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Abstract: George E Andrews [1] derived generating function for the number of smallest parts of partitions of
positive integer n. Hanuma Reddy [2] defined i" smallest part and derived a relation between the i" smallest and i"

greatest parts of partitions of n in general form. Here we derive generating function for the number of the i" smallest

parts of r — partitions of n.
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Introduction:

A partition of a positive integer n is a finite non increasing sequence of positive integers A4, 4,,..., A4, such that

D 4 =n andis denoted by N=(A4,4,... 4 ) ,n=4 + 4, + A, +..A,0r A= (A{l,ﬂgz ,/13f3,...) when 4, repeats f; times,

i=1
A, repeats f» times and so on. The A, are called the parts of the partition. In what follows A stands for a partitionof

A=(A2gren &) Ay 2 2, 2.2 A, . The set of all partitions of N is represented by £(n) by and its cardinolity p(n).

If1<r<n then & (n) is the set of partitions of n with r parts and its cardinality is denoted by p,(n). A
partition of n with exactly r parts is called r — partition of n. We define

() 0 if r=0 or r>n
Pr number of r — partitions of n if O<r<n

spt(n) denotes the number of smallest parts including repetitions in all partitions of n.spt, (n) denotes the number of
i™ smallest parts including repetitions in all partitions of n . r —spt; (n) denotes the number of i" smallest parts in all

r — partitions of n.The number of partitionsofn with least part greater than or equal to k is represented by p(k,n) .
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1.1 Existing generating functions are given below.

Function Generating function
ql‘
pr (n) (q)
qr+k
P, (n_k) (q)
. > q
number of divisors
nz-;'(l—q”)
. z ng"
sum of divisors > (1.1.1)

k
where (q), =[](1-q")fork >0, (q), =1 for k=0and (q), =0 for k <O.

n=1

and (a)n Z(a;q)n =(1—3)(1—aq)(1—aq2)...(1—aq"-l)

1.2Theorem:If ke N and 1<k < P} , then the number f,' (k,n) of r— partitions of n with k as i"" smallest part is
r

i) f (k,n)=p4[n-(k-Dr-1] +p fori=1

. N
where § = 1 L F_k
0 otherwise

iIfi>1
(n— ey =0y —.— rileuI—HZ)

r-1 o r,-1 o

frkn)=>>..% > p

==l t,=luy,,=1 _(k _1)(r —ay..— 0 ;,, ) -1

D> D By forisl

==l n,=ly .=l

if NNt~ — Vi,

1 =Kk—u..—u .
where A, = r M= Hiisp
0 otherwise
Proof :
(i)Fori=1
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Let N=(A, Ayroors A) = (14 1,1, oo 144 K ) b€ @NY T — partition of n with | distinct parts.

Put t =1in theorem 1.2 in [3], we get the number of r — partitions of n with k as smallest part is

f,(k,n)=p,, (K,n—K)+ 8

1
where = r
0 otherwise

First replace k +1 by k,r by r—1, then replace n by n—k in theorem 1.3 in [3], we get
=pa[n-(k-Dr-1] +5 (1.2.1)
(ii) Fori>1

Let n=(A4, 4, .... 4)

)

= (:Ulalv---'ﬂu :ﬂ|7i+1a'7”1vﬂ|7i+2a'7”2’---'ﬂlflalflvMa') (1.2.2)

be any r — partition of n with | distinct parts. Subtracting , from A fori=1tor, we get

n= (40, 40, . AWy = (( | (14 )“ (28 V(i )“ g o )“)

wheren, =n—ru,n=r—aandu," = u - Ve 1.2.3)
From (1.2.1) we have the number of r, — partitions of n, having smallest element k is
pa[m—-(k-)r-1]+4

1 if Mg
where f, = n

0 otherwise
= ppa[(n—ra) - (k-1)r 1]+ 4 (1.2.4)

it T4y
where g, = n
0 otherwise

In (1.2.2), the part gz may vary from 1 to 4 ,—1land r,may vary from 1 to r-1(ifz =4 or 1, =r,the
partition(1.2.2) does not have | distinct parts.

