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Abstract

In this paper we study Bianchi type-1 model based on Riemannian geometry. The aim of this paper
is to get the components of homothetic vector field, killing vector field, conformal killing vector
fields in Riemannian geometry for Bianchi type-I, in different cases, using ordinary method and
Computer program to get the components of the vectors .
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I') Introduction:

Riemannian geometry is the branch of differential geometry that studies Riemannian manifolds, smooth
manifolds with a Riemannian metric, i.e. with aninner product on the tangent space at each point that
varies smoothly from point to point. This gives, in particular, local notions of angle, length of curves, surface
area and volume. From those, some other global quantities can be derived by integrating local contributions.
Riemannian geometry originated with the vision of Bernhard Riemann expressed in his inaugural lecture
"Ueber die Hypothesen, welche der Geometrie zu Grunde liegen" ("On the Hypotheses on which Geometry is
Based"). It is a very broad and abstract generalization of the differential geometry of surfaces in R®.
Development of Riemannian geometry resulted in synthesis of diverse results concerning the geometry of
surfaces and the behavior of geodesics on them, with techniques that can be applied to the study
of differentiable manifolds of higher dimensions. It enabled the formulation of Einstein's general theory of
relativity, made profound impact on group theory and representation theory, as well as analysis, and spurred the
development of algebraic and differential topology.

Anisotropic Bianchi type-1 universe, which is more general than FRW universe, plays a significant role to
understand the phenomenon like formation of galaxies in early universe. Theoretical arguments as well as the
recent observations of cosmic microwave background radiation (CMBR) support the existence of anisotropic
phase that approaches an isotropic one we propose to study homogeneous and anisotropic Bianchi type-I
cosmological models with time dependent gravitational and cosmological “constants”. [1]-[9]

In Sec. Il, the metric and basic homothetic equations and killing’s equations have been presented in
Riemannian geometry and solved , Section Il case (1) of metric where the metric functions be equals and time
dependent, case (2) where the metric functions be equals and equal t, case (3) metric functions be constant ,
case(4) metric functions equals one , get the homothetic, killing and conformal vector fields.
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Problem statement and objectives:

Where studying some of the models of metric space times in the Riemannian geometry it is difficult to get
homothetic equations as well as to get solved. In this paper we calculate the equations in the ordinary method as
well as using a computer program and compare the results to be able to use computer programs in difficult
models.

Methods: In this paper we get homothetic equations by equation (11.3). We solve the partial differential
equations by separate variables and use Maple 17 program for getting the homothetic vector field.

I) THE METRIC AND BASIC HOMOTHETIC EQUATIONS
We consider the space-time metric of the spatially homogeneous and anisotropic Bianchi-I of the form:
ds? = dt? — A(t)dx? — B%(t)dy? — C%(t)dz? (1.1)

where A(t), B(t) and C(t) are the metric functions of cosmic time t.

. . . s, : : a :
Where g,,, is a metric tensor as in Riemannian connection {HV}’ but also by a function

a 1
{HV} n Egap(gpv.u + Gpuv — Guv,p) (11.2)

As in Riemannian geometry , a global vector field ¢ = ¢"(t,x,y, z)f;=O on M is called conformal vector field if
the following condition holds:

Lng;w = gva;mp +3 gupvvrlp T leg,uv » Y(6xy,2) (11.3)

where y is constant we get the homothetic equations, where » = 0 we get the killing equations, £ denote a Lie

derivatives and V is the covariant derivative such that:
MGENRCES WG }
Vil = 04 — Iipla

we get the nine non vanishing Christoffel symbols of second kind in Riemannian geometry from (11.2) as
:[10]-[12]

(1. 4)

; : : A B ¢
T =AA, Ty, =BB, T}, =CC ,If =Thk=7 I =)= T5=T4 = (11.5)
The ten homothetic equations in Riemannian Geometry from equation (11.3):[13],[19]
h+3—25¢ =0 (IL6)

