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1. Introduction and Preliminaries

The metric fixed point theory is very important and useful in Mathematics. It can be applied in various areas to find the solution, for
instant, in computer science, optimization, approximation theory, image processing as well as in economical problems. The first result
of fixed point theorem is given by Banach S. [4] by the general setting of complete metric space using which is known as Banach
Contraction Principle. There are many researchers generalized this contraction principle in different directions

In 1969, one of the most beautiful generalization of Banach contraction principle [1] is presented by Fan [2] which is known as best
approximation theorem.

Theorem-1 If A is a nonempty convex subset of a Hausdorff locally convex topological vector space B and S: A — B is continuous
mapping, then there exists an element x € A such that d(x, Sx) = d(Sx, A).

The concept of coupled best proximity point theorem is introduced by W. Sintunavarat and P. Kumam [4] and proved coupled best
proximity theorem for cyclic contraction. It should be clear that we can find a best proximity point in place of fixed point, if the fixed
point does not exist. This best proximity point is much closer to the fixed point. If this distance is equal to zero then the best proximity
point is called fixed point. Here one of the two things is important for best proximity point either distance must be equal to zero or very
near to zero. If this condition does not exist then the point is not a best proximity point. In this condition we move to find another
function which provides the distance must be closed to zero. So our purpose of this article is to generalized the result of [4] also we

give an example in support of our main theorem.
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Now we recall some basic definitions and examples that are related to the main results of this article.
Throughout this article we denote by N the set of all positive integers and by R the set of all real numbers. For nonempty subsets A and
B of a metric space (X, d), we let
d(A,B) = inf {d(x,y):x € A and y € B}
stands for the distance between A and B.
A Banach spaces X is said to be

i. strictly convex if the following implication holds for all x,y € X:

x+y
2

lxlf=llyll=1and x#y =

| <1
ii. uniformly convex if for each e with 0 < € < 2, there exists § > 0 such that the following implication holds for all x,y €
X:
IxlI< LlylI< 1 and llx —yllze= |22 <1- 6

It is easily to see that a uniformly convex Banach space X is strictly but the converges is not true.
Definition-2 [7] Let A and B be nonempty subsets of a metric space (X, d). The ordered pair (4, B) satisfies the property UC if the
following holds:
If { x,} and { z,} are sequences in A and {y,} is a sequence in B such that d(x,,y,) = d(4,B) and d(z,,y,) = d(4,B), then
d(xp, z,) = 0.
Example-3 Let A and B be nonempty subsets of a metric space (X, d). The following are examples of a pair of nonempty subsets
(4, B) satisfying the property UC.
i. Every pair of nonempty subsets A,B of a metric space (X,d) such that d(A,B) = 0.
ii. Every pair of nonempty subsets A,B of a uniformly convex Banach space X such that A is convex.
iii. Every pair of nonempty subsets A,B of a strictly convex Banach space which A is convex and relatively compact and the
closure of B is weakly compact.
Definition- 4[5] Let A and B be nonempty subsets of a metric space (X,d). The ordered pair (A,B) satisfies-the property UC™ if (A,B)
has property UC and the following condition holds:
If { x,,} and { z,.} are sequences in A and { y,,} is a sequence in B satisfying:
i. d(zuyn) = d(4,B)
ii. Foreverye > 0 thereexists N € N such that
d(xXpm,yn) < d(A,B) +€
forallm > n> N.
Then for every e > 0 there exists N; € N such that
d(xm, zp) < d(4,B) +¢€
forallm > n> N;.
Example-5[5] Let A and B be nonempty subsets of a metric space (X,d).
The following are examples of a pair of nonempty subsets (A,B) satisfying the property UC™.
i. Every pair of nonempty subsets A,B of a metric space (X,d) such that d(4,B) = 0.
ii. Every pair of nonempty closed subsets A,B of a uniformly convex Banach space X such that A is convex.
Definition-6 Let A and B be nonempty subsets of a metric space (X,d) and S: A —» B be a mapping. A point x € A is said to be a best
proximity point of S if it satisfies the condition that
d(x,Sx) = d(A,B).

