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Abstract: In this paper, we give some necessary and sufficient condition for decomposing some special type of complete bipartite

graph K . into even star subgraphs. In particular the condition for ¢ for which K, ,t=0123,..., for which even star

decomposition exist. The graph of the form K has even star decomposition if and only if « = n(n +l) for any natural

1«

number n. A Complete bipartite graph K,¢,, admits Even star Decomposition (S,,S,,...,S,,)if and only if n= k2" or
n=k2" -1t,k(=1)eN.
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1. Introduction

Let G = (V, E) be a simple connected graph . If G1, G2, - - -, Gn are connected edge-disjoint
subgraphs of G with E(G) = E(G1) U E(G2) U ... U E(Gn), then (G1G2, - - - ,Gn) IS a
Decomposition of G. Different types of decompositions of graphs are available in literature such
as path decomposition, cycle decomposition, triangle decomposition and few papers are
available in diamond decomposition . In this paper we are discussing star decomposition of some
complete bipartile graph.

Star :
A complete bipartite graph of the form Kau,n is called a star , and is denoted by Sp.
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Fig 1: A Star K,

Complete bipartite Graph:
A bipartite graph G which contains every edge joining V1 and V. then G is a complete bipartite

graph. If V1 and V2 have mand n vertices, we write G = K, ,.Clearly K has mn edges.
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Decomposition of a Graph:
Let G =(V, E) be a simple connected graph . If G1, G2, - - -, Gy are connected edge-disjoint

subgraphs of G with E(G) = E(G1) U E(G2) U ... U E(Gy), then (G1,G2, - - - ,Gn) is a Decomposition of G.

2. EVEN DECOMPOSITION OF A GRAPH
Arithmetic Decomposition:

A decomposition (Gl,GzyGS,. . .,Gn) of a graph G is an Arithematic Decomposition (AD) if the

sequence of number of edges in the decomposed subgraphs in increasing order is an arithematic sequence.
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Graph G

Us Us Uy Uq U3
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subgraph G Subraph Ga Subgraph Gs

In the above G is a simple connected graph
(G, G,,G,) is a decomposition of G. |E(G,)=1 ,|E(G,)=2 and |E(G,) =3. Also , they are in arithmetic
progression with first term 1 and common difference 1.So the decomposition
Thus (G,,G,,G;) is an arithmetic decomposition.
Even Decomposition(ED):
An arithmetic decomposition is said to be Even Decomposition if the first term and common
difference of the sequence of number of edges in the subgraphs are 2. Since the number of edges of each sub

graph of G is even, we denote the Even Decomposition as (G,,G,,G,, ).
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In this example, G,and G, are arithmetic decomposition of G with a=2 and d =2. So (G,,G, ) are Even

decomposition of G.

Theorem 1. Any graph G admits Even Decomposition (G2,G4,Gs, - - - ,Gzn) , Where Gai = (Vi , Ezi) and
|[E(G2)| =2i, (1=1,2,3,4....,n)ifand only if g = n(n + 1) where n is any natural number.

Star Decomposition
A decomposition (G,,G,.....,G, )of G is said to be star decomposition if each (G,,G,.....,G,)

are some stars.
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Star Decomposition (S5, S5, .53, 55) of &

Even Star decomposition(ESD)
A decomposition which is both even and star is called Even Star decomposition.

Decomposition (ESD).
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Even Star Decomposition (Ss, Sy, Ss) of &G

3.EVEN STAR DECOMPOSITION OF COMPLETE BIPARTITE GRAPH
Number of edges in K, ,is 1. This number 1 cannot be expressed as n(n+1) for any natural number

n. So it is not an ED, and hence not an ESD. In the similar manner K, ,, K,,, K;5,K,; etc has no
ESD.
Number of edges in K, , is 2. This number 2 can be expressed as 1(1+1). So it is an ED, and hence

K, , have an decomposition G, =S, . In the similar manner K, ,,K,,, etc has ESD.

(1 (Ul U U

Uy U3 Uy U5 U U7 Ug Uglyp VU Uy Ua U3 Uy U5 Ug U7 Ug Uglyy Uy, Uy

Ki1 S9 Sy Se

Theorem 2:
The graph K, hasanESD (S,,S,, ...,S,,) ifand only ifa=n(n+1),neN.

Proof.

Assume that K, , hasan ESD (S,,S,, ... ,S,,). Then [E(K,, | = ZH:|E(SZi)|
i=1

:>0::Zn:2i

1 =a=n(n+1)
Conversely assume that o = n(n +1).We have to prove that K, , =K, ,,.;)has an ESD
(82,84, e ,SZn). Let us prove his by mathematical induction. For n =1,a=1*(1+1): 2 clearly
K,,has ESD S,. Assume that the result is true for n =m. That is K, .,, has ESD
(51,8, -+ Syp) - We have to show that it is true for n=m+1. that is to prove that K, ;,.;)m.1.1) NaS

ESD(S,.S,, - - -+ Symu) - We have, (m+1)m+2)=m(m+1)+2(m+1).

Also Kl,(m+1)(m+1+1) = Kl(m+1)(m+2) = Kl(m+l)(m+2) = Kl,m(m+l)(m+l+l)
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K m(miny(ms1:2) CaN be decomposed in to (Klym(mﬂ)v Klyz(mﬂ)).
has ESD (S,,S,,...,S,,):
:>( Lm(ms1), K o(msa ) can be decomposition into (S;,S,, ..., Sy, Ky smi)) -

By hypothesis K,

m(m-+1)

:>( Lm(ms1), ) can be decomposition into (S, S,, ..., S,y Ky () -

:>( 1,m(m+1), " 2(m+1 ) has the ESD (Sl’ SZ’ T 'SZm'SZ(m+1)) .

