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1.INTRODUCTION
In1945, R. Vaidyanathaswamy [13] introduced the concept of ideal topological spaces. T. R. Hamlett, D. A. Rose [4] defined the local
function and studied some topological properties using local function in ideal topological spaces in 1990. Since then many mathematicians
studied various topological concepts in ideal topological spaces. The first unified and extensive study on 7 * - topologies was done by
Jankovic and Hamlett in [2] and proofs for the facts stated above may be found in [6]. The initial important articles on topological spaces
are [4] and [5], a thesis [3] and a book that includes ideal is [12].. In this article we introduce the concept of ideal-connected spaces using
ideals, called 3 - connected spaces and extend some important results on connectedness to 3 - connectedness.
2. PRELIMINARIES
Given a nonempty set X, a collection 3 of subsets of X is called an ideal if,

() AeJ and B < A implies B €3 (heredity)

(ii) AeJ and B €3 implies AU B €3 (additivity)

If X ¢3, then 3 is called a proper ideal. Anideal 3 is called a o - ideal if the following holds:
If {An :n=1,2, ...} isacountable sub collection of J, then U{A, :n=1,2,....} €3

The notation (X,t, 3) denotes a nonempty set X, a topology t on X and an ideal 3 on X. Given a point x eX, X(x) denotes the
neighbourhood system of x; that is, 8(x) = {Uet : xe U}. g (X) denotes the collection of all subsets of X. Given space (X, 1, 3) anda
subset A of X, we define

A*(31) ={xe X:UnAg 3, forevery Ue X(X)}
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We simply write A* for A*(3, 1), when there is only one ideal 3 and only one topology t under consideration. If we define cl*
on p(X)as, cl*(A)=AUA* forall A e p(X),

then cl* is a Kuratowski closure operator. The topology determined by this closure operator is denoted by t* (3) . B (3, 1) = {U

-l:Uert,l eS}isabasisfor  t* (3J) .For every subset A of a given topological space ( X, t, 3) , the sets cl(A) (orﬂ) and cl*(A) will
denote closure of A with respect to T and t* respectively.

3.3 - CONNECTED SPACES
Let us start with a definition for 3 - connected spaces.
Definition: 3.1 Let ( X, t) be atopological space with an ideal 3 on X. A subset of Y of X issaid to be J-connected if Y =AU B, A,

BeJsuchthat ANB=¢=AnB
Remark :3.1 Every connected set is 3 - connected. We give the following example to show that the converse need not be true.
Example :3.1  Let (R,t) denote the real line with the usual topology and 3 denote the ideal of all finite subsets of X. LetY =[0,2] U
{3,4,5}. ThenY is 3- connected but not connected.
Remark:3.2 Let ( X, t) be a topological space with an ideal 3 on X. Let X be 3- connected. If J isan ideal on X with 3 < J , then X is
J - connected.
We obtain equivalent conditions for a space to be a I - connected space in the following theorem.
Theorem: 3.2 Let ( X,t) be a topological space. Then the followings are equivalent.
0] X is 3- connected
(i) X cannot be expressed as a union of two disjoint non-ideal open sets.
(iii) X cannot be expressed as a union of two disjoint non-ideal closed sets.
Proof: (i) = (ii)

Suppose (ii) is not true, then X =A U B, for some subset A, B ¢3 such that A, B are open and A N B'= ¢. Then A =A and B =

B so that BAA= [0) =A B This contradicts (i ). Therefore (ii) is true
(if) = (iii) : Suppose (iii) is false. Then X = A U B, for some subsets A,B ¢ T such that A,B are closed and AN B =¢. Then X=A U B,
where A/B ¢35, AnB=¢pand A=X-B, B=X-Aareopen. This contradicts (ii). Therefore (iii) istrue.