It can be observed that a best proximity point reduces to a fixed point if the underlying mapping is a self mapping.
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Definition- 7 Let A be a nonempty subset of a metric space X and F: Ax A —» A.Apoint (x,y) € Ax A iscalled a coupled fixed
point of F if
x =Fxy), y=Fx).
2. Coupled best proximity point theorems
In this section we study the existence and convergence of coupled best proximity points for cyclic contraction pair.
Definition-8 Let (X,d) be a metric space. A mapping T: X — X is said to be ICS if T is injective, continuous and has the property: for

every sequence { x, } in X, if { Tx,} is convergent then { x,, } is also convergent.

In this paper we give some coupled best proximity point theorems for mapping having the mixed monotone property in partially
ordered metric space depended on another function, called T-cyclic contraction which is generalization of the main results of W.
Sintunavarat and P. Kumam [4].
Definition-9 Let A and B be nonempty subsets of a metric space X and F: Ax A — B.
An ordered coupled (x,y) € A x Ais called a coupled best proximity point of F if,

d(x,F(x,y)) = d(y,F(y, x)) = d(4,B).
It is easy to see that if A = B in Definition-9, then a coupled best proximity point reduces to a coupled fixed point.
Next,W. Sintunavarat and P. Kumam [4] introduce the notion of a cyclic contraction for two mappings which as follows.
Definition-10 Let A and B be nonempty subsets of a metric space X, F: AX A - Band G: B x B — A. The ordered pair (F,G) is
said to be a cyclic contraction if there exists a non-negative number &« < 1 such that

d(F(,y), 6w ) <% [dxw) + dy,v)] + 1 - a)d(4,B)
forall (x,y) e Ax Aand (u,v) € BX B.
Now we introduced the following notion of T-cyclic contraction for two mappings which is generalization of [4] as follows.
Definition- 11 Let T be an ICS mapping such that T: X — X and let A and B be nonempty subsets of a metric space X, F: AxX A —
Band G: Bx B — A. The ordered pair (F,G) is said to be a T-cyclic contraction if there exists a non-negative number « < 1 such
that

a

d(TF(x,y),TG(w,v)) < ~ [d(Tx,Tw) + d(Ty,Tv)] + (1 — a)T(d(4,B))
forall (x,y) € Ax Aand (u,v) € BX B.
Note that if (F,G) is a T-cyclic contraction, then (G,F) is also a T-cyclic contraction. Also if we take T be an identity mapping in
Definition-11 then we get Definition-10.

Following example show that Definition-11 is generalization of Definition-10.
Example-12 Let X = R with the usual metric d(x,y) =1 x — y| andTx = x + lalso A = Eg] and B = [—g—z] It easy to
seethat d(4,B) = 3.Define F:Ax A - BandG: BXx B - Aby

F(x,y) = x-y-7

x-y+1
4

and G(x,y) =

For arbitrary (x,y) € Ax A,(w,v) € Bx B andfixeda = % we get

X-y -7+4 u-v+1+4
4 4

d(TF(x,y), TG(u,v)) =

lx—ul+ly—-vl
4

[d(Tx,Tu) + d(Ty,Tv)] + (1 — a)T(d(A,B)).

< + 2

z
2
This implies that (F,G) is a T- cyclic contraction with a = %
The following lemma plays an important role in our main results.
Lemma- 13 LetT: X — X be an ICS mapping also A and B be nonempty subsets of a metric space X, F: AX A — BandG: B X

B — Aand (F,G) be a T-cyclic contraction. If (x,,y,) € A X A and we define
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Xns1 = F(Xn,Yn), Xnsz = G(Xns1, Yne1)
Yn+1 = F(yn'xn)' Yn42 = G(yn+1:xn+1)
forall ne N U{0},then d(xn, xn41) = d(4,B), d(Xp41, Xn42) = d(4,B), d(Yny Yn+1) = d(4,B) and d(Yn11, Yn+2) = d(A4, B).