B

o+ —2-0=0 (11.7)
G +%—2-3=0 (IL8)
7 — AAYY = —A? (11.9)
% — BB{® = —/B? (11.10)
3 — CCP° = —yc? (IL.11)
S=u (11.12)
(5 +73=0 (11.13)
5+ =0 (11.14)
3+3,=0 (11.15)
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The solution of the homothetic equations see Appendix(1)is: [20]

—f, ! —L2
A = [ B0 = 200 = (52,0 =~ (6205 — fiz (6307

2 =fg(Dz + cry + f10(6%),8° = —fg(Dy + oy + f1,(6%),0° = Yt + f,(x,y,2)
Where c; , i=1,2,...are the integration constants and f; , i=1,2,...the integration functions

The homothetic vector fields is:

¢=[Wt+f,xy2)] 0t + [—f10, (t X)y — f12 (£ X)2] Ox+[fg(D)z + ¢y + f1 (8, x)] Oy + [~fg(Dy + 2y +
f1,(t,x)] 0z

The solution of the killings equations:

A(t) = \Jcs — 2f5(t), B(t) = c74/ f12(£) , C(£) = —y/ce + 4f7 (D)
(" =(crz+c)x+c3+cy,0% = fi,(®Of13(y)

(1

1
_6C1

[—3xclf8 () (c1xz + cox + 2¢32 + 2¢4) — 22f,(t) (c22% + 3cic, + 3¢5) — 6¢; (fo()z — f12(0)],

1 . 2 .
3= P (xzcf + (c2x + €3z + 2¢4)c1 — €3¢3)(Cp + €12) f(t) + ¢F (% (c1x + 3c3)fg(t) + fo(O)x + f10(t)>]
1

111) Case(1):

In the case where A(t) = B(t) = C(t) the metric be as:
ds? = dt? — A%(t)(dx? + dy? + dz?)

The homothetic equations will has the solution Appendix( 2):

A(t) =c4,0% = c1x + ey + 2Pt + ¢3, {1 = csy+cez — it — 2ciPx + ¢
(% = cgz — cyt — cgx — 2¢2 Py + €o,{3 = C19 — CgY — Cot — 2¢2PZ — cex
Homothetic vector fields is:

{ =[c1x + ¢y + 2t + 3]0t + [csy+cez — ¢t — 2cPx + ¢;]0x +[cgz — cyt — c5x — 2¢2 Py + o]0V + [c10 —
Cgy — Cot — 2c2z — cex]0z

The killing’s equations has the solution:

AD) =22+t +c3, 80 = 0,71 = (co — Cay—C72)(C1t? + 26t + 2¢3)?

% = (cg + caxtcsz)(ct? + 25t + 2¢3)%4,83 = (cg — csy+c,x) (12 + 2¢,t + 2¢3)?

The killing vector field:

{ = (c1t? + 2¢,t + 2¢3)%{00t + (co — €4 y—C72)0x +(cq + C1x+C52)0y + (cg — Csy+c7x) 0z}

Case(2): In the case where A(t) = B(t) = C(t)=t the metric be as:
ds? = dt? — t3(dx? + dy? + dz?)

The solution of homothetic equations see appendix(3) be:
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(% =2yt {* = (cry + cz + c3)t?, {7 = (caz — 1% + c5)t%, §3 = (g — Cox — cyy)t?
Homothetic vector fields is:

=2yt at + [(cry + 2z + c3)t?] 0x+[(cyz — X + c5)t?] Ay + [(cg — CoX — Ccuy +H)t?] 0z

The solution of killing’s equations is:

=0, = (cry+ cz+ )3, T = (cuz — c1x + )2, BB = (cg — X — Cuy)t?