(iii) = (i) : Suppose X is not 3- connected. Then X = A U B, for some subsets A, B ¢3J, such that A AB= o=A AB. ThenZ\ cA

and B < B. Hence X = A U B, where A, B ¢35, An B =¢ and A, B are closed; which is a contradiction to (iii). So X is 3 -
connected.
Remark :3.3 Let (X, 1) be a topological space and 3 be an ideal on X. A subset Y of X is 3 - connected if and only if it is not

possible to find open sets A and B in X such that

Q) Yc AuB

(i) YNAg3, YNB¢3

(i) YNAAAB=¢

(v) YANAAB =¢
We know that if {A.: o € A} is a collection of connected subsets of a space (X, t) such that N A« = ¢, then U Aq is also connected in (X,
1) . Can this result be extended to a 3 - connectedness?.We first have the following theorem to get a partial affirmative answer.

However, we shall find an example that gives a negative answer to this questions.

Theorem: 3.3 Let A; and A be two JI-connected sets with At Az ¢3. Then  A;u Azis 3 - connected.
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Proof : Suppose A1 U Az is not 3-connected. Then Ay U A, =Cu D where C,D ¢J3 and (A1 Az) mE NnD=¢=C ~AD n (A1
A; ).We have Ain Ay =

CnAINA)U DNAINAy) ¢3, SoeitherCNn AN A g3, o0r DN AN A 3. Suppose CN AN A, ¢35, then CnAig 3
andCn A, ¢3. Since A1 =(Cn A1) u (D Ar)is 3- connected, either Cn A1eS orDMA1e3. AsC AL ¢3J, we have D n
A1 e 3. Similarly, we have D n A; €3

SoD= (Dn A1) U (DN Az)e 3, which is a contradiction. Hence A1 U Azis J- connected.

n
Corollary: 3.4 The finite union of 3- connected sets { A1 Az, ..... A } for which M Aj is a non-ideal set, is also an 3- connected set.
i=1

But arbitrary union of J - connected sets { A }, whose intersection M A, is a non-ideal set need not be J-connected. The following

i=1

example justifies this statement.

Example: 3.2 Let X be the real line with the usual topology t. Let A, =(0,1) w {n +1}, for all n= 1,2... and let 3 be the ideal of all

finite subsets of X. Then A, is an 3 - connected. Also M A, is a non-ideal set. However, U A,=(0,1) v {2,3,....}isnot J -
i= n=1

connected.

Theorem: 3.5 Let (X,t) be a topological space with an ideal 3on X. If A < Xis  3-connected and A < B < cl* (A) (closure of A

in t*), then B is 3 - connected.

Proof : Suppose B is not 3-connected. Then B =C u D, where C, D ¢3 and B ma ND=¢p=C mB NnB. Now A=(AnC)uU (A
N D). Since A is J-connected, either ANCe3orAnDe 3. Suppose An D €3 and let x € D - A. Then for every

neighbourhood Vofx, VmnAg 3. AsVNA =(VNANC)U(VNnAND)¢ I, wehave VANANC ¢3J. InparticularVAANC

20> VNC#xp=>X e 6 Thereforex e D-A= X € E,Which iscontradictiontoBmE NnD=¢. Hence D-A=¢ie,DcA
Therefore D =D n Ae3, which is a contradiction. Thus B is 3 - connected.
The above theorem is not true, if we replace * - closure with closure. We give the following example to justify this fact.

Example :3.3 Let X be the real line with the usual topology. Let A = [0,1] U{x : X is rational, 4 < x < 5} and let 3 be the ideal of zero

measurable sets. Then Ais J - connected, but A = cl (A) =[0,1] v [4,5] isnot T - connected. We know that the continuous image of
connected set is connected. We generalize this in the following theorem.

Theorem: 3.6 Letf: (X, 1, 3)— (Y, c)isacontinuous surjection. If (X,t)is 3 - connected, then (Y,o ) is f ( 3 ) - connected,
wheref(3)={f(1):1e 3}

Proof : Letf: (X, o, 3) — (Y,0) is a continuous surjection map and X is T - connected. Assume that Y is not f (T) - connected, then Y
= BuC,whereB,C¢f(3),BnC=¢andB, C are open.

Since fis continuous, f *(B),f*(C)areopenand f Y(B)nf2(C)=f1(BNC)=Ff1() = ¢. Alsof(B), fC) ¢3 (if f1(B)
e 3, then B e f(J), gives contradiction). Now X = f(B)uf*(C), where f1(B), f *(C) are open, f(B) ~f*(B)=¢andf*(B),
f1(C) ¢ 3. Hence X is not I - connected; a contradiction to our assumption. Thus Y is f (3) - connected.

