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Abstract

Boolean functions are one of the main objects of discrete mathematics. The class of
monotone Boolean functions is pre-complete in the set of all Boolean functions, that is, there
is no class of Boolean functions which is closed (with respect to superposition), contains all
monotone functions, and differs both from the class of monotone Boolean functions and
from the set of all Boolean functions. In the present article our aim is to discuss the basic

structure and functions of closed classes of monotone Boolean functions.

Keywords : Monotone Boolean functions, n-tuples, inclusion-exclusion principle,

Bonfierroni’s inequalities.
Introduction
Monotone Boolean functions are an important object in discrete mathematics.

A Boolean function is a function whose variables take the values 0 and 1, as does the

function itself.

It turned out later that the language of Boolean functions is convenient to describe the
functioning of certain discrete control systems like contact networks, Boolean networks,
logical networks, and so on. In the set of all Boolean functions, the following classes of
functions are well known: linear functions, monotone functions, threshold functions,
symmetric functions, and some other classes. Among these classes, the class of monotone
Boolean functions is of significant interest. The class of monotone Boolean functions has the
greatest cardinality among the classes listed above. The class of monotone Boolean
functions is pre-complete in the set of all Boolean functions, that is, there is no class of
Boolean functions which is closed (with respect to superposition), contains all monotone

functions, and differs both from the class of monotone Boolean functions and from the set of
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all Boolean functions.

So, in this article our aim is to discuss the basic structure and functions of closed

classes of monotone Boolean functions.

Closed classes of monotone Boolean functions

Let A be a set of Boolean functions. By the closure of the set A we mean the set of all
Boolean functions representable by formulae in terms of functions in the set A. The closure
of the set A is denoted by [A].

A class A of Boolean functions is said to be closed if A = [A].

Post [1] described all closed classes of Boolean functions. The description of these
classes can also be found in the monographs [2], [3].

Among the closed classes of Boolean functions one can single out countably many
classes consisting of monotone functions. In particular, one of these classes is the class of all
monotone Boolean functions.

We now list all closed classes of monotone Boolean functions.

We say that a Boolean function f (xs,..., X,) preserves the constant O (the constant 1) if
f(0,...,00 =0 (f (1, ...,1) = 1). A Boolean function with f(Xs, ..., Xn) =

f()?i,....,in)is said to be self-dual, that is, the function f takes different values at any two

opposite n-tuples.

The following classes of monotone Boolean functions are closed:

> the set A; of all monotone Boolean functions;

> the set A, of all monotone Boolean functions preserving the constant 1;
> the set A; of all monotone Boolean functions preserving the constant O;
>

the sets A, of all monotone Boolean functions preserving the constants 0 and 1;

m
> the set " 2 of all monotone Boolean functions f preserving the constants 0 and 1
and such that any m n-tuples on which f vanishes have at least one common zero
component, m=2, 3, ...;;

m
> the set F; of monotone Boolean functions f such that any m n-tuples on which f

vanishes have at least one common zero component, m =2, 3, ... ;
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Fs" of all monotone Boolean functions f preserving the constants 0 and 1

> the set
and such that any m n-tuples on which f is equal to 1 have at least one common

componentequalto 1, m=2, 3,...;

> the set 7 of all monotone Boolean functions f such that any m n-tuples on which f

Is equal to 1 have at least one common component equalto 1, m=2, 3.... ;

> the set "2 of all monotone Boolean functions f preserving the constants 0 and 1

and such that all n-tuples on which f vanishes have at least one common zero

component;

> the set = of all monotone Boolean functions f such that all n-tuples on which f

vanishes have at least one common zero component;

> the set 's of all monotone Boolean functions f preserving the constants 0 and 1
and such that all n-tuples on which the function f is equal to 1 have at least one

common component equal to 1;

> the set "7 of all monotone Boolean functions f such that all n-tuples on which the

function f is equal to 1 have at least one common component equal to 1;
> the set D, of all self-dual monotone Boolean functions.

For an arbitrary set of Boolean functions H we denote by H(n) the set of function in H

depending on n variables, that is on ry,...r,.

Since Ai(n) = M(n), it follows that the quantity |A; (n)|, 1< i < 4, satisfies the

asymptotic formulae. One can also readily see that as n64
Fr(ml~FM ), R ()~ F"(n)),

for any m > 2, and also
IR (M~ F7 (), IR (n)l~F2(n)l.
Let us prove that

IF2 (n)l=IF2 (n)l (1.1)
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for any n> 1 and that

|F3m (n)\ :|F7m (n)| (1.2)
forany m> 2.

To this end, to any Boolean function f (Xi,...., X,) we assign a Boolean function g

(X1,...., Xn) such that
|0 iff(a)=1
9 (a) = . ~
1 iff(a)=1
It is clear that this correspondence is one-to-one. At the same time, if f is a monotone
function, then so is gr. This holds because, if an n-tuple & =(«,,....,,) is a lower unit of a

monotone Boolean function f(xs,...,.X), then the n-tuple & = (a,....,a,) is an upper zero of the

function gr (X1,. . .., Xn).

= the function f o (n) if and only if the function gr € A (n). Hence,

IR () =lF ()
forany n>1 and |F3”‘(n)| :|F7m(n)\ foranyn>1,m=2,3...

so we can treat only the sets D»(n), I:700(n)for m=2,3, ...

Theorem 1. For odd n64
n-1 ~(n-1)/2-3
R ()l ~ n.2l02) gy (fey2) 2 |
+n22_n_4 — n2—n—2)
and for even n64

(27;1)(24/2—1 —n22"5 _ 3n2—n—4)

IF~(n)l ~ n2lw exp
! +( :72_1)(24/2 4223 o2

The validity of Theorem follows easily from inclusion-exclusion principle with

respect to the number of common components equal to 1 in then n-tuples in E" at which the

functions in R (n) are equal to 1 and Bonfierroni’s inequalities [4].
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Theorem 2. For any fixed m >3
“:7m (n)‘ ~ F700(n)|a

as n64, that is, for odd n64 and m > 3

. o-(n-1)/2
IE" ()l ~ n2((”‘””)exp ((” 3)’2)(
+n°27"* —2n27"?)

and for even n64 and m >3

(za) @2 —ni2"
F2(n) ~n.2" expd —3n2m# +(paa )@
+n227n73)_n27n72)

The above result was announced in [5] and [6].
Theorem 3. For odd n64
( _1/2)(2 (n-1)/2 3n 2 n-4

|D2 (n)| s 2((n+1)/2) exp _n2 n— 3) + ( (n+3)/2)

(2—(n+3)/2 +n 2 n—6 _n2 n—5)

Vo

and for even n64

(n 1/2)(2 n/2-1 _ 2—n—4)

ID,(n)| ~2 (+) exp
+(n/2+l)(2 n/2 1+n 2 n-5 n27n74)

The assertion of above theorem follows easily from the equality [7] :
ID,(n)l = IF(n-1)

Which was diseocovered by Sapozhenko [8].
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