The killing vector field:

(=00t + [(c1y + 3z + ¢c3)t?] 0x+][(c z — c1X + c5)t?] Ay + [(cg — Cux — ¢y +)t?] 0z

The solution of conformal equations:

1
Y(txy,z) = 2 [In(t?)c; + 2In(t)(c3z + csxX + c;y + ¢4 + cg) + ¢ (X% + y? + z2) + 2x(cy + c5) + 2y(cg + ¢7)

1
+2z(cy; +¢c3) + 5 (cg +0)]

1 C
=t [Eln(tz)cl + In(t)(c3z + csx + c;y + ¢cg) + ?I(XZ +y2 +22) + cgy + cux + Cpz + Cg]

t2
¢ = = [In(t?)cs + 2x(cyIn(t)+c32) + c5 (x% — y2 — 22) + 2(c; Xy + c4In(t) — c1oy — €112 + cgX — €15)]

2

2 __ U 2 y ey I _
¢ > [ln(t )cr + 2(c11n(t)+c3yz+c5xy) +c; (y* —x°—2z°) + 2(cgIn(t) + c1oXx — c13Z2 + cgy C14)]

= —tf [ln(tz)cg + 2In(t)cyz+c3 (2% + x2 — y?2) — 2y(In(t)+c3z+csx) + +2zcs(x + )
2

+cyln(t) + cy1x + c13Y + cgZ — €45
Conformal vector field:
{ =7%t+ (?0x+(?0y + {30z

Case(3): In the case where A(t) = B(t) = C(t)=Kk, kis a constant the metric be as:
ds? = dt? — k?(dx? + dy? + dz?)

The solution of homothetic equations see appendix(4) be:

0 =Yt +c1x + cpy+c3z + ¢y, O = K2hx — ¢yt + Csy + ez +

2 = K2y — ¢yt — csX + CgZ + Co,, O = K%Yz — c5t — cgX — Cgy + €1
The homothetic vector field:

(= [Pt + c1x + c,y+c3z + ] 0t + [K2Px — ¢1t + Csy + ¢z + ¢7] Ox+[K? Py — ¢t — csX + cgz +
Co] Oy + [K2Pz — c3t — cgX — Cgy + €q0] 0%

The solution of killing’s equations is:
® =cix + cuytc3z 4y, = —cyt + Csy + CoZ + €7,

(> = —cyt — CcsX + CgZ + Cg, (3 = —C3t — CgX — Cgy + Cq
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The killing vector field:

(= [cix + cpy+c3z + cy] Ot + [—cit + csy + CZ + ¢7] OX+[—Cyt — CsX + CgZ + Co] Oy + [—C3t — CeX —

Cgy + Clo] aZ

The solution of conformal equations:

0 G2 2 2 )
{ :(czz+c4x+c6y+cg)t+3(x +y +z )+(c5x+c7y++c3z+c9)—ﬁt

r C ] C
(1 = KZ (C22+C6y + Cg)x + ?4()(2 - y2 - Zz) + (Cloy + C3Z — C5t—C1tX + C12) - ftz

: c : c
0? = K?|(cpz+cex + cg)y + ?6 (2 —x% — 22| + (c10X + €32 — cot—cyty + C1q) — ftz

_ C6 9 Cz
? =K? _(C4X+C6Y + cg)z + > (z2 —x* — yz)_ + (c15—C11X — €13y — c3t—cytz) — ?tz

it
VU(t,x,y,2) = (22 4+ c4Xx+ cgy + cg) — ra

The conformal killing vector field:
{=00t+ *9x+(?dy + oz

Case(4): In the case where A = B = C=K=1, the metric be as:
ds? = dt? — (dx? + dy? + dz?), Minkowski metric space

The solution of homothetic equations see appendix(5) be:

O =yYt+tcox+cey+ceztc,, E=yYx—ct+cgy+cez+cy
> =Yy — ot + cgX + CgZ + Cq, 3 = Pz — c3t — CgX — Cgy + Cq

The solution of killing’s equations is:

P =cx+cy+cegztcy, ¢ =—cit+cgy+cez+ ¢y
(> = —cyt+ csX + cgZ + g, B = —C3t — CeX — Cgy + €y
The solution of conformal equations:

c
O =(cz+ cux+cgy + cg)t + ?1 x%2+y?2+22—t?) + (csx+ c;y + +c3z + ¢g)
C
¢ = [(czz+c6y—c1t + cg)x + 74 x2—y?—z%2 - tz)] + (c1oy + €112 — cst + C¢43)
C
= [(czz+c4x—c1t + cg)y + ?6 (y2 —t?2 —x%— zz)] + (C10X + C13Z — Ct—Cqty + Cqq)

