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Abstract

In this paper we extend the proof of potential and nonlinear potential pointwise gradient estimates for
solutions to measure data problems whose prototype is given by —A.,,u, = u,.. We show that in the case € <
0 a pointwise gradient estimate is possible using standard, linear Riesz potentials. The proof is based on the
identification of a natural quantity that on one hand respects the natural scaling of the problem, and on the
other allows to encode the weaker coercivity properties of the operaotrs considered, in the case € < 0. In the
case € > 0 we prove a new gradient estimate employing nonlinear potentials of Wolff type.
Keywords: Gradient estimates; nonlinear potential theory; e-Laplacian; regularity thoery
1. Introduction and Results

We consider possibly degenerate quasilinear equations with (2 + €)-growth of the type

—Va(x,, Du,) = py (1.1)

in a bounded domain Q,. ¢ R™ with n > 2, where u,. is a Radon measure defined on Q,. with finite total mass.
Eventually letting 1, (R™\Q,.) = 0 we shall assume that u, is defined on the whole R™. The continuous vector
field a: Q, x R™ - R" is assumed to be C1-regular in the gradient variable z,., with the partial derivative with
respect to the gradient variable a, () being itself continuous, and satisfying the following growth, ellipticity

and continuity assumptions:

( 1 1te
[laCer, z)l + laz (e, 212,12 + 1+ €))2 < 1+ 26)(Iz 1 + (1 + ©)2) 7,
€
A+ )7z 1> + (1 + )22 4 |* < {a,(xr, z)A14,), (1.2)
1+€
l |a(xrz Zr) - a(xOr Zr)l S (1 + E)a)(lxr - xol)(lzrlz + (1 + E)Z)T
where x,, x, € Q, and z,, A, € R™. Assume that € > 0 such that, the function w: [0, ) — [0,1] is a modulus

of continuity i.e., a non-decreasing subadditive function such that
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w(0) =0 =limw(p)
plo

and w(*) < 1. We assume

R

d
fw(p)jp = d(R) < o, (1.3)

0

whenever R < oco. The prototype of (1.1) is, choosing € = —1, clearly given by the (2 + ¢€)-Laplacian

equation with coefficients

=V (x)|Dur|*Du,) = . (1.4)
In this case w(*) represents the modulus of continuity of the function y(+), which is in fact assumed to be Dini

continuous and satisfying the “ellipticity” condition 0 < y(x,) < €.

By a weak (distributional) solution to equation (1.1) we mean a function u, € Wﬁ,’é*e(ﬂr) such that the

jE(a(xr:Dur)»D§0r> dx, = fz¢rdﬂr
Qp T Q. T

holds whenever ¢, € C;°(£2,)) has compact support in €,

distributional relation

The authors in [20] were able to prove pointwise estimates for w, in terms of the (truncated) Wolff
potential W™ __(x,., R) defined by

B.2+e

= B - 1+€d
ZW/?E%(XWR) = ZJ <|ﬂ ',E [,,(;f;))) 7’) B e (0,n/(2 + 6] (1.5)

More precisely, in [20] — and in [35,22], where a different and interesting approach was later developed — we
can define the estimate
1/y
Zlur(xr)l < an ( f (lu,l + R + €)) dx, ) + cnz W7, (e, R), y>1+e¢, (1.6)
r r i ) r
valid whenever B(x,, R) € Q,, with x,. being a Lebesgue point of u,; the constant depends on n, €. In [8] the

authors have proved that the pointwise a priori estimate

ZlDur(xr)l < Cp Z f (IDurl +1+e)dy-+cp W#; 2+6(xr; R)
2+€’

B(xy,R)

r

=Cn z f (IDu,| + 1+ ¢€) dy, + ZJ <|#r (B(xr,P))>1+e dp 1.7)
B(xrR) p
holds at every Lebesgue point x,- of Du,. when € > 0. The constant c,, depends this time upon n, €, w(*); an
extension of (1.7) to a class of anisotropic operators has been later given in [5]. Estimate (1.7) holds in
particular for W12*€- solutions to (1.1).
We first give an extension to the priori estimate (1.7) when € < 0, and in the case solutions to measure
data problems like (1.1) belong to the Sobolev space W1; this is known to happen in the case

<1 1.8
€ e (1.8)
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The previous bound is optimal to have W11 solutions, are revealed by the analysis of the so-called nonlinear

fundamental solution G,... to the problem

{ —DieGrie =06 in By,

Gpoe =0 on B, (1.9)
where § is the Dirac measure charging the origin, and B, is the ball centered at the origin with radius equal

one. In this case we have

(I |2+6—TL f
x| 1+e —1) if —1<e#n-2,
Goye(xy) z{ "

Gype =0 ife=n-2,

Let us recall that truncated linear Riesz potentials are defined as
R
wr(B(xr, p)) dp

Ur —
1 (2, R) = Of ]

Theorem 1.1 (Linear potential gradient bound). Let u, € C1(£,) be a weak solution to (1.1) with u,. €

: B € (0,n]

L1(Q,), under the assumptions (1.2) with n < 1/e. Then there exist a constant ¢, such that ¢, =

cn(n, €, w (), diam(€,)) > 0 such that the pointwise estimate

ZIDur(xr)l <c, f (|Du,| +1+¢€)dy, + C”Z [lllﬂrl(xr,R)]l_iE (1.10)

po po B(x,R)

holds whenever B(x,, R) € Q,.

r

Theorem 1.1 says that, at the least for the considered range of 2 + ¢, the gradient of solutions can be

pointwise estimated by Riesz potentials exactly as in the case of the standard Poisson equation, provided of

1
course the scaling of the equation is taken into account, i.e. one takes [l'lﬂrl(xr,R)]“e rather than I'l”r'(xr, R).

We observe that the operator

pr [l'l“r'(-,R)]l_ie (1.11)

defines a new nonlinear potential which has the same scaling and homogeneity properties of W7 2+6(-,R).

2+€’
The appearance of the Riesz based potential (1.11), see [26], when proving a sort of “level set version’’ of
(1.10); see also [29]. Also, in Theorem 1.1 we have that the Dini modulus of continuity assumed on the
coefficients in (1.3), and known to be sharp for linear elliptic equations — see [14] for counter examples — is
now found to apply to the nonlinear case too. Finally, we remark that the constant c,, involved in estimate
(1.10) is stable when 2 + € approaches 2 i.e. letting (2 4+ €) 7 2 in (1.10) we recover the usual I, estimate
valid for the case of the Poisson equation —Au,. = u, that is

ZIDur(xr)I < an f (IDu,| + 1+ ¢€)dy, + cnz 14 (x,, R) (1.12)

po B(xy,R)
Estimate (1.12) has been proved in [27,8] for general nonlinear equations. We can directly take € = 0 in
Theorem 1.1 in order to obtain (1.12).

We present a refinement of the main result of [8] in the case € > 0, that is we replace the Wolff potential

in the right-hand side of (1.7) with another, slightly smaller nonlinear potential of Wolff type, namely we
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employ W%, ,.sc instead of W*7 5 G.We observe that the two potentials still coincide with the Riesz

4+3€’ 2+€ 2+€’

potential I'l”rI when € = 0.We shall assume that there exists a positive number € satisfying
0 <1+ e <min{1,4/(n—2),€} (1.13)

such that the renormalized Holder continuity property

|azr(xr: z3) — ag, (X, Zl)l < (A +26)(z1° + |22+ (1 + 6)2)_71|Zz —zy|™*€ (1.14)
holds whenever z;,z, € R™ and x,. € Q,..
Theorem 1.2 (Nonlinear potential gradient bound). Let u,. € C1(€Q,)be a weak solution to (1.1) with u, €
LY(Q,), under the assumptions (1.2) and (1.14), with e > 0. Then there exists a constant c, =

cn(n, €, w(-)) > 0 such that the pointwise estimate

2+
ze \7Z
leur(xr)l < CnZ( f (IDu |+ 1+€)z dy,
po o B(xr,R)
2+€
(BG, )0 dp)
|l | (B (xr, p dp
te Z f( — ; (1.15)

holds whenever B(x,, R) < Q,

The previous theorem refines the main result of [8] — that is (1.7) — in two respects. First we observe that
when formulating condition (1.3) in [8] we replaced w(-) by [w(-)]?/?*9), thereby considering a slightly
stronger continuity condition, still of Dini type. As already mentioned in the case € < 0, we find that the same
optimal conditions valid for linear equation actually works in the general degenerate case € # 0; see again
[14]. The second and more substantial improvement has already been anticipated above, and concerns the
right-hand side nonlinear potential employed in the pointwise estimate (1.15), in the sense that the following

inequality holds true:
2

2+e 2+e

IurI(B(xr PP D dp
z w2+e 4+3€

43¢’ 2+¢€ p

] z [Iurl(B(xr,p))r“ dp Zwur G 2R) (1.16)