Proof: For each n € N, we have

d(Txp, Txns1) = d(TF (n, ¥n), TG (Xp-1, Yn-1))
< 2 [d(Txn, Txn-) + d(Tyn, Tyn-D] + (1= a)T(d(4,B))
Similarly we have
A(TYn, TYns1) = d(TF Y %), TG n1, %n-1))
< ATy Tyn-) + d(Txn, Tx, )] + (1= a)T(d(4,B))
Therefore, by letting
d, = d(Tx,, Txpe1) + ATV, TYni1)
by adding above inequality we have
dn < a dpy + 2(1— a)T(d(4,B))
Similarly we can show that
dpy < @ dyy + 2(1—a)T(d(4,B))
Consequently we have
dy < ady + 2(1—a)T(d(4,B))

Ifd, = 0then (x,,y,) is a coupled best proximity point of F and G. Now let d, > 0 for eachn = m we have

A(Txp, Txy) < d(Tx,, Txy_1) + d(Txp_1, TXp_3)+.ooonu... + d(Txme1, Txm)

ATy, Tym) < ATV, Tyn-1) + d(TYn-1,Tyn-2)+......... + d(TYm+1, Tym)
which gives

d(Tx,, Txy) + d(Ty, Ty \leqdy,_1 + dp_y + dpz ... +d,

d, < a™ dy + 2"(1 — a™ T(d(4,B))
Takingn — oo we have

d(Txp, Txns1) + A(Tyn, Tynss) — T(d(4,B))
implies that

d(Txy, Txns1) — T(d(4,B))

d(TYn, Tyns1) = T(d(4,B))
forall ne N.
By similar argument, we also have

d(Txps1, Txniz) = T(d(A,B)), and d(Tyn11, TYns2) = T(d(4,B)).
Since T is injective mapping so we have

d(xn, Xn+1) = d(A,B) and d(Yn, yn+1) = d(A,B)
forall ne N.
By similar argument, we also have

d(Xn+1,Xn+2) = d(A,B), and d(Yni1, Yn+2) = d(4, B).
Lemma - 14 LetT: X — X be an ICS mapping also let A and B be nonempty subsets of a metric space X such that (A,B) and (B,A)
have a property UC, F: A X A — Band G: BXx B — Aand let the ordered pair (F,G) is a T- cyclic contraction. If (xy,v,) € A X
A and define

Xnt1 = Fw ), Xz = G(Xnyp Yner) Ad Yoy = FOR X)) Ynsz = G(Vnt Xne1)

forall ne Nu{0},thenfor e > 0,
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there exists a positive integer N, such that forallm > n > N,
~d(Txm, Txp1) + ATV, Tyns)] < T(d(4,B)) +e. (2.1)
Proof : By Lemma-13, we have
d(Txp, Txny1) = T(d(A,B)), d(Txp41,Txnyz) = T(d(4,B)),
d(TYp, Tyns1) = T(d(AB)),  d(T¥ni1, Tyns2) = T(d(4,B)).
Since (A,B) has a property UC, we get
d(Tx,, Tx,.,) — 0.
A similar argument shows that

d(Tyn' Tyn+2) - 0.
As (B,A) has a property UC, we also have

A(Txp41,Txn13) = 0, d(TYn41, Tynss) = 0.
Suppose that (2.1) does not hold. Then there exists €’ > 0 such that for all k € N,thereism, > n, = k satisfying
%[ d(Txmk' Tx‘l‘l.k+1) + d(TYmk: T}’nk+1)] 2 T(d(Al B)) + 6"

Further, corresponding to n, , we can choose m,, in such a way that it is the smallest integer with m; > n, and satisfying above
relation.

