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1. Introduction 

The concept of Kenmotsu manifoldwas defined by K. Kenmotsu [10]. Kenmotsu proved that a locally 

Kenmotsu manifold is a warped product 𝐼 ×𝑓 𝑁 of an interval 𝐼 and a Kähler manifold 𝑁 with warping 

function 𝑓(𝑡) = 𝑠𝑒𝑡, where 𝑠 is a non-zero constant. Kenmotsu [10] introduced a class of almost contact 

metric manifold and named as Kenmotsu manifold. Since then, the properties ofKenmotsu manifold have 

studied by several authors such as Sinha and Srivastava [14], Cihan [5] and many others. The main invariants 

of an affine connection are its torsion and curvature [6]. A connection ∇ is called torsion-free or symmetric if 

its torsion tensor 𝑇(𝑋, 𝑌) vanishes and if it does not vanish then it is known as non-symmetric. A linear 

connection ∇̃ on 𝑀𝑛 is called non-symmetric if 

𝑇̃(𝑋, 𝑌) = 2𝑔(𝜙𝑋, 𝑌), (1.1) 

holds ∀ 𝑋, 𝑌 on 𝑀𝑛. Further, A connection ∇ on a manifold 𝑀 is called a metric connection if there is a 

Riemannian metric 𝑔 in 𝑀 such that ∇𝑔 = 0, and if ∇𝑔 ≠0 then it is known as non-metric. Systematic study of 

semi-symmetric connection in a Riemannian manifold was introduced by Yano [16]. Golab [7], defined and 

studied quarter-symmetric connection in a differentiable manifold with affine connection. After that various 

properties of quarter-symmetric metric connection have been studied by many geometers like Rastogi [13], 

Mishra and Pandey [11], Yano and Imai [17], Pradeep Kumar, Venkatesha and Bagewadi [12] and many 

others. Later on some other authors [4] studied several connections. M. M. Tripathi [15] proved the existence 

of a new connection and showed that in particular cases. 
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On the other hand Ricci soliton is a natural generalization of Einstein metric and is also a self-similar solution 

to Hamilton’s Ricci flow [8, 9]. The Ricci flow is an evolution equation for metrics on a Riemannian manifold 

defined as under:  

 
𝜕

𝜕𝑡
𝑔𝑖𝑗(𝑡) = −2𝑅𝑖𝑗 . 

A Ricci soliton (𝑔, 𝑉, 𝜆) on a Riemannian manifold (𝑀, 𝑔) is defined as follows: 𝐿𝑉𝑔(𝑋, 𝑌) + 2𝑆(𝑋, 𝑌) +

2𝜆𝑔(𝑋, 𝑌) = 0, (1.2) 

∀𝑋, 𝑌 ∈ 𝜒(𝑀), where 𝜒(𝑀) is a set of all smooth vector fields on 𝑀, 𝑆 is a Ricci tensor, 𝐿𝑉 is the Lie-

derivative operator along the vector field 𝑉 on 𝑀 and 𝜆 is a real number. If the potential vector field 𝑉 vanishes 

identically then the Ricci soliton becomes trivial and in this case the manifold is an Einstein one. The Ricci 

soliton is said to be shrinking, steady and expanding according to 𝜆 < 0, 𝜆 = 0 and 𝜆 > 0, respectively. 

This present paper is organized as follows: Section 1 is introductory. Section 2 consolidates some basic 

informations about the Kenmotsu manifold.Section 3, concerned with the study of the curvature tensor as well 

as its properties in the Kenmotsu manifold admitting a non-symmetric non-metric connection. We study Ricci 

soliton on a Kenmotsu manifold admitting a non-symmetric non-metric connection in section 4. 