The previous estimate is indeed a consequence of the elementary inequality

oo e 1+€
Z apte < <Z ak) , €20, a,=0 VkeN (1.17)

k=0 k=0

applied with € = €/2 to perform the following standard computation:

2+€ 2+€

[sfpieae.ys T e

r k=0pR/2k+1
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2+e€

(R/2k+1)n—1

<z|/§: |Hr|(3(xr,R/2k)) eil\ 2
a

—Z f <lur (Bn(xlr,p))>_1a;

Both estimates (1.7) and (1.15) allow getting the sharp integrability result

(1+2e)(1+€)
€

U, € L(1+e,y)ﬁDureL< ,y> for e>0 and 0 <y < oo. (1.18)

When instead asking for the limiting case Du, € L, in improvement in terms of the second index in the
Lorentz scale is allowed by (1.15) with respect to (1.17). Indeed, while (1.15) allows to include that p, €
L(n, (2 +¢€)/(2 + 2¢€)) implies the local boundedness of Du,., inequality (1.7) requires that 4, € L(n,1/(1 +
€)), which is a stronger condition for e > 0. Turning our attention to the case when g, is genuinely a measure,
we have that the potentials in the two sides of (1.16) become essentially equivalent when for instance the
measure uniformly concentrates on a set with dimension that can be described via ordinary Hausdorff
measues. This is for instance the case when the measure concentrates uniformly on a g-Alfhors regular set S,
pr =H S, pr(Bg) ®=R°, o €[0,n],

which holds whenever By is centered on S,. Here H'¢ denotes the o-dimensional Hausdorff measure.
Relevant examples are given by surface measures related to manifolds, where the quantities appearing in the
two sides of (1.16) still become equivalent. A strict inequality occurs for instance in the case of those
measures uniformly concentrated on sets whose Hausdorff dimension can be described only using in terms of
a Gauge function y(-) of non-power type: u, = H'OL S, where u,(Bg) ~ y(R). For this we refer for
instance to [33].

Although we shall take the strategy adopted in [8] as a guideline, there are here a number of new non-
trivial points. We start by the case € < 0, that is Theorem 1.1. Usually called the singular case since the
modulus of ellipticity tends to infinity when [Du,.| — 0, the case € < 0 is for our ultimate purposes to be
considered as a degenerate one. In fact, since estimates of the type (1.7) and (1.10) are estimates on the size of
the gradient, the difficult case for us is when |Duw,.| gets large. In this situation there is a loss of ellipticity in
the equation, and estimates become harder to get. Instead a pointwise gradient estimate is in principle easier to
get when 2 + € gets larger since the coercivity of the operator increases. A manifestation of these difficulties
in the case € < 0 is the following major technical difference with respect to the case € > 0. In [8] we

developed an iteration scheme based on the comparison between the original solution u, of (1.1) and
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solutions to homogeneous equations of the type div a(x,, Dw,) = 0 in a ball B, with radius R, subject to the

boundary condition u,. = w,. on dBg. The outcome was the inequality
1

B,)]e+1
Z § 1Dw, — Dw,ldx, < cnz “‘;I,%f)l . (1.19)
T BRr

r

The quantity on the right-hand side of (1.19) is in turn the density of the potential W“i pre and this is a key

2+€’

point in the proof; indeed, a suitable summation process involving (1.19) finally leads to (1.7). As a
consequence of the fact that e < 0 an estimate of the type (1.19) is no longer possible since the coercivity of
the operator is too weak. One of the main challenges here is to find the correct replacement for the gquantity
appearing in the right-hand side of (1.19) when ¢ < 0, which allows to rebalance the weak ellipticity. It turns

out that the mixed quantity

T B 6-%1 r B -
Z [|#R|n(—1R) + Z |#R|n(—1R) (i(IDurI +1+e€) dxr) (1.20)

depends also on the gradient average, and that for this reason cannot represent the density of a potential, is the
right one. In fact, the presence of the gradient in (1.20), coupled with the measure, encodes in an optimal way
the weaker ellipticity of the problem.

For the case € > 0 the key to the improved nonlinear potential estimate (1.15) is the use of the map

V(Du,) in the estimates, rather than the plain gradient Du,.. Here it is

V(Dw,) = Viyo(Du,) = (IDu |2 + (1 + €)2) Du,. (1.21)

The use of V(Du,) rather than Du, allows to get better estimates as it allows to incorporate many of the
degenerate features of the operator in question in the considered map, allowing for a better potential on the
right-hand side. In turn, working with the quantity defined in (1.21) poses additional problems, and in
particular a few delicate estimates below the natural growth exponents must be worked out.
2. Notations

We denote by c,, a general constant larger (or equal) than one, possibly varying from line to line; special
occurrences will be denoted by c,,; etc; relevant dependences on parameters will be emphasized using
parentheses. We also denote by B(x,, R) = {x,, € R™: |x, — xo| < R} the open ball with center x, and radius
R > 0; when not important, or clear from the context, we shall omit denoting the center as follows: By =
B(x,, R). Unless otherwise stated, different balls in the same context will have the same center. We shall also
denote B = B; = B(0,1). With A being a measurable subset with positive measure, and with g": 4 -

R* being a measurable map, we shall denote
1
f g (x;) dx, = _f gr(xr)dxr
) 1Al

its integral average. According to what we have stated in the Introduction, when considering a L!-function p,

we shall denote

[JCRT2101179 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 1464


http://www.ijcrt.org/

www.ijcrt.org © 2021 IJCRT | Volume 9, Issue 1 January 2021 | ISSN: 2320-2882

1, 1(4) = f Iy G Loy
A

In other words, we shall deal with L!_data, but “thinking of the case the datum is a measure”. Indeed, when

considering equation as (1.1) in order to get the results we are bounded to present, it is sufficient to consider
the case u, € L'(Q,), the case when u, is general Borel measure with finite total mass can be obtained via
approximation [8,27].

With € > 0, we define

€
V(z) =Vie(z):= (1 +€)? + 21?3z, 2z €R" (2.1)
which is easily seen to be a locally bi-Lipschitz bijection of R™. A basic property of the map V (), whose
proof can be found in [15], is the following: For any z,,z, € R", and any € = 0, it holds

[V (z2)-V(z9)|?
|z2—2412

(L4 )2+ 12117 + 122172 < < (T4 )2 + 1211% + 12,172, (2.2)

where ¢, = ¢, (n, €). The strict monotonicity properties of the vector field a(-) implied by the left-hand side
in (1.2)2 can be recast using the map V (+). Indeed — see also [25] — combining (1.2)2 and (2.2) yields, for c,, =
c,(n,€,) > 0, and whenever z,,z, € R"

cn 'V (zp) = V(z)|? < (a(xy, 2) — alxr, 21), 2, — 24). (2.3)
Moreover, when € > 0, assumption (1.2), - via (2.2) — (2.3) - immediately implies

cn 2y — 21174 < (alxy, 25) — a(xy, 21), 2, — 24). (2.4)
3. Decay Estimates for apg—Harmonic Functions

The aim of this chapter is to recall a few decay estimates valid for solutions to homogeneous equations of
the type
Vay,(Dv,) =0, (3:1)

where the vector field ay: R® — R™ satisfies assumptions (1.2)1,> and (1.14), with the obvious understanding
that now no x,-dependence is involved. Such functions are indeed called a,-harmonic functions. The peculiar
point of the results we are going to present is that a few of the decay estimates presented are not formulated in
terms of the gradient Du,., but rather in terms of the nonlinear quantity V(Du,). The decay estimates for
solutions found here differ from the usual ones in the fact that the exponents involved are smaller than those
typically used, and this will require to employ certain rarely used facts from regularity theory of (2 + €)-
Laplacian type operators.
Theorem 3.1. Let v, € W2€((,.) be a weak solution to (3.1) under the assumptions (1.2)1. with ¢ > 0 and
(1.14). Then there exist constants 8 € (0,1] and ¢, = 1, both depending on n, e such that the following

estimate:
gi Z |V(Dvr) - (V(Dvr))3p|2 dx, <cp (%)Zﬁ Bj}-; Z|V(Dvr) — (V(Dvr))BR|2dxr (3.2)

holds whenever B, < By < Q, are concentric balls.