In the following lemma, we show that extensions of J-connected spaces by members of 3 are 3- connected.

Lemma: 3.7  Let (X, 1) be atopological space with an ideal 3 on X. Let A,B < X. IfAis J-connected and Be3then AUBisJ -
connected. ( In particular, Let (X, t) be a topological space with an ideal 3 on X. Let A < X. If Ais 3- connected and X - A € T, then X
is 3 - connected).

Proof : If AU B isnot3J - connected, then there exist open sets C and D in X suchthat AuB =CuD and

(i) (AUB)NC¢3,(AUB)AD g3.

() (AUB)A(C nD)=¢,(AUB)N(CAD)=¢
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AsB 3, wehave ANC ¢3(as BN Ce3) and AnDg3.

As A =(AnC)u (An D), which is a contradiction to 3- connectedness of A. Hence A U B is 3 - connected.

We have already given example for 3- connected spaces which are not connected. But if the ideal 3 satisfies some extra conditions, then
we can expect that the space is connected if only if it is 3- connected. In the following theorem we show that if the ideal is a t - boundary
ideal i.e. 3 m t ={¢}, then concept of connectedness and 3 - connectedness coincide.

Theorem: 3.8 Let (X, 1) be a topological space with an ideal 3 on X. If X is 3-connected and 3 m t = {¢}, then X is connected.

Proof: Suppose X is not connected, then X = A U B, where A= ¢, B # ¢ and A B = d=AnN B. Since I t= {0}, we have A,
B¢3. So, X is not 3- connected, a contradiction. Thus X is connected
Theorem : 3.9 Let (X, 1) be an J:- connected space and let (Y, o ) be an J2- connected space. Assume that 31 m t is closed under
arbitrary unions. If 3 is an ideal such that P (Ji) = 3,1 =1,2,then X XY is 3- connected.
Proof : If X €31, then X x Y is in the ideal I and hence X x Y is 3- connected so assume that X ¢3; .
Assume that X x Y is not I - connected , then X XY = A U B ,where A,B ¢3, AnB=¢pand A, Bareopenin XxY.

Toeachy e Y, define Ay = {x € X: (X,y) €A} and By = {x e X:(Xy) €B}

LetC={yeY:Aje3}andD={ye Y B, eJ}

Then X = Ayu By. Toeachy, both Ay and By are open and Ay By = @. As X is 3: - connected , either Ay e 31 or By e3;.
In fact, to each y €Y, exactly one of Ayand By belongs to J; .

Therefore Y =C U D and C n D =¢. Now we claim that C is closed. Fix ye C. If Ay 31, then A, # ¢. Since A is open, to each

X €Ay, there exist neighbourhoods Uy of x and Vy of y such that (X, y) e UxXVy c A. Asy e & ,thereisoney’ € Vy N C, s0 Uy X {y'}
< Aand hence Uy cAy and as Ay € 31, we have Ux € 31, Therefore Ay < U { Uy : xeAy }e J1( by assumption ).

Hence Ay € 31 and hencey e C. Therefore C is closed. Similarly D is closed. Since Y is 3, - connected, we have C € T, or De 3»

Case (i): If C € Jz,then XxC e 3. TakeE=uU{By: ye D} € 31t (assumption), SOEXY € I and (X xC) U (ExY) e 3. Fix
(x,y) € B. Ify € C, then (X, ¥y) e XxC. Ify e C, theny e Dand x € By c E. Therefore (x,y) € ExY. Hence B c (X
xC)uU (ExY), SoB € 3, This contradicts the fact B ¢ 3 .

Case (ii:) If D € 3,,then X x D € 3 ; and as in case (i), we obtain a contradiction. Thus X x Y is 3-connected.
Corollary : 3.10 Let ( Xiti) be topological spaces with ideals J; on X; respectively for i=1,2,....n. Let X = i;zln Xi;and 3 be an ideal
suchthatP; ' (3) <3, i =1,2....n.