Then
%[d(Txmk_z,TxnkH) + d(TYmp-2 TYnpr1)] < T(A(A,B)) +¢€.
Therefore, we get
T(d(4,B)) +¢€ S%[d(Txmk, Txngs1) ¥ ATV TYnps1)]
< = [d(Txmp Txmye—2) + d(Tomye-2, TXngs1)] +5 [A(TVmpo TVmy—2) + A(TVmpe—2, T¥nis1)]
[ d(Txmy Txmp—2) + A(TYimps TYmy—2)] + T(d(A4,B)) +¢€.
Letting k — oo, we obtain to see that
%[d(Txmk, Txner1) + ATV Tynes1)] = T(d(A4,B)) +€.

By using the triangle inequality, we get

% [d(Txmk,Txnk+1) + d(Tymk,Tynk+1)] < % [d(Txmk,Txmk+2) + d(Txmk+2,Txnk+3) + d(Txnk+3,Txnk+1)]

N|R N|R

<

+ % [d(Tymk’ Tymk+2) + d(Tymk+21 Tynk+3) + d(Tynk+3' Tynk+1)]

d(Tx‘mkl Tx‘mk+2) + d (TG(x‘mk+1' ymk+1)' TF(xTLk+2' ynk+2))l
+ d(Tx‘nk+3'Tx‘nk+1)

_a
2

a
2

d(Tymk' Tymk+2) + d (TG(ymk+1: xmk+1): TF(ynk+2' xnk+2))l
+ d(Tynk+3' Tynk+1)

a [d(Txmk+1' Txnk+2) + d(Tymk+1'Tynk+2) ]

< Z[d(Txp,, T +=
~ [ (T Ty 42) 2 +(1—-a)T(d(A, B))
+ d(Txnk+3' Txnk+1)

d(Ty‘mk+1' Tynk+2) + d(Txmk+1' Txnk+2)]

+ 2 [d(TYp,, T +=
ol (T TVmye2) 2 [ +(1- a)T(d(4,B))
+ d(Tynk+3, Tynk+1)

d(Txmk,Txmk+2) + d(Txnk+3,Txnk+1)
+ d(Tymk' Tymk+2) + d(Ty‘nk+3! Tynk+1)

+ a?[d(Txmy+1, Txnprz) + A(TVmps1, TYns2)] + (1 — a®T(d(A, B)).
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Taking k — oo, we get
T(d(A,B)) +€' < a®[T(d(4,B)) +€] + (1 — a)T(d(4,B)) = T(d(4,B)) + a?¢
Since T is injective mapping so we have
d(A,B) +€' < a?[d(A,B) +€] + (1 — a®)d(A,B) = d(A,B) + a*¢€
which contradicts. Therefore, we can conclude that (2.1) holds.
Lemma- 15 Let T be an ICS mapping such that T: X — X also let A and B be nonempty subsets of a metric space X, (A,B) and (B,A)
satisfy the property UC*.
LetF:AXx A - B,G: B X B — Aand (F,G) be aT-cyclic contraction. If (xy,y,) € A x A and define

Xnt1 = F(xann)v Yn+1 = F(yn:xn)
and

Xnsz2 = GC(Xns1,Yne1)r Ynez = GVnsn Xne1)

forallne Nu{0}, then {x,.},{ v}, { xn51} and { y,,,1} are Cauchy sequences.
Proof: By Lemma-13, we have d(x,, x,+,) — d(4,B) and d(x,41,Xn+2) — d(4, B). Since (A,B) satisfies property UC, we get
d(xp, Xpe2) — 0. Similarly, we also have d(x,.1,x,4+3) — 0 because (B,A) satisfies property UC.
We now show that for every e > 0 there exists N € IV such that

d (X, Xp41) < d(4,B) +€ (2.2)
forallm > n> N
Suppose (2.2)not hold, then there exists € > 0 such that for all k € N there exists m;, > n, = k such that

d(Txpmy, Txne1) > T(d(4,B)) +e. (2.3)
Further, corresponding to n,, we can choose m; in such a way that it is the smallest integer with m, > n, and satisfying above

relation. Now we have

T(d(A,B)) + € < d(Txm, Txn,4+1)

IA

d(Txmk,Txmk_z) + d(Txmk_z,TxnkH)
d(Txamy Txzmy-2) + T(d(A,B)) + €.