This result is standard in the case of the (2 + €)-Laplacian equation — see for instance [7] and references

therein — and it is more in general known to hold for minima of certain functionals of the Calculus of
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Variations with (2 + €)-growth; moreover, it extends to minimizers of the (2 + €)-Dirichlet functional (4.31)

below in the vectorial case. Here we shall present the necessary modifications to the known proofs in order to
prove the result in the context of Theorem 3.1.

We divide the proof in several steps.

Step 1: The degenerate case. Here we see that we may reduce to the nondegenerate case € > 0 via an
approximation that the reader may for instance find in [12,10]. Let us fix a family {¢}.~, of standard
mollifiers in R™ and obtained in the following way: ¢{(z,) == (2 + €)"¢" (z,/€) Here ¢p" € C*(R"™) and it

is such that
supp ¢ = B; and fqbr(zr) dz, = 1. (3.3)
[Rn

We defined the regularized vector fields

ac(z;) = (a*dpe)(z;), €>0. (3.4)
It obviously follows that a.(-) € C*(R™) and moreover, as in [12] — whose arguments apply here since (3.3)
is assumed — we have that the assumptions (1.2) and (1.14) are satisfied for new values of €. The
approximation scheme in question is completely standard and we omit it here (see [1] and [8]). We then
define v, € v, + Wol'“e(ﬂ’r) as the unique solution to the Dirichlet problem

{ diva.(Dv,) =0 in Q'
Ve = Uy on dQ,,

for a Lipschitz-regular subdomain Q' € Q,. The final outcome is that — up to choosing a suitable
subsequence € = €,, — 0 — we have that v, — v, strongly in W12*€( Q',). Needless to say this is sufficient to
pass € — 0 in an estimate like (3.2). Therefore in the rest of the proof we shall with no loss of generality
assume that e > 0, catching the case e = 0 by passing to the limit the uniform decay estimates obtained in a
standard way. Moreover we shall obviously replace ', by Q.. since the result we are going to prove is local
in nature.

Step 2: L*-estimate. Let us denote
a;,j(x) = (IDv (x)1? + (1 + )70, (ap) (Dvr (),
and
H" = HT(DUr) = (lDUrlz + (]_ + 6)2)(2"'5)/2_
It then follows — see for instance the approach in [10] — that H" € Wlﬁf(ﬂr) N L.(Q,) and that H™ is a
subsolution of a uniformly elliptic equation with measureable coefficients, that is
f di,j Dl'HTDj(pr dxr < O, (pr >0 (35)
Qr
holds with ¢, € C5° (). In turns this fact implies that H" € L}, .(€,-) and the quantitative estimate
supH" < f H" dx, VY Bg € Q,, (3.6)
Br/2 Br
holds for a constant depending on n, €.

Step 3: Afirst oscillation estimate. Denoting
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2
o' (R) = FIV(Ov) - VOv))s,Pdx,,  M(R) = supy, H'
Br

for a fixed ball B = B(x,, R). As a consequence of the weak Harnack type inequality valid for subsolutions
of (3.5) we have - see [15] -

¢"(R) < cp[M(R) — M(R/2)], (3.7)
For ¢, = c,,(n,€). Moreover, a standard difference quotient method asserts that V(Dv,) € Wlf;f(ﬂr, R™),
while the next reverse Holder’s inequality is just a consequence of the fact that v, solves (3.1), together with
the higher differentiability of V(Dv,.):

Z( f v - o,

7 \BRr/2

¥ 1/x X
dxr> < an Flvov,) - 00w, [ s,
7 BR

where y = n/(n — 2) when n > 2 and y can be chosen arbitrarily large when n = 2.
Step 4: Conclusion. Here we prove
Lemma 3.1. Assume that

2 (2+¢€)/2
¢"(R) < s (|(Dv )|+ 14 07) ", (3.8)

holds for a constant c,,..;. Then there exists another constant c,,.., , depending on n, € and c,,, 1, such that

1+e€

. E 2 5 n+2 (,'br(R) i
d"(p) < Cnyz (R) 1+ (p) (l(Dvr)BRlz W, : e_)2)(2+6)/2 ¢ (R)

holds whenever 0 < p < R.

Once the previous lemma is proved, the proof follows along the lines of [15] — keep in-mind that general
differential forms are used there. Indeed, a delicate but by now standard iteration argument allows to deduce
(3.2) from Lemma 3.1 and the content of Step 3. It therefore remains to prove Lemma 3.1; to which we
dedicate in the rest of the proof. We again follow the lines of [15], but at several stages we shall use a
different argument since we are not dealing with minimizers of integral functionals.

Let us set z, := (Dvy.)g,. Assumption (3.8) used together with (3.6) yields

sup|Dv, — zy|?*€ < ¢, (|2o|? + (1 + €)?)(@+9)/2) (3.9)
Br/2

where c,, depends on €, ¢,,;.1. We now introduce the frozen matrix
(Ao);' = (a(i))z ,(Zo)a
rj

which is an elliptic matrix with constant coefficients in the sense that it satisfies the following ellipticity and
growth conditions

Gl (2ol + (14 OD2IA 1 < (Aodrs 1), Aol < callzol? + (1 + €22, (3.10)
whenever 4, € R", and with ¢, = c,(n,€). Accordingly, we define 7, € v, + Wol'z(BR/z)as the unique
solution to the following Dirichlet problem:

{ V(4,D%,.) =0 in Bpg/,,

v, =1, on 0 Bg;.
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This means that the ratio between the highest and the lowest eigenvalue of A, is bounded by a constant

depending on n, e and therefore classical estimates for solutions to linear elliptic equations apply (see for
instance [15]). In particular, for ¢, = ¢, (n,€) = 1 it holds that
:F (lDﬁr - ZO|3+6 + |Dﬁr - ZO|2+E)dxr < an f (lDUr - ZO|3+E + |Dvr - Z0|2+6)dxr- (3.11)
7 Br/2 7 Br/2
Again as in [15] we arrive at
P\? € (R\"
Y oo <e(2) D o ®RD+ el +a+0M:(S) Y f Ipv-Do Ay, (312)
T T p T BR/2
for every p < R/2. We have to estimate the last integral in (3.12): denoting w, := v, — ¥, we have, by mean
of the first inequality in (3.10)
€
(2o + (1 + 6)2)22 f 1Dw, 2dx, < cnz § (4Dw,, Dw,)dx,, (3.13)
T BR/Z r BR/Z

Now, notice that by writing
1

ao(2,) — a0 (20) = f (@), (t2, + (1 — D)20)dt(z, — 2)
0

and applying (1.14), we obtain

-1
laog(z) — ag(z0) — Ao (zr — 20)| < crlzol* + (1 + €)*) 2 |2, — 20|?*€ + cplzr — 20|, (3.14)
In turn, using Young’s inequality repeatedly, and the fact that both v, and 7, are solutions, and of course
using (3.14), it holds that

Z f (AoDw,., Dw,.)dx,

T Br/2
= z f (AoDv,, Dw,)dx, —Z JC (ao(Dv, = ag(zy) =Ay(Dvy — zy), D, )dx,
= BRr/2 T BRr/2

-1
<ca ). F (Ul + 1+ )T IDv, = 20/ + [Dv, = 20]*¢) IDv, = zoldx,

7 Br/2

-1
vy F (Qzol + A+ DT DY, = 20/ +1Dv, - 2f™*<) D5, — z,ldx,

T Brj2

-1
< an f (1262 + (1 4 €))Z |Dv, — z|3*€ + |Dv, — 0|2 +€dx,

T Br/2

-1
+ an: f (202 + (1 4+ €))Z | DD, — z|3+€ + | DD, — zo|2+€dx,

T Br/2

-1
< an f (2012 + (1 + €)2) 2 |Dv, — z,3%€ + |Dv, — z,|%*€dx,

T Br/2
-1
<cuy F Uzl +0+ODT Dy, -zl dx,
Br/2
4

In the last two lines we used (3.11) and then (3.9). Combining the last inequality with (3.13) yields
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£ —1
(lzol* + (1 + e)Z)EZ f |Dv, — D%, |?dx, < C"Z f (1202 + (1 + €))Z |Dv, — 7, |3*€dx,

~—! Br/> 7 BRr/2
This last estimate is the analogue of the last inequality at page 38 of [15] and from this point the proof of the
Lemma follows as in [15].

We give a version of Theorem 3.1 below the natural growth exponent. Indeed, instead of considering
V(Du,) in L2, it will be considered in L!. To begin with we recall a preliminary result on reverse Holder
inequalities.