If {3in 1 : i=1,2....n-1}is closed under arbitrary unions and X; is Ji- connected, then X is 3 - connected.
Corollary: 3.11 Let (X, 1) be a connected space and (Y,c) be 3, - connected. If 3 be an ideal containing P2 * ( 32), then X x Y is 3 -
connected.
Proof: Consider 31 = {¢}, then t n 31 is closed under arbitrary unions, so by theorem 2.9, X x Y is 3-connected.
Definition: 3.2 Let ( X, 1) be a topological space and 3 be an ideal in X. A connected component C of X with respect to t is called t -
connected component of X . A t - connected component C of X is said to be an ideal component in X if C €3 .
Example : 3.4 Let X={[0,1] U [2,3] V[4,5] U ...... [2n, 2n+1] U ........} with the subspace topology induced by the usual topology of
R. If 3 is the set of all bounded subsets, then every component of X is an ideal component.
Theorem : 3.10 Let (X, t1) be Ji - connected and (Y, t2) be 3 - connected. Assume that any union of ideal components is a member
of 31. If Jisanideal in X x Y containing P; * (31) and P2Y( 32), then X x Y is I - connected.
Proof: If X € 33 then X x Y is in the ideal I and hence X x Y is T - connected. So we assume that X¢ 3Ji. Assume that X x Y isnot 3 -
connected. Then XxY =A uB,where A,B ¢ 3, AnB=¢and A,B are open sets. For every component C of X and D of Y,Cx D is
a connected subset of X x Y and henceCxDc Aor CxDcB................ (1
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For every component D of Y, write
Ap = u{C:Cisacomponentof XandCxD c A}
Bo =u {C:Cisacomponentof XandCxD c B }.
Now we claim that Ap is open. Let x € Ap , then there exists a component C of X such that x e Cand C x D cA. Fixy e D. Therefore
(x,y) e Cx D < A. Since A is open, there exist neighbourhoods Uy , Vy of x, y respectively such that Uy x Vy < A. If x e cl (Bp), then
Ux N Bp# 6. Letx € Uxn Bpi.e. x’ eUxn Co, for some component Co where Co X D < B. Let (X', y) € Uy xVy' < B, where Uy , Vy/
are some neighbourhoods of x’, y respectively. Then (X, ¥) € (Uxn Uy ) x ( Vy nVy' ) < A n B, which contradicts A n B = ¢.
Therefore x € Ap implies that x is not a limit point of Bp . That is, Ap is open. Similarly Bp is open. Thus X = Ap U Bp, and Ap Bp are
open. So exactly one of Ap, Bp is in 31, because X ¢3.
Le @ ={DcY:Dis componentofY and Ap €31} and
@, ={DcY:Dis componentof Y and Bp €351}
Write Dy = UpepsDand D3 = Upepa D ThenY =D U D, and D1 D, = ¢
We claim that Dy is closed . Fixd e D 1. Let D be the component of Y such that d € D. Suppose d ¢D;. Then D € @1 = Ap ¢ 3150 Bp
€ J1. By (1) and our assumption, there is a component C of X such that C 31, C x D < A. Fix a member ¢ €C. Then (c,d) € A. Since A
is open, there exist neighborhoods U, V4 of ¢, d in X, Y respectively, such that (c,d) € UcxVgc A. So there isa memberd'e Vg N D;
and there is a component D’ of Y such that d’ € D’ and Ap' € 31, so that (c, d') € (Uc x Vg ) < A. Therefore (Cx D) c Aand C € 3,
because C < Ao € J1. This contradicts C ¢ Ji1.Therefore d eD; . i.e. Dy is closed. Similarly D, is closed. Thus Y = D1u D,, where Dy,
D, are closed and DinDy;=¢. Since Y is 3, - connected, either D; € 3, or D, € J. Without loss of generality, we assume that
Di e 3;.Then X x D1e3J. Take Take E = U, eD, B € 1 (by assumption). SOE XY €3 and hence (X xD1) U (ExY) e 3. Itis
enough to prove that B < ( X xD1) U (EXY). Fix (x,y) € B. Then there exist components C and D such that (x,y) e CxD < B. If
y e Dy, then (X,y) € XX Di1. Ify ¢ Dy thenTake ¥ € D, = UDED: D and hence x e C< Bp c E, for some D e®,. Therefore

(xy) e ExY. HenceB < (XxD:) U (ExY) e 3. Thisis a contradictionto B ¢ 3. Hence X x Y is I - connected.

