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Abstract

In this paper, | consider the class of continuous distributions, belonging to the symmetric location
scale family {F[(x — 8)/a],—© < 8 < o,0 > 0}, with Pearson's measure of kurtosis 8, = 3. The study
uses a sub class of symmetric mesokurtic distributions based on the Edgeworth expansions to the
probability density function (p.d.f.) based on the first six moments. This paper derives the distributions of
order statistics from such a family of distributions. Moreover, based on a sample of size n, the distribution
of minimum, maximum and the form of their moments are also derived. The class of distributions
considered here can be used as an alternative to the normal error in linear models and robustness studies.

Key words-Edgeworth expansions, Hermite Polynomial, Kurtosis, Location Scale family, Order statistics,
Robustness.

Introduction

Assume that a continuous random variable X is distributed symmetric about 6 and its distribution
function (d.f.) belongs to the location scale family {F[(x — 68)/c], — < 6 < «,0 > 0}. Note that the
normal distribution N(8,52), —o0 < 8 < o,0 > 0 belongs to this family, which has a unique place as
error distribution in robustness studies and linear models. Various alternatives to the normal model
distributions in the measurement error model X = 6 + € have been considered in this context by many
authors, where e is a random variable with mean zero is and variance o2. For example, Box and Tiao
(1973) considers the exponential power family in which the normal is a particular case. Various types of
contaminated mixture models are considered in Huber (1981). Among the Pearson's family of p.d.f.'s

2
normal distribution is characterized by the property that f; = 0 and B, = 3, where where £; = % and

2

B, = % , the Pearson's measure of skewness and kurtosis and p, is the k™" central moment of X. This
2

property is often used in the literature in order to detect the departure of a distribution from normality.
Various types of tests for normality have been developed based on sample skewness b,and sample kurtosis
b, (See for example Pearson (1966) and D' Agostino and Tietjen (1973)). Kale and Sebastian (1995)
introduced a wide class of non-normal symmetric distributions with §; = 0 and S, = 3 denoted by KS
class. This class of p.d.fs is a class of mixture distributions of the form F, = aH + (1 — a)G, where H is
symmetric around 6 with 8, < 3 and G is symmetric symmetric around 8 with §, > 3. They showed that
there exists a unique a € (0, 1) such that 8, of F, is equal to three. Further, if F, is a symmetric distribution
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with kurtosis three, then yH + (1 — y)® is symmetric with g, = 0 and B, = 3 for all y€[0, 1], where @ is
the distribution function of a normal.

In the linear model X = 6 + €, where € follows a symmetric distribution with V(e) = 02 ; = 0
and B, =3 (ie, X~ KS(6,02) ) has several optimal properties as in the case of e ~N(8,52). Godambe
and Thompson (1989) showed a semi-parametric set-up in which first four moments are known functions
of 6 and 2, the optimal estimating equation for (8,52) based on the samples (X;, X5, ..., X;,) coincides
with that of the likelihood equations of 8 and o2 in N(8, 6?) whenever, $; = 0 and 5, = 3. We know that

X = lZX- and S? = L2‘,(X- —)?)2 are UMVUEs of 6 and o2 whenever, X ~N(6,02). Further,

Var (X) = — and Var (§%) = — If e~ KS(8, 0?), it can be shown that the variances of X and S? are

the same as that of normal case even though, they are not UMVUE's of 8 and o2 respectively (James
Kurian and Sebastian, G. (2005)).

Distribution of order statistic

Consider the family of symmetric distributions introduced by Sebastian, G. and James Kurian
(2002) of the form;

fO) = {1+ = Hy@)}p(x) , —0 <x < o0 (1)

where & is the sixth standardized cumulant which we assume to exist, ¢(x) is the p.d.f. of a standard
normal and Hg(x) is the sixth degree Hermite polynomial given by Hg(x) = x® — 15x* + 45x% — 15.

The distribution function of the above p.d.f. is

F(x) = ®(x) + == Hs(x) ¢p(x) , where d(x) = [ p(t)dt

720

= o(x) (1+ 2= Hs ()T () )

Hence, 1—F(x)= (1 — &(x)) (1 - 720P(x)H5(x)T(x))
where, P(x) = q)g?) and T(x) = ‘i((x))

— €6 _ Hs(¢(y)—Hs(x)p(x)
FO) = FG) = (@0) — 0G0 (1425 056, where o3 (x,y) = 120 1ste

Let x;) = y; (i=1,2, ... ,n), then the p.d.f. of (y1,¥7, ..., ¥n) IS
9L Y2 e yn) = 0 I o) T, [1 + 782_60H6(yi)]
The distribution of the r'" order statistic g, (r) is given by
! _ -
9r(") = == FODF ORI L = FO)I*™ 0)