Lemma 3.2. Let g": A » R¥ be an integrable map such that
1/xo
> (fiwvean)  savo) figia
7 \BR 7 B2r
holds whenever B,z € A, where A € R™ is an open subset, and € > 0. Then, for every t € (0,1] and y €
(0, xo] there exists a constant ¢,,_; = c¢,_1(n, €, t) such that, for every B, € A it holds that
1/x 1/t
> (f |gr|der) <cna ) (f gl dxr) . (3.15)

7 \BR 7 \B2r

The proof of the previous result, which is based on a by now standard interpolation/covering argument, can
be obtained with minor modifications form [13]. Next, a result which can be inferred from [25]; see also [26].
Lemma 3.3. Let v, € W12+€(Q,) be a weak solution to (3.1) under the assumptions (1.2), and fix z, € R™.
For every t € (0,1] there exists ¢,, = c,(n, €,t) = 1, but independent of z, € R™ such that

2

Bar

1/2 1/(2t)
|V(Dvr) - ZOIZdXT> < an (f IV(DVT) - ZO|2tdxr> ’ (316)

BR
holds whenever B, < Q,.

We now come to the decay estimate below the natural growth exponent.
Theorem 3.2. Let v, € W2€((Q,.) be a weak solution to (3.1) under the assumptions (1.2), with ¢ > 0 and
(1.14). Then there exist constants g € (0,1] and c, = 1, both depending on n, e such that the following
estimate:

NG

gcp Z V@) = Vv, | dxe <o (5) gf Zlvwvr) — (V(Dv))s |, (317)

holds whenever B, < By < Q, are concentric balls.

Proof: Using estimate (3.2) and Holder’s inequality we deduce

5 1/2
fz |V(DU1.) - (V(Dvr))Bp| dxr < Z <Bf |V(Dvr) - (V(Dvr))Bp| dxr)

Bp r r
5 1/2
< Cp (%)ﬂ z Lf |V(Dvr) - (V(Dvr))BR/z dxrl
7 LBr/2
1/2
<c, (%)B z LzC/ZW(Dvr) - (V(Dvr))BR|2dxrl , (3.18)

Whenever 0 < p < R/2. On the other hand, we may apply estimate (3.16) with z, = (V(Dv,.))p, getting
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1/2
Z( f |V(Dvr) - (V(Dvr))BRlzdxr> < Cnf ZlV(DUr) - (V(Dvr))BRldxr
BR -

7 \Br)2

Merging this last estimate with (3.18) yields the assertion for case 0 < p < R/2; on the other hand estimate
(3.17) trivially holds when R/2 < p < R and the proof is complete.

The next result has been proved for the case e > 0 in [8]; the proof for the case 0 < € < 1 can be obtained
with minor modifications.

Theorem 3.3. Let v, € W11t€(Q,) be a weak solution to (3.1) under the assumptions (1.2)12 with € > 0.
Then there exist constants g € (0,1] and ¢, = 1, both depending on n, € such that the estimate

_‘FZ |Dvr - (Dvr)3p| dx, <cy (%)B f Z|Dvr - (Dvr)BR|dxr (3.19)

Bp Br T
holds whenever B, < Br < A are concentric balls.

Estimates of this type, with different exponents involved, have been originally developed in [6,21,23].
Remark 3.2 (Stabilization of the constant | ). A very careful analysis of the estimates involved in the proof of
(3.19) reveals a continuous dependence of the constants § > 0 and c,, < co appearing in (3.19). This means
whenever 1 + € lies in a compact subset of (1, o) then 8 and c,, vary in a compact subset of (0,1) and [1, ),
respectively.

4. Decay and Comparison Estimates

We now fix, for the rest of the section, a ball B(x,, 2R) € Q, that will be shortly denoted by B,z Unless
otherwise stated all the ball considered will concentric to B,z. Moreover, the solution of (1.1) will be always
considered under the assumptions of Theorem 1.1, that is of class C?. In the rest of the sections u,. will be the
solution considered in Theorems 1.1 and 1.2.

We derive a few crucial comparison estimates between the original solution of (1.1) and solutions to
suitably homogeneous boundary value problems. In the case € > 0 the main point is the use of the function
V(Du,) replacing the gradient Du,., while in the second case € < 0 the main point is that the mixed quantity

in (1.20) involving the right-hand side measure u, and the gradient average will become into the play.
We start defining w, € u, + W01'2+E(BZR) as the unique solution to the homogeneous Dirichlet problem

b 770 o (a1
Remark 4.1 (Scaling). Before going on with the proofs, let us recall a few basic properties of equations of the
type (1.1) under the assumptions (1.2), where u, € L*(Q,). Let us consider the ball B,z = B(x,,2R) € Q.
and positive number A > 0, and let us define the new functions

ur(xo + ZRyr) ~ . ZR.ur(xO + ZRyr)
AR and  [.(y) = Alte ) (4.2)

and the new vector field

Uy (Y) =

5 a(xy + 2Ry,, Az,)
a(yy, zy) = Al+e ’

for y,. € B; and z,. € R"™. It is now easy to see that i, solves the equation

_Vd(yr' Dﬁr) = [y
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Moreover the new vector field @(-) satisfies assumptions (1.2) with 1 + € replaced by (1 + €)/A (and w(*)

replaced by wgz(-) := w(2R ), but in what follows the properties of w(-) will not be important). This
observation will be useful in a few lines, when reducing estimates on general balls to the case the ball in
equation is B;.

Lemma 4.1. Under the assumptions of Theorem 1.1 let w, € u, + W, **(B,z) be as in (4.1); assume that

€ = 0. Then the following inequality holds for a constant c,, = ¢,,(n, €):

2+€

f ZIV(Dur)—V(DWT)Idxr < cnz Mr(”e). (4.3)

Rn-1
Bz2r % T

Proof. We start observing that by Remark 4.1, with x, being the center of B,, by taking
1

1+e 2(xo + 2R
> and W, (y,) = M

__ |.ur | (BZR)
A= <— m (4.4)

R‘n—l
it follows that div @ (x,., Dw,.) = 0 and we may reduce ourselves to the case in which the following holds:
B,r = B, and in turn |, |(B;) <1, (4.5)
thereby proving that

> Wesera®i) = Vsreya @)y < calr,e), (46)
Inequality (4.3) then follows by (4.6) scaling back to u,- and w,. and noting that

F D Waro®@u) — Vo @wnldz, = 4292 Vi 4 (D) = Vg ey a(OF,) | dy,
r B T

Bag
<, AC*9/2,
Therefore, from now on we shall argue under the additional assumptions (4.5); it is here needless to remark
that we may assume A > 0, otherwise the proof trivializes by the strict monatonicity of the vector field a(*).
For any integer k = 0 we define the truncation operators
Ty (t) == max{—k, min{k, t}}, D, (t) = Tl(t — Tk(t)), t eR. 4.7)

Since both u,. and v, are solutions agreeing on 0 B,, we test the weak formulation

| D tater Du) ~ atxr, D), DgNNdx, = [ o7 (48)
B, T B, T
by @" = &, (u, — w,); using (2.3) — (2.4) and the bound in (4.5), we obtain
> [ @) = v + 10w, = D4, < 0 Y Il B < (49)
T Cy r
where
Cr ={x, € B;:k < |u,(x,) —w.(x,)| <k + 1}, (4.10)

and ¢, = ¢, (n, €). By Holder’s inequality, and the very definition of Cy, for k > 0 we find

f ZlV(Dur) —V(Dw,)| + |Du, — Dw, |@*/2dx,
Ck

r
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1/2

1
<c, |Ckliz f|V(Dur) - V(Dwr)lz + IDur — DWrIZJ’der
T Cr

1/2

Cn
<09 6 Gl < —Ze2 | [ e = wi ez, (411)
Kz 4

where we choose 1 + € in order to satisfy

1<1 n@2+e) 4.12
< +€<m. (4.12)

Notice that this is possible since € > 0. Still, again by Holder’s inequality we have

Z fIV(Dur) —V(Dw,)| + |Du, — Dw,|?*9/%2dx, < c,(n, €). (4.13)

TCO

Using (4.11), (4.13) and (4.12), and finally Sobolev’s embedding theorem, we have

sz(Dur) —V(Dw,)| + |Du, — Dw, |@+/2qx,

= fZlV(Dur) - V(Dw,)| + |Du, — DWr|(2+6)/2dxr

r

+Z j-Z“/(Dur) - V(DWT')l + |Dur i, DW |(2+6)/2dx

1ck T
1
o 1 2
<c,+c Iu — w, |t edx
n n 1+e T r r
1k 2
1
2
SCht ey Z k1+e] z flur — w,|"*dx,
1 1+e
© 1 2 2+e
<c,+cy Z m‘ Z flur — w, |+ 2y, : (4.14)
k=1 r B

The constant c,, in the last line also depends on 1 + €. Observe now that by (4.12) it follows ;—: <1 and

therefore applying Young’s inequality in (4.14) yields

Z fIV(Dur) —V(Dw,)| + |Du, — Dw,|?*9/2dx, < c,(n,€).