2.Preliminaries 

Let 𝑀 be a (2𝑛 + 1)-dimensional almost contact metric manifold with an almost contact metric structure 

(𝜙, 𝜉, 𝜂, 𝑔)consisting of a (1,1)tensor field 𝜙, a vector field 𝜉, a 1-form 𝜂, and the Riemannian metric 𝑔 on 𝑀 

satisfying [2] 

𝜂(𝜉) = 1, 𝜙𝜉 = 0, 𝜂(𝜙(𝑋)) = 0,         𝑔(𝑋, 𝜉) = 𝜂(𝑋), (2.1) 

𝜙2𝑋 = −𝑋 + 𝜂(𝑋)𝜉, 𝑔(𝑋, 𝜙𝑌) = −𝑔(𝜙𝑋, 𝑌), (2.2) 

𝑔(𝜙𝑋, 𝜙𝑌) = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌), (2.3) 

An almost contact metric structure (𝜙, 𝜉, 𝜂, 𝑔) is a Kenmotsu manifold [12] iff 

(∇𝑋𝜙)𝑌 = 𝑔(𝜙𝑋, 𝑌)𝜉 − 𝜂(𝑌)𝜙𝑋. (2.4) 

Hereafter we denote the Kenmotsu manifold of dimensional (2𝑛 + 1) by 𝑀. 

From the above relation, it follows that 

𝛻𝑋𝜉 = 𝑋 − 𝜂(𝑋)𝜉, (2.5) 

(∇𝑋𝜂)𝑌 = 𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)= 𝑔(𝜙𝑋, 𝜙𝑌), (2.6) 

𝑅(𝑋, 𝑌)𝜉 = 𝜂(𝑋)𝑌 − 𝜂(𝑌)𝑋,                                        (2.7) 

𝑅(𝜉, 𝑋)𝑌 = 𝜂(𝑌)𝑋 − 𝑔(𝑋, 𝑌)𝜉,                                       (2.8) 

𝑅(𝜉, 𝑋)𝜉 = 𝑋 − 𝜂(𝑋)𝜉,                                             (2.9) 

𝜂(𝑅(𝑋, 𝑌)𝑍) = 𝑔(𝑋, 𝑍)𝜂(𝑌) − 𝑔(𝑌, 𝑍)𝜂(𝑋), (2.10) 

𝑆(𝜙𝑋, 𝜙𝑌) = 𝑆(𝑋, 𝑌) + 2𝑛𝜂(𝑋)𝜂(𝑌), (2.11) 

𝑆(𝑋, 𝜉) = −2𝑛𝜂(𝑋), (2.12) 

𝑆(𝑋, 𝑌) = 𝑔(𝑄𝑋, 𝑌), (2.13) 

where 𝑅, 𝑆 and 𝑄 denote the curvature tensor, Ricci tensor and Ricci operator of 𝑀, respectively, with respect 

to the Levi-Civita connection. 

Definition 2.1. An almost contact metric manifold𝑀 is said to be a generalized𝜂-Einstein manifold if the 

following condition 

𝑆(𝑋, 𝑌) = 𝜆1𝑔(𝑋, 𝑌) + 𝜆2𝜂(𝑋)𝜂(𝑌) + 𝜆3𝑔(𝜙𝑋, 𝑌), (2.14) 
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holds on 𝑀, where 𝜆1, 𝜆2 and 𝜆3 are smooth functions on 𝑀. If 𝜆3 = 0, 𝜆2 = 𝜆3 = 0 and 𝜆1 = 𝜆3 = 0, then the 

manifold is called an 𝜂-Einstein, an Einstein and a special type of 𝜂-Einstein manifold, respectively. 

3.A non-symmetric non-metric connection 

Let us define, a linear connection ∇̃[3] as 

𝛻̃𝑋𝑌 = ∇𝑋𝑌 + 𝑔(𝜙𝑋, 𝑌)𝜉, (3.1) 

satisfying 

𝑇̃(𝑋, 𝑌) = 2𝑔(𝜙𝑋, 𝑌)𝜉(3.2) 

and 

(𝛻̃𝑋𝑔)(𝑌, 𝑍) = −𝜂(𝑍)𝑔(𝜙𝑋, 𝑌) − 𝜂(𝑌)𝑔(𝜙𝑋, 𝑍). (3.3) 

for arbitrary vector fields 𝑋, 𝑌 and 𝑍 is said to be a non-symmetric non-metric connection. Also, we have  