3 ) 2 2 2
¢° = (cyxtcy +cg)z + ?(Z —t* —x* —y*) + (C15—C11X — €3y — C3t)

Ut x,y,2) = (€22 + cux + cgy + cg) — Cqt
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V) DISCUSSION

In this paper we get the ten homothetic equations for Bianchi type-l in Riemann geometry and solve it by
science of partial differential equation and also by Maple program and get the homothetic vector fields, killing
and conformal killing vector fields in the Riemann geometry. [18]

V1) CONCLUSION

where studying Bianchi Type —I by maple and by ordinary method we get the same results  but maple give us
the solution is more accurate. If the possibilities of the computer are higher, the equations can be calculated and
solved for the most difficult .

VIl) RECOMMENDATIONS

It can be study the same equations for Bianchi type-I in different geometry and using maple to get the
homothetic equations and its solution for more difficult models

Appendix(1)

> with(DifferentialGeometry) : with( Tensor) : Riemannian Geometry
> DGsetup([t,x,y,z], M)

> g:= evalDG( dt &tdt -A%(¢) dx&tdx -B2(t)dy &tdy-C%(¢) dz&tdz)
g:=dtdt— A(t)>dxdx — B($)2 dydy — C(1)* dz dz
M > (2 := Christoffel(g, "SecondKind")

A
C2:=A(f) A, D_tdxdx + B(t) B,D_tdydy + C(t) C,D_tdzdz + ﬁ D xdtdx

B B C C
t t t t t
—D —D —D —D —D
+A(t) ) x dx dt + B(1) ydtdy + B(1) ydydt + co) ) zdtdz + co) ) zdzdt

Killing’s equations

M > for_eqinsysl do_eq enddo;
_F2A(1) +_FI1_A(t) —2A,_F2(t,x,y,2)
(9
F3,B(1) —I—_FlyB(t —2B,_F3(t,x,),12)

)

(7)
F4.C(1) +_FI C(2)

(

N|>—~
N

Nl»—t
=

1 4, . —2C,_F4(t,x,),2)
2 C(r)
-A(t) A,_FI(t,x,y,z) +_F2 =0

-B(7) B,_FI1(t,x,,z) +_F3y=0

-C(1) Ct_Fl(t,x,y, 2) +_F4z=0

3
+

N|»—~ Nlr—i N|»—a
|
15

N|»— Nlr—i N|»—a
|
N

|
=

R
+

|
~
<K
+

=
I
<

IJCRT1813014 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1128


http://www.ijcrt.org/

www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 2 April 2018 | ISSN: 2320-2882

=-\ -2_F8(t) +_C5,B(t)=_C7\ _FI2(t) ,C(t)=-4_F7(t) +_C6, FI(t,x,y,2)

1
=(_Clz+ _C2)x+_C3z+_C4, F2(t,x,y,7) Y3 %( -3x_CI(_ CIxz+ _C2x

+2 C3z4+2 C4) _F8(H) + (-2 CI*2—6_CI_C222—6_C2*z) _F7(¢)

—6_CI(_F9(t)z—_F11(t))),_F3(tx,p,2) = FI2(¢)_FI3(y), F4(t,x,y,z)
= C112 [ (xz_ CP+ (_C2x+_C3z+2_C4)_CI— _C3_C2) (_Clz+_C2)_F7(¢¥)

1
2
+_cI [ P

X2 (_Clx+3_C3)_F8(t) +_F9(t) x +_FI10(¢) j j

A()=-y -2_F8(t) +_C5,B(t)=_C7 _FI2(t) ,C(f)=-/4_F7(t) +_C6, FI(t,x,y,7)
1
=(_Clz+ _C2)x+ _C3z+ _C4, F2(t,x,y,7) =% %( -3x_ CI( CIxz+ C2x
+2 C3z+2 C4) F8() + (-2 _cPP2—6_CI_C22—6_C2*z) _F7(1)
—6_CI (_F9(t) z— _F11(1))),_F3(t,x,y,2) =_F12(t) _FI3(y),_F4(t,x,y,2)
1