T B1
from which (4.6) follows. The proof is complete by making a suitable choice of 1 + € in (4.12).
We now switch to the subquadratic case € < 0, which involves a more delicate argument, and a scaling
procedure with some non-standard quantities reflecting the behavior of (2 + €)-Laplacian type operators for

€ <0.

IJCRT2101179 | International Journal of Creative Research Thoughts (IJCRT) www.iicrt.org | 1472


http://www.ijcrt.org/

www.ijcrt.org © 2021 IJCRT | Volume 9, Issue 1 January 2021 | ISSN: 2320-2882
Lemma 4.2. Under the assumptions of Theorem 1.2, let w, € u, + I/I/()l'2+6(BZR) be as in (4.1); assume that

€ < % Then the following inequality holds for a constant c,, = ¢,,(n, €):

1
| |(Byg) |1+e |14r1(B2r) B
Z JC |Du, — Dw,|dx, Scnz ar—_fR +cn2 ar—_fR f (|IDu,| + 1+ €)dx, .(4.15)
T T

7 B2r Bar
Proof. As in the proof of Lemma 4.1 we start by a preliminary reduction appealing to Remark 4.1. In this case

we set

1

|lur|(B2r) | 1€ |47 |(B2g) -

A= C"z TRn—_fR +z ar—_fR JC (|Du,| + 1+ €)dx, .
T r

B3R

Scaling as in Remark 4.1, and in particular using the notation established in (4.2), we observe that

> 11 BT + ) [17,1(B)] (f (IDa, |+ (1+ e)/A)dyr)

_ C"("'j ) D l'“rl(BZR)lm + C”(n'j s 6)2 [lﬂrl(BZR)l <JC (IDuy| + 1 + €)dx, )

n—1 n-—1
R R Bor

< c,(n,e).

Therefore, up to scaling as in Remark 4.1, we may reduce the proof to the case in which B, = B, and

—€

Dl B+ Y [l B [ (Dl +1+ Oy, | < (416)

holds for a constant c,, depending on n and ¢, thereby ultimately reducing ourselves to prove that
Zf |Du, — Dw,|dx, < c, (4.17)
7 B

in turn holds for a constant c,, depending on n, €.
We start observing that the assumed lower bound € < 1/n allows to determine y € (0,1) such that € <

y/n and therefore

n(l+e)
—>1 (4.18)
n—y
As for the proof of Lemma 4.1, we obtain
[ Dvouw) - vow)rds < qme Y k@), (4.19)
Ckx T r
where Cy, is defined as in (4.10). For every integer k > 0 we have
1
. Z+¥e
+€
| Do) —vow) e odx, < qlcdzE| | D 1vouw) - vow)ldx,

Cy T Cy T

Lte 1
< calCelzee ) Tl (B)IZ

r
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1+€
2+€
Cn n

S S— ey .
TeErS e — w7 7dx, | il (BOIFFe  (420)
k@+e)n-y) r \cy

and, again by Holder’s inequality

> (o) = vow)Ee9dx, < cn E)Z (B )12

TCO

Therefore, keeping (4.18) in mind, we have

[V(Du,) — V(Dw )I%dx
> [ vou) - vow) e,

r B,

fIV(Dur) — V(Dw,) /@9 dx, +Z fZW(Dur) — V(Dw,)|¥/ @O gy,
T Co k=1¢, r

1+€
2+e

1
f iy — w7, | [l (BDIZ

n(1+e)
k=1 (2+e)(n-y)

L
2+

< cnllur|(By)]2+e + ¢y

|

|____|

_ 1 i 1+e 1
[oe) 2+€ 0 2+€
1 1 _n_ 1|
< Y M@+ 0|y —m—| || X [l —wil Tz, | ol
r | k=1 2+e)(n-7) | r k=1 ¢, J
_ 1 i 1+e 1
o) 2+e€ 2+e€
I 1 _n_ 1
< u ) MA@ + 0 [ —m| DI [ e = w7y | il BOI
T | k=1 k(2+e)(n—y)_ T B,
n(1l+e)
] 2+e)(n-y) )
< u Y @I + 60 )| [ 1D, = Dweld, [ite| Bz | (4:21)

r r B,

In (4.21) the constant obviously depends on y too. In turn, let us write
1

€ 2 —€
D 10w = Dw | = 3" [(IDur 2 + IDwy 2+ (1+ 221Dy = Dy 2| (1D, 2 + Dw, 2 + (1 + 2%

r

—€
< 6, ) V(Dw) = VDwI- (D |? + [Dw, | + (1 + )+

—€ —€ —€
< 6y ) V(D) = V0w - [IDuy = Dw, [Z + 1w, [ 7 + (1 + )2, (4.22)

where in the second-last line we used (2.2). Therefore, when € # 0, using Young’s in the form

(2 + 6) 66/(2+6) az/(2+e) —Ezb

—€
ab2 < 5 + > € €(0,1)

we again

2 1
> IDu, = Dw,| < ¢ ) [V(Du) = V(D) 25 + (E)Ewur — Dw,|
T s T
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—€
+c, ) |[V(Du,) —V(Dw,)|(|Du,|+1+¢€)z (4.23)

and therefore

2 —€
D IDu, = Dw,| < ¢ ) V(D) = VDW)[E + ¢ Y V(D) = V(OW)I(IDwy| + 1+ )2

r r r

By using this last estimate together with Holder’s inequality we get

leDur - DWrI dxr < Cn J‘ZH/(DU‘,A) - V(DWr)IZ/(2+E) dxr
By T B, T

(2+€)/2 —€/2
2
+cnz f V(Du,) — V(Dw,)[2edx, f (Du | +1+e)dx, | . (4.24)
r \B; By
In turn, combining (4.24) with (4.21) yields
n(1l+e)
L 2+e)(n-y) 1

| 10w, ~ Dyl dxe < o Y A @I + 6 Y| [ 1Dur = Dwld, [y | (B2
B, T T r \B;

1
—€. >

+end D TA@I| [ ADr] + 1+ O,

r By
—€ 1/2 n(1l+e)
2 2(n-vy)
+en Y AA@I| [ D] +1+ dx, [ 14, = Dwi1ax,
4 By B4
n(1+e) n(i+e)
2+e)(n-y) 2(n-y)
<c,+ cnz fIDur — Dw, |dx, fIDur — Dw, |dx, (4.25)
T \B; By

and, keeping in mind (4.16) and the fact that ¢ < 0, ultimately

n(1+e)
2+e)(n-y)
z leur —Dw,|dx, < c, + C”Z fIDur — Dw, |dx, . (4.26)
T 31 T 31
Now observe that since e > 2 — n we have
n(l+e n(l+e
( ) ( ) <1 (4.27)

Ctom-1) Crom-D -
so that (4.17) follows from (4.26) applying Young’s inequality. The proof is complete.
Remark 4.2 (Stabilization of the consants Il ). The dependence of the constants in (4.2) is stable in the sense
that letting € ~ 0 in (4.2) we obtain the estimate

Cnlpr|(Bzgr)

f |Du, — Dw,|dx, < T

Bar
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and in fact the proof is such that the previous estimate can be obtained taking € = 0. The stability of the
constant follows in particular by the use of Young’s inequality in (4.23) and (4.26).

We prove a decay estimate for solutions to (1.1) which is obtained using the comparison estimates of the
previous section.

With w,. been defined in (4.1) — and keeping the ball B, c Q, fixed as specified at the beginning of the
section — we define v, € w,. + W01'2+E(BR)as the unique solution to the homogeneous Dirichlet problem

G =0 20
And prove yet another comparison estimate. We remark that By is concentric to B,z. This time we start by the
case € < 0.