It contradicts our assumption for g4 > g4 ,.)

Therefore the number of r — partitions of n with second smallest partk is f, (k,n)

ff(k,n):ii p_a[(n=rs)-(k-1) r1—1]+r2iﬁl (1.2.5)
n=1u=1 n=1u=1

Continuing this process in(1.2.3), we get
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n, =", 4", 2, ) = (( S R P R ) B A )

h h-1
whereny =n,n, =n, =6 44 0, =15 =1 —a, and ,U@( )= ,Ugo( ) — oy Vo

From (1.2.1), we have the number of r, — partition of n, having smallest part k is

1 if r.|n,

where §, = {

0 otherwise

Hence the number f ' (k,n) of r_, — partitions of n_, with i" smallest partk as

()= Py [ (kD121 A

1 If ri—l | ni—l

where g, | = {

0 otherwise

(n =g —..— ri—2:“|—i+2)

r-1 o -1 o

=222 2 P

n=lm=l .=l ,=1

—(k-1)(r-a..—_,5)-1

r-1 o -1 w

.0 D Ba

==l r,=lu,,=1

if N—rpy =N, =i i,

where g, = r,

=K== i
0 otherwise
This completes the proof =
1.3Theorem:The generating function for the number of i smallest parts of r — partitions of nsuch that i"" smallest
part as first part(i.e 4 as i"smallest part) is

PRSP i SN G N G SO e S Cp P
> (r=spt;(n))q (l—qr)z(l—qu)z(l—qu) Z(l—q“l) ori=r (1.3.1)

n=1 r=1 r,=1 fia=1

Proof: Let n=(4,4,,...,4)= (yr)be any r — partition of n with all equal parts.
We know that g is the number of smallest parts of r— partitions of nsuch that smallest part is the first
part which is k (i.e 4 as smallest part).

. N
1 f —=k
where § = I r (1.3.2)

0  otherwise
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The generating function for the number of smallest parts of r — partitions of n such that smallest part is the first part

(i 4 as smallest part) s

> (r=spt (n))g" =Y =3

n=1 k=1 (1— qr)

r

forr=1 (1.3.3)

Let N=(4, 4, ..., ) = (4™, 4, ) be any r — partition of n with two distinct parts.

Subtracting x, from each 4, for i=1to r, we get

n :('ul(l))a1 where n, =n-ru,, r=r-oa, and :ul(l) =t
The number of smallest parts of r,— partitions of n, such that the smallest part is the first part and having k as a
smallest part is f,

1 if rn
0  otherwise

where £ :{

Since n=n+rw, and g =k-u, the number of second smallest parts of r— partitions of nsuch that second
smallest part is the first part and having k as a smallest part is S

e N—ru
if —~2=k-
where g, = n ‘%

0 otherwise

Therefore the generating function for the number of second smallest parts of r— partitions of n such that second

smallest part is the first part (i.e 4 as second smallest part) is

> (r-spt(m)a =23 3 q

n=1 =1 h=1k—pp=1

r-1

0
§ § qﬂl”l*/lz r

1,=11=1 14=1

-~

r-1

qﬂzrz q:u{lrl

1 w=11=1

Il
s

H

=

r r-1 n
LS9 _for r=2 (1.3.4)

NECREID

Continuing this process, we getthe generating function for the number of i"" smallest parts of r — partitions of n such

that i smallest part as first part (i.e 4 as i"smallest part )is

f n-1 r i1 q fia

> (r=spt, (n))q" = I S oy —— fori=r
> (r=spt;(n))g (1_q,)2(1_qﬁ)z(l_qrz) Z(l_qh)f

n=1 r=1 r,=1 r=1
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1.4Theorem: The number of smallest parts of r — partitionsof n having k as a smallest part is

Zo Prai [ N=(k=1)r-1-i]+ 5

1 if rin
0 otherwise

where = {

Proof:From (1.2.10), the number of r — partitions ofn with the smallest part k is

fo(k,n)=p4[n-(k-1)r-1]+p

Fix ke{l,2,..,n}.For 1<i<r the number of r— partitionsof nwith the(r—i)smallest parts each being k is the
number of r — partitions ofn—(r—i)k. Summing over i=1to r we get the total number of r— partitions of n withk

as the smallest parts .