IA

Taking k — oo, we have d(Tmek,TxanH) - T(d(A4,B)) + €.
By Lemma 13, there exists N € IV such that

~[ d(Txmye Txnyer1) + ATV TYmr1)] < T(d(4,B)) + € (2.4)
forallm > n > N. By using the triangle inequality, we get
T(d(4,B)) +€ < d(Txp,, Txny41)

< d(Txmy Txmye2) + A(Txy42, Txnpe3) + A(TXnp 43 TXnye1)
= d(Txmy TXmys2) + d(TG(xmk+1, Y31 ) TF (12, ynk+2)) + d(Txnes TXnyse1)
d(Txmk,Txmk+2) +%[d(xmk+1'xnk+2) + d()’mk+1:)’nk+z)]
+ (1 — a)T(d(4,B)) + d(Txpr3 Txpys1)
= %[d (TF(xmk,ymk),TG(xnk+1,ynk+1))] +%[d (TF(ymk,xmk),TG(ynk+1,xnk+1))]

+(1 — a)T(d(A,B)) + d(Txmy, Txmys2) + A(Txp43 TXnp 1)

IA

<> [% [d(Txm Txnp1) + ATV TVnpe1) + @ — a)T(d(A,B))]]

+§[g[d(rymk.rynk+1) + d(Ty THas) + (1 — a)T(d(A, B))]]

+ @1 — a)T(d(4,B)) + d(Txpy, Txmys2) + A(Txnp 43 Txny41)
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az [d(Txmk' Txnk+1) + d(Tymk’Tynk+1)]
+(1 — a®)T(d(A B)) + d(Txmy, Txmpsz) + A(Txp43 TXnys1)
a’?T(d(A,B)) + €) + (1- a®)T(d(A,B)) + d(Txm,, TXm,+2)

VAN

+ d(Txnk+3' Txnk+1)

a*e + T(d(A,B)) + d(Txmy, Txmy+2) + A(Txp 13 Txpys1)-
Taking k — oo, we get
T(d(A,B)) + € < T(d(4,B)) + a’e
which contradicts. Therefore, condition (2.2) holds. Since (2.2) holds and d(Tx,, Tx,+1) — T(d(A, B)), by using property UC* of
(A,B), we have { Tx,} is a Cauchy sequence. In similar way, we can prove that { Ty, },{ Tx,,,} and { Ty, ..} are Cauchy sequences.
Since T is ICS mapping, i.e T is injective mapping, we have { x,,}, { .}, { x,+1} and { v,,,.} are a Cauchy sequences.
Here we state the main results of this article in the existence and convergence of coupled best proximity points for cyclic contraction
pairs on nonempty subsets of metric spaces satisfying the property UC".
Theorem-16 Let T be an ICS mapping on X and A and B be nonempty closed subsets of a metric space X such that (A,B) and (B,A)
have a property UC*,F: AX A — BandG:B x B — Aand let the ordered pair (F,G) is a T- cyclic contraction. If (xy,y,) € A X
A and define
Xps1 = F(n Yn)s Yne1 = Fn X5)
and
Xnsz = GOni1,Yne1)) Ynez = Gntt Xne1)
forall ne N u{0}. Then F has a coupled best proximity point (r,s) € A% and G has a coupled best proximity point (r’,s") €
B2
Moreover, we have x, = 7, ¥, = S, Xp41 = 1) VY41 — S
Furthermore, if r = s and ' = s’, then
d(r,v) + d(s,s") = d(4,B).
Proof : By Lemma-13, we get d(Tx,, Tx,.1) — T(d(A,B)). Using Lemma-13, we have { Tx,}and { Ty;} are Cauchy sequences.
Thus, there exists r,s € Asuchthat Tx, —» Tr, Ty, — Ts.
We obtain that
T(d(A,B)) < d(Tr,Tx,_1) < d(Tr,Tx,) + d(Tx,, Txp_1). (2.5)
Letting n — oo in (2.5), we have d(Tr, Tx,_,) — T(d(A, B)). By asimilar argument we also have
d(Ts, Ty,_1) — T(d(4,B)).
It follows that
d(Txn, TF(r, s)) = d(TG (%p-1,Vn-1), TF (1, s))
< L A2, T + d(TY,_y, T + (1 = a)T(d(A, B)).
Taking n — oo, we get d(Tr, TF(r,s)) = T(d(4, B)). Similarly, we can prove that
d(Ts, TF(s,7)) = T(d(4,B))
Since T is injective mapping.
Therefore, we have (r, s) is a coupled best proximity point of F.
In similar way, we can prove that there exists r',s" € B such that Tx,,,; — r'and Ty,,; — s’. Moreover, we have
d(Tr', 7G(r',s")) = T(d(4,B)),
and