Lemma 4.3. Under the assumptions of Theorem 1.1, with w, as in (4.1) and v, as in (4.28), there exists a

constant c,, = ¢, (n, €) such that the following inequality holds:
1

|1 |(Bog)|T+e |11 (B2g) B
z;f |Du, — Dv,|dx, < C"Z ;?n—_fR +cn2 ;?n—_fR f (|IDu,| + 1 + €)dx,
r R

7 ” Bar
+an(R)Z f (|1Du,| + 1 + €)dx,.. (4.29)
7 B2r
Proof. We start proving that the inequality
2 f |Dw,. — Dv,|dx, < cnw(R)z f (|IDw,| + 1 + €)dx, (4.30)
T Br 7 B2r

holds for a constant c,, depending on n, €. Indeed by [13] and assumptions (1.2) we have that v, is a Q-

minimizer of the functional

z, € WY2T€(Bp) — j(IDZTI + 1 + €)?*¢dx, (4.31)
Br

for some Q,, = Q,,(n,€) = 1, and therefore

z jIDvrl“der < an J(IDWTI + 14 €)2dx, . (4.32)

T Bg T Bpr
Moreover, a well-known version of Gehring’s lemma applies to w, here — see for instance the version

presented in [13] — and leads to find a constant y, = y,(n,€) > 1 such that the reverse Holder type inequality

1/xo
(z f (|Dw, | + 1+ E)xO(z+e)dxr> < C“Z :F(lDer + 1+ €)?+edx,
T B,

BP/Z r

holds whenever B, S B, (this time not necessarily concentric to Bg) for a constant ¢, depending on n, €. In

turn, applying Lemma 3.2 with g" = (|Dw, | + 1 + €)?*¢, leads to establish that also

1/(2+€)
Z f(IDWrI + 1+ €)?*¢dx, < an f(|DWT| + 1+ e)dx, (4.33)
T BR T Bzr

holds. Now using (2.2) and eventually (2.3), the fact that both v, and w, are solutions, (1.2); and again

Young’s inequality, we have
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D f (IDv, 12 + [Dw, 12 + (1 + /2| Dw, — D, 2dx,

T'BR

<cy. [Wow) - vou)Pdx,

TBR

< an f(a(xo,DWr) — a(xy, Dv,), Dw, — Dv,.)dx,

TBR

=Cp z f(a(xm DWr) - a(xr: Dvr)' Dw, — DUr)er

TBR

< ¢, (1+ )w(R) Z f(lDWTIZ +(1+€)2)3+92|Dw. — Do, |dx,

T'BR

< (1+ e)w(R)z f(lerIZ +1Dw, 2 + (1 + €)2)3+9/2|Dw. — Do, |dx,

TBR

1 €
< 52 j(IDvrIZ + [Dw, |2 + (1 + €)2)Z|Dw, — D, |*dx,

TBR

+cn[(1 + e)w(R)]? Z f(IDvrl2 + [Dw, |2 + (1 + €)2)@+/2gx

T'BR

Therefore, using again (2.2) we obtain

z ]IV(DWT) —V(Dv,)Pdx, < cpl(w(R)]? Z J(ler|2 + |Dw, |2 + (1 + €)?) @9 24x,

T Bpr T BR

and by (4.32) also

z ] IV(Dw,) — V(D) |2dx, < c,[(w(R)]? Z f (IDw,| +1 + €)%+edx, (4.34)

T Bpr T Bgr

for ¢,, = c,(n, €). Similarly to (4.22) we now have

war _ Dy, |2t < anW(DWr) V(D) 2D, |2 + [Dw, |2 + (1 + €)2)-c@rers
T T

and therefore using the last estimate, (4.32) and Holder’s inequality in (4.34) yields

Z f |Dw, — Dv,|**€dx,
7 BR

2+€ —€

2 2
< cnz (f V(Dw,) — V(Dv,)|?dx, ) <f (IDv, |2 + [Dw, |2 + (1 + 6)2)<2+6>/2de>
> Bpr Br

< cn[(w(R)]“fZgC (IDw,| + 1 + €)**€dx, . (4.35)

In turn, using first Holder’s inequality, (4.35) and finally (4.33) we have

1/(2+€)
Z JC |Dw,. — Dv,|dx, < an (f |Dw,. — DUrIZJ’der)
T BR T \BR
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1/(zte)
< cnw(R)z (f (IDw,| + 1 + €)**€dx, )
Br

< an(R)z f (|IDw,| + 1 + €)dx,.,

B3r

so that the proof of (4.30) follows. Using (4.30) together with (4.15) we have

1
|ur|(Bar) |Fe |1y |(B2r) -
zBf |Dur—DUr|er Scnz %n—_fR +an ;zn——iR f (|Dur| +1+E)dxr
r R T T

B3R
+cnw(R)Z f (|IDw,| + 1 + €)dx,
B3R
and using again (4.15) to estimate the last integral in the previous inequality (and recalling that w(R) < 1) we
finally conclude with (4.29).
We proceed with the case € < 0.
Lemma 4.4. Let u, € C1(Q,) be as in Theorem 1.1, then there exist constants g € (0,1], c,+1 = 1 depending

on n, € such that the following estimate holds whenever B, € B; € B,z S Q, are concentric balls:

1

Z]C|Dur—(Dur)B | dx, < i ( Z JCIDur (Duy)s, |dxr + z( ) Iu;Ir(leR) Tre
+C”(g) Z m;elr(t—fR) (36 (|D“r|+1+€)dxr> 6

Bar

+cn( ) Z w(R) f (|IDu,| + 1+ €)dx,. (4.36)

Bar
Proof. We report the simple proof for the sake of completeness. Starting by B,z we define the comparison
functions v, and w,. as in (4.28) and (4.1), respectively. Then we compare Du, and Dv, by mean of (4.29),

using (3.1) as basic reference estimate for v,., that we eventually transfer to u,.:

Z gi |Du, = (Du,)p, |, < ZZ gi |Duy = (Dv)g, | dx,
< ZZ gi |Dvr - (Dvr)3p| dx, + 2 Z giwur — Dv,|dx,
<c, (%)BZ iwvr — (D)5, |dx, + cn (g)nz giwur — Dv,|dx,
<c, (%)B Z BJfR|Dur — (Dup)p,, |dx, + cn (§>n Z giwur — Dv,|dx,

In order to get (4.36) it is now sufficient to estimate the last integral in the previous inequality by means of
(4.29).
We now give the suitable version of the last two lemmata in the case € > 0; this involves the use of the V (-

)- map.
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Lemma 4.5. Under the assumptions of the Theorem 1.2, with v, as in (4.28) and w,. as in (4.1), there exists a

constant c,, = ¢, (n, €) such that the following inequality holds:
> f Wou,) - vov,)lx,
T BR

2+€

B 2(1+¢€)
<c). [—'”}'ﬁ_?) +eo®) Y f (V0w + 1 +C92)dx,.
T r BZR

Proof. The proof is a modification of that of Lemma 4.3. We restart from (4.34) — that holds for € > 0 as well

— then, using Holder’s inequality we have

z f |V(Dur) - V(Dvr)ldxr < an (f IV(Dur) - V(Dvr)lzdxr )1/2

7 Br T \Br

1/2
< an(R)z (_‘)C (|IDw,| +1 + e)2+6dxr>
7 \Br

Applying lemma 3.2 with g" = (|Dw,| + 1 + €)?*€,, leads to

1/(2+€) 2/(2+€)
z <f (|Dw,| +1 + e)“edxr) < C"Z (f (|Dw,| +1 + e)(“e)/zdxr)
T \BRr r

Bar

holds. Combining the two last inequalities we obtain

Z f 1vow,) - v(Dv)ldx, < cna)(R)Z f (Dw,| + 1+ ©@9/24x, . (4.37)
T Br

7 Bz2R
In turn, using Young’s inequality we observe that when € > 0 it holds that
|2,1+€/2 < |V (z,)] (4.38)
and therefore (4.3) yields

> F owlerorax < 3" vow) ~voulds, + ) F v Duldx,

7 B2r 7 B2r 7 B2r
2+€

1(B,) 70O
< cnz lMRl’(l—‘fR)l +Z f voouw)ldx,.

T 7 B2r

Combining the last estimate with (4.37) yields

> f Wow) -vov)ldz,

7 B2r

2+€
Z || (Bag) |2(1+€)
n

sc Rn—l

+ cyw(R) z f (v + @+ o@0)ax,,

r r B2r
and the proof is complete.