4. STRONGLY 3 - CONNECTED SETS

Let us begin with following definition.

Definition: 4.1 Let (X,t) be a topological space and let 3 be a ideal on X. A subset A of X'is said to be strongly 3 - connected if there is
a t- connected subset B of X suchthat A=Buw C,whereC € 3.

Every connected set is strongly S - connected set, but converse need not be true. It follows from the following example.

Example: 4.1  Let (R, 1) denote the set of real numbers with the usual topology and 3 be the ideal of all finite subsets of R. Let A =
[0,2] U {3,4,5}. Then A is strongly T - connected, but not connected.

The following theorem gives the relation between J - connectedness and strongly 3 - connectedness.

Theorem: 4.1 Let (X, t) be a topological space with a ideal 3 on X. If (X, t) is strongly 3 - connected, then it is 3- connected.

Proof: Assume that (X, 3 ) is strongly 3 - connected and X = B w C where B is t - connected and C € 3. Suppose X = D; U D2, where
D,,D; areopenand D1~ D2 =¢. Then B=(DinB)u(D2nB)andDi:nB=¢or DnB =¢ = DicX-Bor D, cX-B=
Di;cCor DcC=D:e J3or D; e 3. Hence X is 3 - connected.

The converse of the above theorem is not true.

Example: 4.2 Let X = {0, 1, 1/2, 1/3, .......} and tbe the topology denoted by the usual topology in R. Let 3 be the ideal of all finite
subsets. Then X is 3 - connected. For if X isnot 3 - connected, then X =B U C, where B, C¢J, B n C = ¢ and B, C are open.

Therefore Oe B or 0 €C, which implies that C is finite or B is finite, so that C €3 or B €3 which is a contradiction. But X is not

strongly 3 - connected because only connected subsets of X are singletons whose its compliments are not in 3.
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Theorem: 4.2 Given (X, 1, 3 ) such that the ideal J is a t - boundary ideal. Then the following are equivalent:
(i) Xis connected
(i) Xis 3- connected

(iii) X is strongly 3- connected

Remark:4.1 Let (X,t) be a topological space with a ideal 3 on X. Let A, B < X. If Aisstrongly 3- connected and B €3, then AU B is

strongly 3- connected.

n n
Theorem: 4.3 LetAi(i=1,2...... n) be strongly 3- connected sets such that M Ai 3, then U A; is strongly 3- connected.
i=1 i=1

Proof: Since each Aj (i=1,2,...n) is strongly 3- connected, we have A; = B; U C;, where B; is connected and Ci 3. Asn A ¢3J, we

get Ai ¢35, and Bj ¢33, forall j. Let Fj = (nAi) nCj. ThenF; €3, for all j.

n
Therefore U Fj €3,. PutE= (nAi)—(UFj).Then E ¢3, because n A ¢3
i=1

and F; 3. Now E c Bjforall jand hence Ec n Bj ¢3 . In particular N Bj # ¢

n n n
Hence U Bjis connected and hence U A; = (U B;j) u C, where
i=1 i=1 i=1

n n n
Cc UAI-Bi)c U CjeJ. Thus U Ajis strongly 3 - connected.
i=1 i=1 i=1

This theorem need not be true, if the family {Ai} is an infinite family whose intersection is a non ideal set, as this may be seen from the
following example.
Example: 4.3 Let X be the real line with the usual topology t. Let A, = (0,1) U {n +1} for all n=1,2... and let I be the ideal of all

finite subsets of X. Then A, is strongly 3 - connected.