d(Ts',TF(s',v)) = T(d(4,B))
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and so (r',s") is a coupled best proximity point of G.
Finally, we assume that r = s and ' = s’ and then we show that
d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B)).
For all n € N, we obtain that
d(Txn, Tone1) = d(TGCtny, Yno1), TF (Xn, )
< S[d(Txn1, Tx) + d(Tyn_y, Tyl + (1 = a)T(d(4,B)).
Letting n — oo, we have
d(Tr,Tr") < % [d(Tr,Tr") + d(Ts,Ts')] + (1 — a) T(d(4,B)). (2.6)
Foralln € N, we have
ATV, Tyne1) = A(TGCWno1, Xn-1), TF (Yo, X))
< > [d(Tyn-1,Tyn) + d(Txn_y, Tx,)] + (1 — @) T(d(4,B)).
Letting n — oo, we have
d(Ts,Ts") < Z[d(Ts,Ts') + d(Tr,Tr)] + (1 — a) T(d(4, B)). (2.7)
Similarly we can write,
It follows from (2.6) and (2.7) that

d(Tr,Tr") + d(Ts,Ts") s% [d(Tr, Tr") + d(Ts,Ts")] + 2(1 — a)T(d(4,B))

which implies that
d(Tr,Tr") + d(Ts,Ts") < 2T(d(A,B)). (2.8)
Since T(d(4,B)) < d(Tr,Tr") and T(d(4,B)) < d(Ts,Ts"), we have

d(Tr,Tr') + d(Ts,Ts') = 2T(d(4, B)).
From (2.7)and (2.8),we get

d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B)). (2.9)
Since T is injective mapping which implies
d(r,v) + d(s,s") = 2d(4,B). (2.10)

This complete the proof.
Note that every pair of nonempty closed subsets A,B of a uniformly convex Banach space X such that A is convex satisfies the
property UC.
Therefore, we obtain the following corollary.
Corollary- 17 Let T be an ICS mapping such that T: X — X and A and B be nonempty closed convex subsets of a uniformly convex
Banach space X,F: A x A - Band G: Bx B — Aand let the ordered pair (F,G) be a T- cyclic contraction. Let (xy,y,) € AX A
and define
Xp1 = F(tn, Yn), Xpa2 = G(nsn, Yner)s @A Ynir = FOn %), Yniz = GVnsas Xnea)
forall ne NuU{0} Then F has a coupled best proximity point (r,s) € Ax A and G has a coupled best proximity point
(r',s'"Ye B x B.
Moreover,we have x,, = 1, y, = S, Xpe1 = 1, VYns1 = S.
Furthermore, if r = sand r’ = ', then
d(r,r) + d(s,s") = 2d(4,B).
Next, we give some illustrative example of Corollary 17.
Example- 18 Consider uniformly convex Banach space X = R with the usual norm. Let A = [1,2] and B = [—1,—2]. Thus
d(A,B) = 2.DefineF: AX A - BandG: BXx B — Aby
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-2x-3y -1
6