The next lemma can be now obtained as Lemma 4.4 using Lemma 4.5 in place of Lemma 4.3, and the
decay estimate (3.17) in place of (3.19).
Lemma 4.6. Let u, € C*(Q,) be as in Theorem 1.2, then there exist constants g € (0,1], ¢,4+1 = 1 depending
on depending on ne such that the following estimate holds whenever B, € Bg S B, S Q, are concentric

balls:
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Z f |V(Dur) - (V(Dur))B |dxr = Cn+1 Z f |V(Dur) - (V(Dur))BZR|de

1

tc, (g)nz [M T (—) w(R) Z f (vow)l + @+ o@02)dx,. (4.39)

n—-1
R Bar

5. Proof of Theorem 1.1

In the rest of the proof all the balls will be concentric and centered at the point x, € Q,. identified by the
statement of the theorem; all of them will be contained in Q,.. In particular we start with a ball B(x,, 2R) =
B,r C Q, as in the statement of the Theorem. All the radii R will be such that R < R where the quantity R >
0 will be chosen along the proof in dependence of the data n, €, w(+). The main point of the proof is to show
how the peculiar quantity (1.20) appearing in the right-hand side of (4.15) can be reabsorbed in a way that
make the Riesz potential appear, along the iteration/summation procedure.

Step 1: A preliminary estimate. Referring to estimate (4.36), we select an integer H" = H"(n,€) > 1 large

enough to have

1
Cn (—) < 7 (5.1)
Applying (4.36) on arbitrary balls B, = Bg,,y S Bg/, © Bg and using the fact that w(+) in non-decreasing

we gain
1

1 || (Bg) | e
f |Dur - (Dur)BR/zHr dyr < ZZ leur B (Dur)BRldyr + Cn+ZZ T—_

Rn 1
7 BRr/2HT T BR r

+%ﬂ§j@£ﬁzg%wWH1+@wJ +euao(®) ) F (Dl +1+0dy, (52

Rnl

T

where c,,, depends on n,e, H” and therefore ultimately on n,e. We reduce the value of R- in a way that

makes it depending on n, € and w(*) - to get

. 1
cn+2w(R) < 7 (5.3)

and using some further elementary estimates we gain

1
1 | [ (Br)|1+e
dyr < EZ leur - (Dur)BRldyr T Cny2 2 ;n—l

f |pw —0us,,,

T Brjanr — Bp -
+e lir 1B JC(IDuI+1+e)d . R
”*22[ Rn-1 (aR r yr) Cn420( )Z(l(Dur)BRl +1+e€). (5.4)
With the ball B(x,, 2R) < Q, being fixed at the beginning of statement of Theorem 1.2, for i € {0,1,2,-},
let us define
B, = B(x,,R/(2H")!) =:B(x,,R;) and k; = |(Du,)s,], (5.5)
and

= 1Du, — D) |- (56)
B;
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For every integer m € N we define and estimate

m m m
ks = Y Ckiss = k) + ko < Y F |Duy = (D) |y, + ko < @HY Y A+ ko (5.7)
: i—o Bi+1 i=0

To estimate the right-hand side in (5.7) we observe that (5.4) used with R = R;_; yields, wheneveri > 1
1

Ais1+ Cnyo z —Iﬂrl(Bii_l) e + Cnaz 2 I—lﬂrl((éi_l))] < JC (IDu,| +1+ f)d)’r>
r T Bi_1

A; <

N =

n-—1 n—1
Ri—l Ri—l

+ 2R (ko1 + 1 + €).
Summing up over i € {1, .-+, m} the previous inequality yields

m

> S%mZ + ZZ '“Ign(f)]”e 22 ’ ;(())](f (|Dur|+1+e>dyr>_e

=1

 Cpes Z Rk + 1+ €),
and therefore

m m—1 —€
|| (B:) 1+f || ((B)

D Ao+ 2 Y, z AN w2000y, > [LE (£ o+ 1+ a,

i=1 T i=0 : Bi

+2¢,., Z WR) e, +1+€). (5.8)

Using the last inequality in (5.7) yields, for every integer m2=1

_1 —€
| (B < [lur1((By)
kmi1 < chlg + cpky + ¢ Z Z I R T C”Z Z % _'! (|IDuy| +1 + €)dy,
r i=0 t i

tc, z wR) i+ 1+ €). (5.9)

and the constant c,, depends on n, € - keep in mind the dependence of H".
Step 2: A conditional estimate. This step is dedicated to the proof of an estimate that holds provided in turn
a certain pointwise bound holds as well, and the radius R is further reduced. This is in the following:

Lemma 5.1. Assume that there exists an integer #i € N U {oo} such that = > 1 and

f |Du,|dy, < |Du,(x,)| holds whenever 0

B;

IA

IA

2
|

1. (5.10)
Then for every € € (0,1) there exists a constant ¢,, = ¢, (e) = 1 such that
ki < 2¢cppaM + 2¢p3€|Du ()| (5.11)
holds whenever m < i + 1 and provided R < R. Here c,43, ¢4 = 1 and R > 0 are constants depending

on n, €, while

M = M(e) = 2 f (Dw | +1+e)dy, + (1 + cn+36n(e))z |17, 2R)]ﬁ. (1.12)
7 Br T

[JCRT2101179 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 1481


http://www.ijcrt.org/

www.ijcrt.org © 2021 IJCRT | Volume 9, Issue 1 January 2021 | ISSN: 2320-2882
Proof. By (5.10), whenever 1 < m < i it holds that

o e A0+k0+zz (B Z(|Dur<xr>|‘€+(1+ )E)leurzleg(ﬁ))

RP1
m-1
e, Z wR)(k; + 1+ €). (5.13)
i=0

We now notice that

m-—1 [’}
|| (B)) |l 1 (By)
n-—1 = n-—1
R! L R!

i=0 r i=0

|,ur|(B(x0' ,0)) dp (ZHr)n 1 |,Llr|(B(X0, ,0)) dp
logZZf Z logZHT p

i=0 Rit1

< z e (HOI* (x,, 2R). (5.14)

r

Moreover, using the elementary inequality (1.17) with € = 0 - notice that e > 0 as we are here assuming that

€ < 0- together with (5.14), we also have that

m-1 1
e (BT _
e
r i=0 v

r

1

WS s

r

i=0

holds. Finally, as w(+) is non-decreasing, we have
m-—1 o 2R d
D
wR)< ) wR)< ) c (Hr)f w(p)— = ) c,(HHd(2R), (5.16)

where the quantity d(-) has been defined in (1.3). We now further reduce R in order to have that d(2R) < 1

so that
d(2R) < 1. (5.17)
Moreover, we record the elementary estimates
Ao+ ko + d2R)(L + €) < BZf(IDurI +1+6)dy,, (5.18)
Br
ky < znz(m)n  1Du,ldy, < cuM (5.19)
T Br

where the constant c,, again depends on n, e since H" depends on such quantities. Notice that although M in
(5.12) has not been fully defined, (5.19) holds for any M having the structure in (5.12).
Connecting (5.14) — (5.19) to (5.13) now vyields

1
ks S € 9 (DUl +1+€)dyy + ¢, Y [171(x,, 2R
T BR

r
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Fenes ) W00, 2R (DU (1) + (1 +€)7)

r

m-1

‘e, z wR) ki +1+6), (5.20)

that holds whenever 1 < m < mi and for constants c,, c,;3; depending on n, €. In order to estimate the terms
appearing in the right-hand side of (5.20), when € < 0 we apply Young’s inequality with conjugate exponents
—1/eand 1/(1 + €), and with € € (0,1) (to be chosen towards the end of the proof) we again

1
D 1 G, 2R) DU (1)1 < 80 ) [ G 2B) [ = €2 Y Dy (1) (5:21)
T r r
where
Ch(e) =1+ 6)6% (5.22)

and similarly

1
Z I|1#r|(xr’ 2R)(1+e) €< an [lllurl(xr, 2R)]1+E +1+e. (5.23)
r r

At this stage € is still a free parameter to be chosen later and affecting the constant ¢,,(¢€) in (5.22).
Now, with M defined as in (5.12), incorporating ¢(e) introduced in (5.22), using (5.18), we have that (5.20)

gives that

m—1
Kmis < CnaaMl + Gnis ) (RK; + Cuyse ) DU ()| (5:24)
i=0 T
holds whenever 1 < m < m, where the new constants c, 4, c,+5 = 1 also depend onn, €.

Now we come to the induction argument and we determine the value of R by further reducing it; indeed we
take R such that

d(2R) < min{1/(8cy45),1/(8cni4),1/(8cnia)}: (5.25)

Notice that the previous choice determines a smaller value of the radius R, that nevertheless can be chosen in
a way that makes it depending on n, € and w () SINCe 43, Cnya, Cnas depends on n, €.