For the p.d.f. in equation (1)

FOAT =00 1+ 22 Hy 5 )TOR]

720

~ [ @I 1+ (r = 1) 2= Hs ()T ()| and
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[1 - FoI™=[1 = @) [1 - £ Hs TR

~ [1— o] [1 = 2% Py, ) Hy (5)T ()|

Substituting the above values in equation (2) we get

9:00) = ey SN = @I [1 4+ (= 1) 75 Hs (T

|1 - 2% () Hs ()T ()|

— ¢(yr)¢r_1(Yr)(1_¢(YT)) [1
B(rn-r+1)

+ 2= He(y)|

(r—Des ¢(yr) (n (n-r)es P(yr)
[1 720 ®(y;) Hs( r)” 20 1-®(y;) Hs( r)]

pO () (1-0()"
B(r,n—-r+1)

If we denote g(N ) (y) = then we have

90 =" ) [1+ 2= He()]

720

(r-1es () (n-r)es P(y)
[1_ 720 ?y)HS( )] [1_ 720 1—c1>(y)H5( )]

Therefore,

1 ) (n-7) )
6H6()+(T )36¢yH(y) n—rée 4’3’ 5( )]

~ oM
9r(y) = gr ) [1 + 720 720 ®(y) 720 1-®(y)

Moments
Define (s, a, B,¥) = [, x° $%(y) PP (1 — &))" dy
Then the s'" moment is E, ) (x*) = W(s,1,r = 1,n — 1)

Let Eg (x*) = uyy, then

, 1
Wy = m[‘{’(t,l,r—1,n—r)+782—60{‘}’(t+61 r—1n—r)—15W(t+41,r—1,n—7r)+
45W(t+2,1,r—1L,n—7)—15%(t, 1,r — 1,n— 1)} — (n72r;£6{‘}’(t+52r 2,n—1—1)}+

(r721386{‘1’(t+52r 2,n—1)—10¥(t+32r—2n—7r)+15¥(t+1,2,r—2,n—7) —
10‘P(t+3,2,r—1,n—r—11)+15‘}’(t+1,2,r—1,n—r—1)}]
3)

Distribution of the order statistic and its moments

The distributions of the maximum and the minimum, based on a random sample of size n are derived
below:

Distribution of the maximum

The distribution of the n'™ order statistic is given by g, () = nf (V) F™* 1 (y,)

n—-1
2 Ho(m)| #0m)®™ 1 (3) [1 = 2= Hs () T ()|

720

Therefore g,(y,,) = n [1 +—
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= 10" () [1 = 25 HsGTOW] (14525 Ho(o)

720 720

~ nd" p() |1+ 25 Holm) + 0 Hs ()T () |

720 720

(N) & (n—Des ¢ (¥n)
20 |1+ 25 Hen) + S22 82 (3) |

Therefore, using equation (3), the t" moment is

[‘P(tln 1,0) + 22 {(W(t + 6,1, — 1,0) — 15¥(t + 4,1,n — 1,0) + 45% (¢t +

(n-1)gg 1)86
720

!
Hen B(rn r+1)

2,1,n—1,0) - 15%¥(t,1,n - 1,0)} + —— {‘P(t +52,n—-2,0)—-10¥(t +3,2,n—2,0) +

15W(t +1,2,n — 2,0)]
Distribution of the minimum

910) = nf)(A-FoD)

~ n g1 = @)1+ 22 He(yy) + S22 H () |

720

0H6(y1) (Tl 1)86 ¢(y1) ( 1)]

)]
=9 (Y1)[1+7 720 1-®(y;) Hs

2

Similarly t" moment

’ _ 1 £
e [‘P(t, 1,0,n— 1) + == (W(t +6,1,0,n — 1) — 15%(t + 4,1,0,n — 1) + 45%(t +
2,1,0,n— 1) — 15%¥(t,1,0,n — D} — 2 (W(e + 5,2,0,n — 2) — 10¥(¢ +3,20,n— 2) +

15W(t +1,2,0,n — 2)]

Characteristic function

Let x4, x5, ..., x, be n random samples from the distribution defined by the density function (x) =
{1 + —H6(x)}qb(x) , —o0 < x < oo, then the characteristic function ¢, (t) is

720
¢ (t) = E(e'™*) = f itx {HmHé(x)}(p(x) dx
(1 + ﬁ (it) ) —

Result- If = Y7, [;x; , where [, [, ..., L, are some real constant then the characteristic function of y is

By (6) = IToy b, () =TTy (1 + 221, (i1)®) €= 5 00

720 7/

Conclusion

Study derived the distribution and expression for mean of order statistics from a class of symmetric
mesokurtic distributions with kurtosis three. Functional form of the characteristic function from the above
family distributions also derived in this study.
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