-2x-3y +1

F(x,y) = and G(x,y) = c

For arbitrary (x,y) € Ax A and (u,v) € B X B andfixed p = %and q = %We get

d(F(x,y),G(u,v)) = —x—6y—1 __u_6v+1|
< Zroultsiy—vl 1
6 3

=2d(w) + 5d,v) + (1 — (p+q)d(4,B)

This implies that (F,G) is a cyclic contraction with @ = % Since A and B are closed convex, we have (A,B) and (B,A) satisfy the
property UC™.
Therefore, all hypothesis of Corollary 17 hold. So F has a coupled best proximity point and G has a coupled best proximity point. We
note that a point (1,1) € A x A is a unique coupled best proximity point of F and a point (—1,—1,) € B x B is a unique coupled
best proximity point of G. Furthermore, we get

d(1,-1) + d(1,—-1) = 4 = 2d(A,B).
Next, we give the coupled best proximity point result in compact subsets of metric spaces.
Theorem- 19 Let T be an ICS mapping such that T: X — X and A and B be nonempty compact subsets of a metric space X, F: A X
A - BandG: Bx B — Aand let the ordered pair (F,G) be a cyclic contraction. Let (x,,v,) € A X A and define

Xns1 = F(XnYn), Xnsz = G(ni1, Yne1)

Yn+1 = FOnXn), Ynez = Gna1s Xna1)
forall ne€ N u{0}. Then F has a coupled best proximity point (r,s) € Ax A and G has a coupled best proximity point

(r',s'Ye Bx B.
Moreover,we have x,, = 7, ¥, = S, Xps1 = 1) VY41 — S
Furthermore, if r = s and ' = s’, then

d(r,v) + d(s,s") = 2d(4,B).
Proof : Since x,,y, € A4 and

Xps1 = F(n Yn), Xps2 = G(Xnt1, Ynsn)

Y1 = FO %), Ynaz = G(Vnar, Xni1) ]
forall ne Nu{0}, wehavex,,y, € Aand x,,1,Yn+1 € Aforall n e N U{0}. As A is'compact, the sequences { x,,} and { y,,}
have convergent subsequences { x,,, } and { y,, } respectively, such that

Xn, > TE A Yy = SE A
Now, we have

T(d(A,B)) < d(Tr,Txp,—1) < d(T7,Txn,) + d(Txy,, Txp,—1) (2.12)
By Lemma-13, we have d(Tx,,, Txy,—1) = T(d(4,B)).
Taking k — oo in (2.11), we get

d(Tr,Txy,-1) = T(d(4,B)).
By a similar argument we observe that

d(Ts, Txy,—1) = T(d(A,B)).

Note that
T(d(A,B)) < d(Txy,TF(r,5)) = d(TG(Xny—1,Yyes), TF(r,5))
< > [d(Txn-1,Tr) + d(Tyn,—1,Ts)] + (1 = a)T(d(4,B)).

Taking k — oo, we get d(Tr,TF(r,s)) = T(d(4, B)). Similarly, we can prove that
d(Ts,TF(s,1)) = T(d(4,B)).
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Thus F has a coupled best proximity (r,s) € A x A. In similar way, since B is compact, we can also prove that G has a coupled
best proximity point (r’,s') € B x B . For
d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B))
Since T is injective mapping. So we have
d(r,v) + d(s,s") = 2d(A,B)
similar to the final step of the proof of Theorem-16.
This complete the proof.
3. Coupled Fixed Point Theorems
In this section, we give the new coupled fixed point theorem for a cyclic contraction pair.
Theorem- 20 Let T be an ICS mapping such that T: X — X also A and B be nonempty closed subsets of a metric space X, F: A X
A - BandG: Bx B — Aand let the ordered pair (F,G) be a T-cyclic contraction. Let (x,,y,) € A X A and define
Xns1 = F(XwVn), Xnsz = G(ni1, Yne1)
Yne1 = FOXn)s Yz = GOnsrs Xni1)
forall ne NU{0}. Ifd(4,B) = 0, thenF has a coupled fixed point (r,s) € AXx A

and G has a coupled fixed point (r’,s") € B X B.

