 0(0(0) — 0(x)
> min{00(0), 10(0)}
= min{01~1() (1), 07D ()}
= min{(1 () (1), 07N ()}
7 = ) = min{07N ) ), 07}
(i) 07I(@)(00) = 0(O(Oo))
= O(0(@)oo))
> max{0 (), 00(0)}
= max{[_l(])([), D_l(D)(D)}
= max {1~ (1) (1), 071NN}
OO (00) = max{0 (), 07N ()}
(i) CTN(H@D) =00
= 0N IE)
> ()
= 07l
07O D) = 07O)(O)

Therefore, [17!(0)) is a multi-fuzzy left ideal of R.
THEOREM: 2.7

Let f be an anti-nomomorphism from a ring R into a ring S and let A be a multi-fuzzy left
ideal of a ring R with sub property. Then the image f (A) is a multi-fuzzy right ideal of a ring S.
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PROOF:
Consider a ring anti-homomorphism [1: [1 — [

Let A be a multi-fuzzy left ideal of R. For all x,ye [

) 0@ =00n) = 00nne =)
= 0(0 = D)
> min{(J(0) (1)}
= min{(2)(0), 2(0)(0)}
= min{(0) (D), (D) (D)}
(D) = 0() = minf 1)), DD}
()  O(O(OU) = 0O
= 1(00)
> max{[]()), ()}
= max{[J(0) (D), D() (D)}
= max{[J() (D), D)D)}
D)D) = max{ () ), 0 )}
(i) OO O()) = DDLU
= 0(00)
> 0(0)
= 0(0)(0(D))
(0(@om) = 0@(0D)

Therefore,

f (A) is a multi-fuzzy right ideal of S.

THEOREM: 2.8

Let f be an anti-homomorphism from a ring R into a ring S and let A be a multi-fuzzy right
ideal of a ring R with sup property. Then the image, f (A) is a multi-fuzzy left ideal of a ring S.

PROOF:
Consider a ring anti-homomorphism [1: [ — [1.

Let A be a multi-fuzzy right ideal of R. For all x,ye [1.

(i) OO = 0() = 0O = 0)
=00 =1)
> min{(1(1), ()}
= min{J (L) (1), L () ()}
DD E ) = 0(E)) = min{ () (), D))}

(ii) DO O) = 00
= [0(00)
> max{[1([), [1(T)}
= max{[1 () (1), 0 () (M)}

CEDEED L)) = max{H (E) (), D)D)

(i)  O0@)(OE)OE)) =00 =10
= [1([01)
> (1)
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@ EE)) = BE)EE)

Therefore,

f(A) is a multi-fuzzy left ideal of S.

THEOREM: 2.9

Let f be a homomorphism from a ring R into a ring S and let B be a multi-fuzzy left ideal of
S.Then the anti pre-image, [17!(11) is a multi- anti fuzzy left ideal of R.

PROOF:
Consider a ring homomorphism [1: (1 — [1.
Let B be a multi anti-fuzzy left ideal of S.  For all x,ye 1.

(i) oD (o -0) =000 -0)
= 0(0(0) — 0(D))
< max{00(0), 00(0)}
0~I(0)(0 - 0) < max{0~I(0)(@), 071(O)(O)}
(i) Ol(O@D)=0@EEn)
= 0(n)
< max{00(0), 00(0)}
0~'(0)(00) < max{D~'(0)(D), 07'(0)(0)}
(i)  O0(O)(OD) =000
= 0O 0)
< 0(0(D)
o-l(@(@o) < o7l(@)(0)

Therefore,

071(0) is a multi-anti fuzzy left ideal of R.

THEOREM: 2.10

Let f be a homomorphism from a ring R into a ring S and let B be a multi-anti fuzzy right
ideal of S.Then the anti pre-image, (1) is a multi-anti fuzzy right ideal of R.
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PROOF:

Consider a ring homomorphism [J: [ — [].
Let B be a multi anti-fuzzy right ideal of S. For all x,ye [1.

(i) 0-l(O) (0 -0) =00(@ - 0)
= 0(0(0) = 0(0)
< max{J (1), D0()}
07N ()0 = 0) < max{07I(O)(), 07O (D)}
(i) 07D = 0Eo)
= (0(00)
<max{U (1), 00}
07 0) < max{07I(O) (), 07D}
(i) o@D =o00@n)
= 0(0(M (M)
< )
e (=) [(E))
sl ()T(ain) Equii(a)[(a)

Therefore,

0710 is a multi-anti fuzzy right ideal of R.

CONCLUSION
In this paper we discussed the properties of image of a multi-fuzzy ideal of a ring under
homomorphism and anti-homomorphism and the properties of image of multi-anti fuzzy ideal of a
ring under homomorphism and anti-homomorphism.

Hence,we also extended the concept of multi-anti fuzzy subgroup to multi-anti fuzzy ideal of a
Ring.we verified that every function of homomorphism from a ring R into a ring S. If the multi-
fuzzy set be a multi-fuzzy left & Right ideal of a ring with sub property.

Then,

The image of multi-fuzzy set is a multi-fuzzy left & Right ideal of a Ring S.
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