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1. Introduction and definitions

Let U be the class of bounded functions

u(z):ibkzk

k=1
which are analytic in the unitdiscE:{z:|z|<1} and satisfying the conditions u(0) =0 and

u(z) <1.

Let A Dbe the class of analytic functions of the form

0

f(z)=z+> az".

k=2

(1.1)
Further, let S denote the class of functions in A which are univalent in E.
It is well known that every function f €S has an inverse f ™, defined by

f(f(z))=z (ze€E)

and
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f(f _l(W)):W (|W| <r,(f): ro(f)zlj

4

where
f(w)=w—a,w? +(2a% —a, W* — (523 —5a,a, +a, W* +... (1.2)

Let f and g be two analytic functions in E. Then f is said to be subordinate to g (symbolically
f <g) if there exists a bounded function u(z)eU, such that f(z)=g(u(z)). This result is known as
principle of subordination.

A function f < A is said to be bi-univalent in E if both f and f * are univalentin E.

Let > denote the class of bi-univalent functions in E given by (1.1).

Lewin [7] investigated this class 2 and obtained the bound for the second coefficient of the bi-

univalent functions. Various subclasses of the bi-univalent function class 2 were introduced and non-

sharp estimates on the first two coefficients |a2| and |a3| in the Taylor-Maclaurin series expansion (1.1)
were found in several recent investigations (see, for example [1,4,6-11] ).

Chebyshev polynomials which we are going to use in this work played an important role in applied
mathematics, numerical analysis and approximation theory. There are four types of Chebyshev
polynomials but the majority of research work dealing with orthogonal polynomials of Chebyshev
family, contain mostly results of Chebyshev polynomials of first and second kind T, (x) and Un(x). The

Chebyshev polynomials of first and second kinds are orthogonal for t € [— 1,1] and are defined as below:

Definition 1.1 The Chebyshev polynomials of the first kind are defined by the following recurrence
relation:

T,(t)=1 T(t)=t, T _,(t)=2T (t)-T,,(t)

The generating function for the Chebyshev polynomials of first kind is given by:

Flzt)=——% iTn

1-2tz+ 22 —ry

Definition 1.2 The Chebyshev polynomials of the second kind are defined by the following recurrence
relation:

Uo(t):]-’ Ul(t): 2t, Un+l(t): ZtUn(t)_Unfl(t)-
The generating function for the Chebyshev polynomials of second kind is given by:

o0

H(z,t
(Z ) 1-2tz+2° 2tz+z Zj

The Chebyshev polynomials of the first and second kind are connected by the following relations:

IJCRT1872211 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 318



www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 March 2018 | ISSN: 2320-2882

Oy, T,0-U,0-10,.00 27,0-U,0-U,.0

Definition 1.3 For 0<1<0and te(~11), afunction f(z)e A issaid to be in the class M%(4,t) if
the following conditions are satisfied:

zf'(z)+ 227 £"(2) !
fel ad G eV (13)
and
wg'(w)+ Aw’g”"(w) _ 1
(1—2)g(w)+ Awg'(w) <H(w1) 1-2tw+w?’ (1.4)

where the function g(w)= f *(w) is defined by (2.2).

Also several subclasses of bi-univalent functions subordinated to Chebyshev polynomials were studied
by various authors (see [ 2], [4], [11])

In this paper, we use the Chebyshev polynomial expansions to obtain estimates for the initial
coefficients [a,| and [a,| for the functions in the class M{(4,t). We also solve Fekete-Szego problem

for functions in this class.

2. Coefficient bounds for the function class M%(4,t)

Theorem 2.1 If f(z)e M%(4,B), then

< 2t4/2t
> Jaway - a2

(2.1)

and

4t° t

< .
T A ¥y

(2.2)

Proof. As f(z)e M{(4,B), from (1.3) and (1.4), we obtain

zf '(Z)+ pragi "(Z) ) 14 Ul(t)W(Z)+U2(t)W2 (Z)+

(L—2)f(2)+ 2zf (2
2.3)

and
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wg'(W)+ 209" (W) e U (N )
(1-2)g(w)+ awg'(w) (EVW)+U, (VA (W) + ..

(2.4)

for some analytic functions where

wW(z)=c,z+c,2> +¢,2° +...
and

v(w)=d,w+d,w? + d,w +...
such that w(0)=v(0)=0,|w(z) <1 and |v(w)<1.

It follows from (2.3) and (2.4) that

: ,(Z)+lzz : ”(Z) ) :1+Ul(t)cl(z)+ [Ul(t)cz +U2(t)(:12]22 e

(L-2)f(2)+ 2zf (2
2.5)

and

Wg W) gT) g U,(t)d, +U, ()2 o
(1—2A)g(w)+ Awg'(w) +U( )dl(W)+[ (t)d, + 2()d1}‘N _

(2.6)

On equating the coefficients of z and z?in (2.5) and of w and w?in (2.6), we get

(1+ /I)az B Ul(t)cl'

(2.7)
201+ 22)a, —aZ(l+ AY =U,(t), +U,(t)e?,

(2.8)

and

- (1+ /I)az = Ul(t)dl’
(2.9)
—2(1+24)a, +a2[3(1+22) - 22 |=U,(t)d, + U, (t)d?,

(2.10)

(2.7) and (2.9) together gives

(2.11)

and
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2(1+A)aZ =U2(t)c? +d?)
(2.12)

Adding (2.8) and (2.10), we get

2(1+24)aZ = Ul(t)(c2 +d, )+U2(t)(cf + df)
(2.13)

Using (2.12) in (2.13), we obtain

{2(1+ 24)- 2U2(t)(1+ AF a2 =U, (t)c, +d,)
(2.14)
Itis well known [ ] that if [w(z) <1 and (w)<1, then |c;| <1 and |d;|<1 forall jeN. (2.15)

Also it is obvious from definition (1.2) that

U,(t)=2t and U, (t)=4t>-1. (2.16)
So (2.14) gives (2.1).
Now subtracting (2.10) from (2.8), we get

A1+ 24)a, —4(1+24)a2 =U, (t)c, —d, )+ U, (t)c? —d?)
(2.17)

Using (2.11) in (2.17), it yields

a, = a; + Ul(t)(c?_ _d?').
4(1+22)
(2.18)

Using (2.12), (2.15) and (2.16) in (2.18), we obtain (2.2).

3. Fekete-Szego Problem for the function class My (4,t)

Theorem3.1 If f(z)e M{(4,B), then for some ueR,

RYEHE (3.1)

where
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U7 (t)a- ») _

hla)= 20+ 221070~ + AV, 0]

Proof. Using (2.14) and (2.18), we get

U,(t) U (t)e, +d,)

2% ) 207 2 270

_ US(t)c, +d,)
_4(1+2z)(02_d2)+(1_“){ 201+ 2402 (t)- 21+ A)U ()}

_ ul(t)Kh(ﬂp 4(1 jchz R (h(ﬂ)—@jdz} (32)

U
where (k)= s 2020)- e 270

/Jaz _az

.b

Hence (3.1) can be easily obtained from (3.2).
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