0

Also ﬁl Anisanon ideal set. However, ul U A=(0,1) U {2,3,.....} isnot strongly J - connected.
n=. n=.
It is well known that the continuous image of a connected set is connected. This result can be generalized as follows.
Theorem: 4.4 Letf: (X, 1, 3) — (Y, o) be a continuous surjection. If (X, ) is strongly 3J- connected, then ( Y,o) is strongly f (3) —
connected, where f(3)={f(1): 13}
Proof : Letf: (X, 1, 3) > (Y, o) be a continuous surjection and let ( X, t ) is strongly J- connected. Then X = B U C, where B is

connected and C €3. Therefore Y =f (X) = f (B u C) =f(B) u f(C), where f (B) is connected and f (C) e f (J). Thus (Y, o) is

strongly f(3) - connected.

Theorem: 4.5 If | €3, for all | €3 then whenever A is strongly 3- connected, then B is also strongly J- connected, for all B with A

Bc A. Inparticular A isstrongly 3- connected, if | €3, forall Ie3.

Proof: Suppose A is strongly 3- connected. Then A=C w D, where C is connected and D €3. Since Ac B gf\ and A=C uDc
B, we have B = (Em B) U (5 N B), where C ~Bis connected as C gE N Bc Cand D N B e3. Hence B is strongly 3-

connected. As a particular case when A is strongly 3- connected, A is strongly - connected, for all | 3.

The condition of | €3 impliesl_ €3 can not be relaxed from the previous theorem 4.5. This is justified by the next example.
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Example: 4.4 Let (R,7) denote the real line with the usual topology and let 3 be the ideal of all with zero measure. Let A =[0,1] U{Xx: x

isrational, 4 <x<5}%}. Then Aisstrongly 3 - connected, but A= [0,1] w [4,5] is not strongly 3 - connected.
Example :4.5 Let X =[0,1] v {2,3,4,5} with the usual topology and let 3 be the ideal of all finite subsets of X. Then X is strongly 3-
connected, but X x X is not strongly 3 x 3 - connected.

Now we discuss strong- ideal connectedness of product of two strongly ~ 3- connected sets with a suitable ideal in the product space.

Theorem: 4.6 Let (X, t1) be strongly J1- connected and ( Y, t2) be strongly 32 - connected. If J is a ideal on X x Y such that pi’}(Ji) <
J,i=1,2, then X x Y is strongly I - connected, where p1 : X XY — X, p2: X XY — Y are the projections and pi*(3i) = { pit(l): li
€3, i=1,2.}

Proof: Suppose X is strongly J3:1- connected and Y is strongly 3, - connected. Then X = A u Ciand Y = B U C, , where AB are

connected subsets of X and Y respectively and C;, C; €3.

Then X XY =(AXxB) U[(C1xY)u (Xx Cyz)]. Since A x B is connected with respect to the product topology ti1xt2 and C1 X Y,
XxCz e 3,wehave (C1xY)u (Xx Cz)e3. Thus X X Y is strongly 3 - connected.

Corollary 4.7 Let (Xi,ti), i=1,2...nbe a topological space with a ideal Jjon X;, fori=1,2,3,....,n. Ifeach X;i= 1,2....n is strongly Ji-
n n

connected and if 3 is a ideal containing pi’i(3i), then 7 Xi is strongly 3 - connected, where pi : 7 X;—> X;are the projection and pi**(3i)
i=1 j=1

={pil(li): lie Si ,i=1,2,3,.....n.}

Corollary: 4.8 Let (X ,t1) and (Y,t2) be two topological spaces with ideals 31, 3, on X, Y respectively. Let (X ,t1) be a strongly 3 -

connected and (Y,t2) be 32 - connected. If Jisa ideal containing p1}(31) and p21(J2), then X x Y is F - connected.

Consider the following definition.

Definition: 4.2 Let (X ,t) be a topological space with a ideal 5 on X. A subset A < X is said to be T - well linked if A s strongly 3 -

connected

From the theorem 2.9, it follows that if 1 €3, for all | €3, then every strongly ~3- connected subsets of X are 3 - well linked. The

converse of the observation is not true if | ¢ 3 for some | 3. This may be seen from the following example.

Example 4.6 Let Q be a set of all rational numbers and let 3 = {¢ }.Take X =Q U {¢} . Then X s strongly 3- connected and hence X is

3 - well linked but X is not strongly 3 - connected.
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