Moreover,we have x,, = 7, ¥, = S, Xp41 = T, Y41 — S

Furthermore, if r = " and s = s’, then F and G have a common coupled fixed point in (4 N B)Z2.
Proof : Since d(4,B) = 0, we get (A,B) and (B,A) satisfy the property UC.

Therefore, by Theorem- 16, claim that F has a coupled best proximity point (r,s) € A X A thatis

d(Tr,TF(r,s)) = d(Ts,TF(s,7)) = T(d(4,B)) (3.1)
and G has a coupled best proximity point (r',s") € B X B thatis
d(Tr',TG(r',s")) = d(Ts',TG(s',v")) = T(d(4,B)). (3.2)

From (3.1) and d(A4,B) = 0, we conclude that
r = F(r,s), s = F(s,1).

that is (r, s) is a coupled fixed point of F. It follows from (3.2) and d(4, B) = 0, we get
r = G@',s"), and s' = G(s', 1)

that is (1, s") is a coupled fixed point of G.

Next, we assume that = ' and s = s and then we show that

F and G have a unique common coupled fixed point in (A N B)Z2.

From Theorem-16, we get

d(Tr,Tr") + d(Ts,Ts") = 2T(d(4,B)). (3.3)
Since T(d(4,B)) = 0, we get
d(Tr,Tr") + d(Ts,Ts") = 0

Since T is injective mapping.

which impliesthatr = r'ands = s'.

Therefore, we conclude that (r,s) € (A n B)? is common coupled fixed point of F and G.

Example- 21 Consider X = R with the usual metric, A = [-2,0]and B = [0,2]. DefineT: X - X,F:AX A - BandG:B X
B - AbyTx =£

2u +2v
5

F(x,y) = —@and G(u,v) = —

Then d(4,B) = 0and (F,G) is a T- cyclic contraction with a = g

Indeed, for arbitrary (x,y) € Ax A and (w,v) € B X B,
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we have

2x +2y 2u+ 2v

d(F(x,¥),G(w,v)) = | s T

<> [d(Tx, Tw) + d(Ty,Tv)] + (1 — a)T(d(4,B)).

Therefore, all hypothesis of Theorem-20 hold. So F and G have a common coupled fixed point and this point is (0,0) € (4 n B)2.

If we take A = B in Theorem 20, then we get the following results.

Corollary- 22 Let T be an ICS mapping such that T: X — X and A be a nonempty closed subset of a complete metric space X, F: A X

A - AandG: Ax A — A and let the ordered pair (F,G) be a T-cyclic contraction. Let (x,,y,) € A X A and define

Xn+1 = F(xnﬂyn)' Yn+1 = F(yn:xn) and xp,, = G(xn+1lyn+1)' Vn+2 = G(yn+1'xn+1)

forall ne NU{ 0}.
Then F has a coupled fixed point (r,s) € Ax A

and G has a coupled fixed point (r',s") € B X B.

Moreover, we have x,, = 7, ¥, = S, Xp41 = 1 Yne1 — S

Furthermore, if r = r" and s = s', then F and G have a common coupled fixed point in Ax A,

We take

F = G in Corollary 22, then we get the following results

Corollary- 23 Let T be an ICS mapping such that T: X — X and A be nonempty closed subsets of a complete metric space X,

F: AX

A - Aand
d(TF(x,y),TF(u,v)) < % [d(Tx,Tu) + d(Ty,Tv)]

forall (x,y),(w,v) € Ax A .ThenF hasa coupled fixed point (r,s) € A X A.
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