1 if r|n

This numb Tn-(k=1)r-1-i =
IS number ;pr—l—l[n ( )r IJ K {0 otherwise ®

1.5Theorem:The generating function for the number of i" smallest parts of r— partitionsofn is

mr_s - qn r-1 qu n-1 qr2 mri_z—l qri_1 sl oq N
By S S

r=1 r,=1 r=1

Proof: From theorem1.4, we have the number of smallest parts of r — partitions of n ‘having k as a smallest part is

© . )
Zpr—l—i[n_(k_l)r_l‘i]Jrﬂ where 3 = g It F_k
i—0

0  otherwise

The generating function for the number of smallest parts of r — partitionsofn is

r=1—i+(k=1)r+1+i r

r—spt(n)g" =3 > 9 T
oS =2. 2. (L-q')
& qkr N q"

_;;(q)rl, (1-9")

_ 1, g
) E@, )
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From theorem 1.4 and theorem1.6, we get the number of second smallest parts of r— partitionsof n with second

least part kK = 4 is
o o r-1 o

(ko) =220 2.2 Pra [ (n=rkto) —(k-2)5 ~1-i
r=1 y,=1r=1i=1

The generating function for the number of second smallest parts= A of r — partitions of n

1 =141 gty +(K—1)r +1+i

—~ Q
2 O

B q" r-1 qu r-1 1
= (1qr);(1qq)(;(q)EJ 1.5.1)

From(1.3.4) the generating function for the number of second smallest parts of r— partitions of n with second

smallest part equal to 4, is

q i T forre2 (15.2)
(1-q") = (1-0")

From (1.5.1) and (1.5.2) we get the generating function for the number of second smallest parts of r— partitions ofn
which is given by

S et (g 9 S @ <1 L M
1ok (w)z(qu)[z(q)rj i-a) &)

=1

Q¢ $_a |1, (15.3)
- >(Z<q>ﬁ J

n=1
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By induction, the generating function for the number of i" smallest parts of r — partitionsofn is

USPAT(HTATSER B S EHE SIS S | R
n-1 (l—qn) (1—qr1)r2:1(1—q“2) rH:l(]__qf.,l) = (q)ri .

=1

1.7 Corollary:
The generating function for the number of k'sas smallest part of

r — partitionsofn is

w| o 1

1.8 Corollary:The generating function for the number of k'sas smallest parts of partitionsof n is

© ‘r r-1 l
e S|

1.9 Corollary: The generating function for the number of r — partitions of n having i distinct integers is

I

0 qu n-1 qu r,-1 q g

2 a) 3 ()
1.10 Corollary:The generating function for the number of smallest parts of r — partitions of n which are multiples of
cis

0 T qCI' r-1 1

clr—spt(n))q = = +1

e =g )L(qx }
References

. Andrews G. E. (1998), The Theory of Partitions, Cambridge University Press, Cambridge. MR 99c: 11126.
B.Hanuma Reddy K. (2010), A Study of r — partitions, submitted to AcharyaNagarjuna University, awarded of
Ph.D. in Mathematics.

Hanuma Reddy K, Manjusree A (2015), The number of smallest parts in the partitions of n, International Journal in
IT and Engineering, vol.03, Issue-03, ISSN:2321-1776.

IJCRT2003101 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 758


http://www.ijcrt.org/