(𝛻̃𝑋𝜙)(𝑌) = (∇𝑋𝜙)(𝑌) + 𝑔(𝜙𝑋, 𝜙𝑌)𝜉, (3.4) 

(𝛻̃𝑋𝜂)(𝑌) = (∇𝑋𝜂)(𝑌) − 𝑔(𝜙𝑋, 𝑌), (3.5) 

(𝛻̃𝑋𝑔)(𝜙𝑌, 𝑍) = −𝜂(𝑍)𝑔(𝜙𝑋, 𝜙𝑌). (3.6) 

On replacing 𝑌 by 𝜉 in the equation (3.1), we have 

(𝛻̃𝑋𝜉) = ∇𝑋𝜉. (3.7) 

On replacing 𝑋 = 𝜉 in the equation (3.3), we have 

(𝛻̃𝜉𝑔)(𝑌, 𝑍) = 0. (3.8) 

The curvature tensor𝑅̃of the connection∇̃is defined as follows 

𝑅̃(𝑋, 𝑌)𝑍 = 𝛻̃𝑋𝛻̃𝑌𝑍 − 𝛻̃𝑌𝛻̃𝑋𝑍 − 𝛻̃[𝑋,𝑌]𝑍, (3.9) 

where 𝑋, 𝑌, 𝑍 ∈ 𝑇𝑀, using equation (3.1), we have 

𝑅̃(𝑋, 𝑌)𝑍 = 𝑅(𝑋, 𝑌)𝑍 + 𝑔((∇𝑋𝜙)𝑌, 𝑍)𝜉 − 𝑔((∇𝑌𝜙)𝑋, 𝑍)𝜉 

+𝑔(𝜙𝑌, 𝑍)∇𝑋𝜉 − 𝑔(𝜙𝑋, 𝑍)𝛻𝑌𝜉, (3.10) 

where  

𝑅(𝑋, 𝑌)𝑍 = ∇𝑋∇𝑌𝑍 − ∇𝑌∇𝑋𝑍 − ∇[𝑋,𝑌]𝑍(3.11) 

is the Riemannian curvature tensor [2] of Levi-Civita connection. 

Using equations (2.1), (2.2), (2.4) and (2.5), we have                          

𝑅̃(𝑋, 𝑌) = 𝑅(𝑋, 𝑌)𝑍 + 2𝜂(𝑍)𝑔(𝜙𝑋, 𝑌)𝜉 − 𝑔(𝜙𝑋, 𝑍)𝑌 + 𝑔(𝜙𝑌, 𝑍)𝑋. (3.12) 

Contracting equation (3.12) with respect to 𝑋, we have  

𝑆̃(𝑌, 𝑍) = 𝑆(𝑌, 𝑍) + 2𝑛𝑔(𝜙𝑌, 𝑍). (3.13) 

Using equation (2.13) in equation (3.13), we have 

𝑄̃(𝑌) = 𝑄(𝑌) + 2𝑛(𝜙𝑌). (3.14) 

Contracting equation (3.13), we have 

𝑟̃ = 𝑟. (3.15) 
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where 𝑆̃(𝑌, 𝑍) ; 𝑆(𝑌, 𝑍),𝑄̃ ; Q and 𝑟̃ ; r are the Ricci tensors, Ricci operators and scalar curvatures of a non-

symmetric non-metric connection ∇̃and Levi-Civita connection ∇. 

Hence, we have the following theorems: 

Theorem 3.1. In a Kenmotsu manifold the scalar curvature is invariant with respect to a non-symmetric non-

metric connection ∇̃ and Levi-Civita connection ∇. 

Theorem 3.2. In a Kenmotsu manifold admitting a non-symmetric non-metric connection∇̃, the curvature 

tensor, Ricci tensor, Riccioperator and scalar curvature are given by equations (3.12), (3.13), (3.14) and (3.15) 

respectively. 