Hence the proof.

Theorem 3:

A complete bipartile graph K , admits Even star Decomposition(Sz, Sy, ..., Sz (22k—1)) if and only if
a = 2k(2%k — 1), wheren = 22k — 1, (K # 1)eN.

Proof:

Assume that K , admits Even star Decomposition(S;, Sa, -, Sz(22k-1)) -

Then [E(Kye )| = Xieq [E(S20)

= 20 =31, 21

=>20=nn+1)

= 20 =22k (2%k — 1)

= o =2k(2%k — 1).

Conversely assume that o = 2k(22k —1). Let {uy,uy, v4, vy, ..., v, } be the vertex set of K, ,. For
every o, K, ,_ can be decomposed into K, . with vertex set {u,, vy, v,, ..., v, } and biffx with vertex
set {u,, vy, vy, ..., v, }.Since number of edges in K, , can be expressed in the form n(n + 1), it has
an even decomposition (G, Gy, ..., Go»y). This even decomposition can be Partitioned into two sets
U = {Gy, Gy, .., Gag—1), Go(n—(k-1)) » - oG} and V = {Go, Gok41) » +r Gar+1}. USiNg these two
sets U and V, we can decompose K,'! and Ké‘fx , Whose union gives the decomposition of K, , .

Kzlf; can be decomposed as {S;, S,, ...,SZ(K_D, 2(n=(k-1)) » ., Son} and KZ’ff; can be decomposed as
{S2k» S2(k+1) » -+ » S2k+1}, Whose union gives the ESD of K, ,.Hence the proof.

Theorem 4:
A complete bipartile graph K, , admits Even star Decomposition(S;, Sa, «--, Sz(22x)) if and only if
a = 2k(2%k + 1), where n = 2%k, (K # 1)eN.

proof.

Assume that K, , admits Even star Decomposition(S;, Sa, -, Sz(22k)) -

Then |E(K2,a)| = Di=1 [E(S20)|

= 20 =), 2i

=>20=nn+1)

= 20 =2%k(2%k + 1)

= a=2k(2%k + 1).

Conversely assume that o = 2k(22k + 1) Let {uy, uy, vy, vy, ..., vy } be the vertex set of K, ,. For
every a, K, , can be decomposed into K, % with vertex set {u,, vy, v, ..., v, } and Kz’f; with vertex
set {u,, vy, vy, ..., v, }.Since number of edges in K, , can be expressed in the form n(n + 1), it has
an even decomposition (G, Gy, -.., Go»)). This even decomposition can be Partitioned into two sets
U = {Gy, Gy, ..., Gy, Ga(n-(k-1) - v Gon} and V= { Gykr1) » Go(k42)s -r Gom—1}- Using these
two sets U and V, we can decompose K2 and KZ; , Whose union gives the decomposition of K, ,, .

K;f; can be decomposed as {S,,S4, ..., S2(k1), S 2(n-(k-1)) » ., Son} and K;f; can be decomposed as
{S2(k+1)s S2(k+2) » 2 S2(n—k)}» Whose union gives the ESD of K ,.Hence the proof.

Theorem 5:
A Complete bipartite graph Kt ,, admits Even star Decomposition (S,,S,, ... ,S,,)if and only if
n=k2" orn=k2" -1,t,k(21)e N.
Proof:
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Assume that K¢ ,, admits Even star Decomposition (S,,S,,...,S,,).
= 2%a; = XL |E(Sy)|
= 2ta, =Y, 2i
= 2ta, =n(n+1)
R*D  where a; € 2N.

=a; =
— ”(”_“) 2k Where k € N
:>n{n + 1)=2t+1k.

=n =21k or n+ 1 =21k,
—=n =21k or n =21k — 1.
Conversely assume that n = 28*1k or n = 2t+1k — 1.
Case 1: = 2tk .

t+1 2k (25 T k+1) t+1 ;

When n = 2tk | =0 = 2k (k2*** + 1),we have to prove K¢ , «, admits Even star
Decomposition. Applylng induction on ‘t’ the result is true when t=1.Suppose the result is true when
t=m. that is K,m , ~ admit ESD (S5, S, ..., Sz xom+1).We have to show that the result is true for
t=m+1, that is to prove K2m+1,am+1 admit ESD (S,, S,, ...,52_k2m+1,52(k2m+1+1), ...,52(k2m+2) ).

We have ,

|E(Kym+1 +1)| 2m+1am+1 K2MF2(R2M42 4 1) e e e e e e e e (1)
Also , |E(Kymg )| =2™ay, = k2™ (k2™ + 1) ... - RN ¢7)
There fore , |E(K2m+1a N )| — |[E(Kymg,) 31(222m+2+k2m+1
NOW  |E(Syq0,s) +o - o +|E(S,p0 | = 3K222M™42 4 k21 (3)

Therefore , From (2) and (3) |E(Kym+1g, )| = |E(Kam g, )| +|E(Somz s | +- - +‘E(Sk2m+3}
Therefore result is true for t=m+1
Hence K, admits Even star Decomposition (S,,S,, ...,S,,) Where n=k2"*,t k(1) N

Case 2: n = 2t+1k-1.
The proof is similar to case 1.
Hence the proof.

4. Result and Discussion

In this study, we introduce a concept known as even star decompaosition of graphs and determined this parameter for few
es, especially for some complete bipartile graph.. The graph Kl,a has an ESD (82,84, - ,Szn) if and only if

o= n(n +1), NneN. A Complete bipartite graph K,:,, admits Even star Decomposition (S,,S,, ...,S,,)if and
onlyif n=k2" orn=k2" —1t, k(;t 1) eN.
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