In order to complete the proof of the lemma, we recall (5.18) and then prove that the following inequality

holds whenever 0 <i <m + 1;

i < 26004+ 26013¢ ) DU, G, (5.26)
Tr

where ¢, .3, Cr44 are again the constants appearing in (5.24) and depending on n, €. The proof is of course by
induction. The cases i = 0,1 simply follow from (5.18) — (5.19). Next, we assume the validity of (5.26) for
every i < m with m < m, and prove it for i = m + 1. By using estimate (5.24) and the induction assumption

(5.26) for i < m — 1, and finally using also (5.25) we have

m-1 m-1
km+1 < Cn+4M + 2Cn+4Cn+51VI Z (‘)(Ri)ki + 2 Cn+3€ + 2Cn+4cn+3€ Z w(Ri) |Dur(xr)|
i=0 r i=0
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< G + 20014615 A@RIM + Gz Y [1+ 260,6015d (2R IDU, ()]

r

< 2CpeaM + ch+3eZ|Dur(xr)|. (5.27)

r

This is (5.26) for i = m + 1 so that by induction (5.26) holds whenever i < m + 1. The proof of Lemma 5.1

is now complete.
Step 3: Alternative. We define the set

S := {i € N:ZlDur(er = Z:F |Du, | dyr}'
T B

and distinguish two cases.

Case 1: S = N. In this case we have that
zf |Du,| dy, < ZIDur(xr)I for every i EN
7 Bi T
and therefore we may apply Lemma 5.1 with i = oo. In particular, this gives that

ki < 2600aM + 26056 ) 1D (2],
T

holds whenever m € N, where M is defined in (5.12) and € € (0,1) is still a free parameter affecting M via
the constant ¢, (e) defined in (5.22). Now, letting m — oo in the previous inequality, and recalling that Du,. is
here assumed to be continuous, yields

ZIDur(xr)l = lim k,, < 2¢,,,M + 20n+362|Dur(xr)|. (5.28)
m—oo

r r

We now choose € = 1/(4c,43) SO the previous inequality gives
Z|Dur(xr)| < 2¢,, .M. (5.29)
T

We now notice that since c,,,.; depends n, e we have that so is the dependence of € and therefore of the (large)
constant ¢, (e) appearing in the definition of the quantity Min (5.12) and in (5.22). All in all, using (5.12) in
(5.29) we have proved that
1
ZIDur(xr)l < C"Z f (|Du,| +1+€)dy, + an [lll"rl(xr,ZR)]He (5.30)
T

B(xy,R)

r r

holds for a constant c,, depending on n, e, whenever R < R, where R in turn depends on n, €, w(?). By
obviously changing the radius — see Step 4 below — estimate (5.30) implies (1.10) when R < R. We shall
remove this restriction later, finally obtaining the validity of (1.10) for every ball B(x,, 2R) c Q,, but with a
new constant that depends on n, € and w(+), as prescribed in the statement of the theorem. This will be done in
step 4, at the end of the proof.

We now proceed with the proof; our aim is to prove (5.30) in the case S # N.

Case 2: S # N.Then we let i1 := min(N\S) > 0; this means that

D Ipu el <Y F 10wl dy, (531)
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and

Zf 1D, | dy, < Z|Dur(xr)| , whenever 0 <i<@—1, (5.32)
7 Bi

r

with the last estimate that holds whenever m > 0.We further distinguish two cases; the first is when 7 = 0;
this means that }..|Du, (x,)| < X,(|IDu,|)p, and therefore (5.30) trivially follows. The other case is when

m = 1; we then use (5.31) as follows:

Y 10wl < Y f 1Dul dy,
7 Bm

r

< z f |Du,—(Du,)p_| dyr + Z|(Dur)3ﬁ| = Ap + k. (5.33)
7 Bm r
Next, we use Lemma 5.1 that gives (5.11) and in particular
Kin < 2600aM + 26056 ) D (x)l, (534)
T

with € € (0,1) free to be chosen, affecting M in the way described in (5.12). On the other hand, combining
(5.8) and (5.32) and again using (5.11) gives

~SAo+anmZ_1['“;LUf)]m o D Dw G 4+ mz LY
T i=0 L

i=0

‘ffi_
+an[ch+4M 426756l Du(x, )| At €] z w(Ry).
i=0

T

Again using (5.14) — (5.16) and (5.18) in the previous estimate yields
1

Az < C"Z f (IDu,| +1+¢€)dy, + C”Z [lllﬂrl(xr, 2R)]m

e ) Gy, 2R (D, ()| + (@ + €)7)

r

+c,d(2R) (5.35)

2CpeaM + 2cn+362|Dur(xr)| +1+¢€],
T

where ¢,, = c,(n, €). Estimating as in (5.21) — (5.23) in (5.35), and using (5.25), we have
Am < cpM + anZIDur(xr)I (5.36)
for yet a new constant c,, depending on n, e and where M is defined accordingly to (5.29). Using (5.36) and
(5.34) in (5.33) finally gives
D 10U, ()] < M+ cye ) 1Du ()
T T
for ¢,, = ¢,,(n, €). Choosing € = 1/(2c,,) again gives |Du,(x,)| < ¢,M and recalling the definition of M in

(5.12) we once again obtain (5.30), which is valid under the same conditions of the Case 1, that is, provided
R<R.
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Step 4: Getting rid of the condition R < R. We finally prove estimate (1.10) also in the case R > R. Take a

ball Bz = B(x,,R) c Q,, with R > R; (5.30) gives

1
Zwur(xm < cnz foapul+1+erdy +e ) [, R
B(xr.R/2) -

and then we estimate

C"Z f (IDu,| +1+¢€)dy, < an"( ) 2 f (|IDu,| + 1+ €) dy,
B(xr,R/2)

B(xy,R)

< Z <dlmTfm) § apul+1+e)dy,

po B(xy,R)

and trivially

Z 4! (x,, R) < Z 14l (x,, R),
T

r

so that (1.10) follows with a new constant — c,,/R™ instead of c,, — which depends on n, €, and additionally on
w(*) due to the presence of R, which has been previously by determined by choosing w(R) suitably small.
The proof is complete.
6. Proof of Theorem 1.2

The proof is similar to that of Theorem 1.1, being actually much simpler as no mixed quantity of the type
(1.20) shows up in the right-hand side of (4.39) and consequently no alternative — i.e. Case 1 and Case 2 in the
proof of Theorem 1.2 — is needed. A minor difference will occur in that the constants involved will exhibit an
additional dependence on the number 1 + € introduced in (1.13). We shall therefore confine ourselves to give
just a sketch of the proof. After choosing H" exactly as in (5.1) — but this time referring to Lemma 4.6 for the

constants c¢,,., and 8 — we everywhere consider the quantity

f vou) - vous,,,| .
7 Brj2HT
in place of the “linear excess”
f |Dur - (Dur)BR/ZHr dyr-
7 BRrj2HT
We choose the balls as in (5.5) while now we define
= V@5 and 4= FV(Du,) — Vg ldy. (6.1)
B;

In other words, instead of dealing with averages of Du, as in the proof of Theorem 1.1, we deal with averages

of V(Du,). Proceeding as in the proof of Theorem 1.1 we arrive at the following analog of (5.9):

2+€

k@S S
Kppas < cpdy + Coko + Z L2 +e, z wR)(k; +1+¢). (6.2)

RP1
i=0 t

Exactly as in (5.14) we observe that
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m-—1 2+€ (2+€)(n 1) >1e
2. ['”r'(B")r(”e) i S f ECEY) Gl
n-1 =
r =0 Rl lOgZ p
(2+e)(n-1) 1) 2te
z (2HT) 20+e |ur|(3(x0 )P+ dp
log 2H™ )
i= 0 Rl+1
2+€
B(x 2(1+e) ¢
PRACH [ (W( o m)) i o
Defining this time
2+€
M= Z JC(W(Dur)I + (1 + €)@r9/2) gy, + 2] (IMrl(B(xr p)))2(1+e) dp
7 BR P
2+€
2(1+e€)
< Z f(Dw ] + 1+ @0r2qy + Zf <|HT|(B(xr',0))> 7dp
Br o
r
and making (6.3) into account, we have that (6.2) implies
m—1
i=0

for constants c, 4, c,.+s depending on n,e. Arguing as in the proof of Theorem 1.1 we then prove by
induction that k,,, < 2¢,,.,M holds for every m € N; indeed, observe that this time no alternative as in Step 3
of Theorem 1.1 occurs and the induction of Lemma 5.1 can be performed without assuming (5.10). Therefore,
by (4.38), we conclude observing that

E |Du, (x,)|36/2 < E [V (Du, (x,)| < lim k,, < 2c,,,4M.
m-—-oo
T T

The previous relation proves (1.15) whenever R < R and R is a fixed radius depending on n, €, and found as
in the proof of Theorem 1.1. The general case R > 0 follows as in Step 4 of Theorem 1.1.
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