4.Ricci soliton on a Kenmotsu manifold admitting a non-symmetric non-metric connection 

Let (𝑔, 𝜉, 𝜆) be a Ricci soliton on a Kenmotsu manifold with respect to a non-symmetric non-metric 

connection ∇̃, then we have 

(𝐿̃𝜉𝑔)(𝑋, 𝑌) + 2𝑆̃(𝑋, 𝑌) + 2𝜆𝑔(𝑋, 𝑌) = 0. (4.1) 

Now 

(𝐿̃𝜉𝑔)(𝑋, 𝑌) = 𝑔(𝛻̃𝑋𝜉, 𝑌) + 𝑔(𝑋, 𝛻̃𝑌𝜉). (4.2) 

Using (2.1), (2.3), (2.5) and (3.7) in (4.2), we have 

(𝐿̃𝜉𝑔)(𝑋, 𝑌) = 2[𝑔(𝑋, 𝑌) − 𝜂(𝑋)𝜂(𝑌)]. (4.3) 

Using (3.13) and (4.3) in (4.1), we have 

𝑆(𝑋, 𝑌) = −(1 + 𝜆)𝑔(𝑋, 𝑌) + 𝜂(𝑋)𝜂(𝑌) − 2𝑛𝑔(𝜙𝑋, 𝑌). (4.4) 

Hence, we have the following theorem: 

Theorem 4.1. If a Ricci soliton (𝑔, 𝜉, 𝜆)in a Kenmotsu manifold admitting the connection∇̃ then the manifold 

is a generalized 𝜂-Einstein manifold. 

Let (𝑔, 𝑉, 𝜆) be the Ricci soliton on a Kenmotsu manifold admitting a non-symmetric non-metric connection ∇̃ 

such that 𝑉 is pointwise collinear with 𝜉 that is 𝑉 = 𝑏𝜉, where 𝑏 is a function. Then (1.2) holds and follows 

that 

𝑏𝑔(𝛻̃𝑋𝜉, 𝑌) + (𝑋𝑏)𝜂(𝑌) + 𝑏𝑔(𝑋, 𝛻̃𝑌𝜉) + (𝑌𝑏)𝜂(𝑋) + 2𝑆̃(𝑋, 𝑌) + 2𝜆𝑔(𝑋, 𝑌) = 0. (4.5) 

Using (2.1), (2.5), (3.7) and (3.13) in (4.5), we have 

2(𝑏 + 𝜆)𝑔(𝑋, 𝑌) + (𝑋𝑏)𝜂(𝑌) + (𝑌𝑏)𝜂(𝑋) 

−2𝑏𝜂(𝑋)𝜂(𝑌) + 2𝑆(𝑋, 𝑌) + 4𝑛𝑔(𝜙𝑋, 𝑌) = 0. (4.6) 

Replacing  𝑌 by 𝜉 in (4.6) and using (2.1), (2.12), we have 

(𝑋𝑏) = −{2(𝜆 − 𝑛) + 𝜉𝑏}𝜂(𝑋). (4.7) 

Again replacing  𝑋 by 𝜉 in (4.7) and using (2.1), we have 

(𝜉𝑏) = (𝑛 − 𝜆). (4.8) 

By virtue of (4.8), above equation (4.7) takes the form 

(𝑋𝑏) = (𝑛 − 𝜆)𝜂(𝑋). (4.9) 

By applying 𝑑 on (4.9), we have 

(𝑛 − 𝜆)𝑑𝜂 = 0. (4.10) 

Since 𝑑𝜂 ≠ 0, (4.10) yields 
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𝜆 = 𝑛. (4.11) 

Using (4.11) in (4.9), we obtain 𝑏 is a constant. 

Hence, we have the following theorem: 

Theorem 4.2. If a Ricci soliton (𝑔, 𝑉, 𝜆)in a Kenmotsu manifold admitting the connection∇̃ such that 𝑉 = 𝑏𝜉, 

then 𝑉 is a constant multiple of 𝜉 and the Ricci soliton is always expanding. 
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