=7 [ (xz CP+ (_C2x+_C3z+2_C4)_Cl— _C3_C2) (_Clz+_C2)_F7(¢)

1
+_cP [—

< x*(_Clx+3_C3) _F8(t) +_F9(t)x+_FI10(¢) j]

Check the solution:

1 @ 1 9
M > - = - = =
pde7 == > o — 3(t,x,y,z)+2 a _F2(t,x,y,2) =0
M > 19 190 (1 1
LHS = — == {_FI2(1) _FI3(y)} + 5 ™ { cz( 3x_CI(_Clxz+_C2x+2_C3z
+2 C4) _F8(H)+ (-2 _cPP?—6_c1_C27 —6_C22z)_F7(t) —6_CI(_F9(0)z
— FI1(¢))}
LHS :={0}

The homothetic equations in Riemannian geometry

| _F2,A(0) +_FI_A(t) —2A4,_F2(t,x,y,7)

a4 X t =0
2 A1)

1 _F3,B(1) +_FI B(1) —2B,_F3(t,x,,2)

2 B(1) N
1 _F4,C(t) +_F1.C(t) =2C,_F4(t,x,y,7)

2 C(9 B

~A(f) A,_FI(t,x,y,7) +_F2 = -y A(1)
-B(1) B,_FI1(t,x,y,2) +_F3 = -y B(1)’

~C(1) C,_FI(t,x,y,3) +_F4 =~y C(1)?

N|»—~ N|>— N|»—a
|
RE:
+ +

W= R[= =
3
]
=

2
+
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1 -2y_F8(t¢
M > FI( g 0) =yt _F2ng) A(f =y S0
1 -2y _CI 1 | 2y_C2 0 0
Bl =5 Y= () = =, F24x 1) = - _FI0(6x) y —
v v 29 X

_FI12(t,x)z+_FI3(t,x),_F3(t,x,y,z)=_F8(t) z+_Cly+_FI0(t,x),_F4(t,x,y,2) =
- F8(t)y+_C2z+_FI2(t,x)

Appendix(2):

> with(DifferentialGeometry) : with( Tensor) : Where A (t)=B(t)=C(t)
> DGsetup([t,x,y,z], M)

> g = evalDG( dt &tdt -A%(1) dx&tdx -A*(t)dy &tdy — A2(f) dz&t dz)

gi=dtdt— A(t)*dxdx — A(t)*dydy — A(1)* dz dz
Killing equations

M > for_eqinsysl do_eq enddo;

| _F2,A(t) +_FI_A(1) —2A,_F2(t,x,,7)
2 A(1) -
1 _F3,A(0) +_FIA(t) —24,_F3(tx5,2)
2 A1) B
| _F4,A(0) +_FIA(1) —2A,_F4(t,x,y,3)

2

A(1)
-A(t) A,_FI(t,x,p,z) +_F2 =0
-A(?) A,_FI1(t,x,y,z) +_F3y=0
-A(?) A,_FI1(t,x,,z) +_F4 =0

3
+

|
=

R

+ +

W = W= =
N
I
=

Nlr—l N|>— N|>—
|
=

|
<

s
|
(=]

Solution of killig’s equations:

1
A7) =7_C1tz + C2t+_C3, FI(t,x,p,2)=0, F2(tx,p,2)=-(_CI#+2 _C2t

2
+2 C3) (_Cdy+ _C7z2— _C9), F3(t,x,y,2)=(_ Cix+_C5z+ _c6) (_c1¢
2 2
+2 C2t+2 C3), Fi(t,x,p,2)=( CI1#+2 C2t+2 C3) (- C5p+ _C7x+_C8)
{A(t)=_C5, FI1(t,x,y,z)=_CIx+_C2y+ C3z+_C4, F2(t,x,y,z)=-_Clt— Cé6y

— 097+ _CII, F3(tx,p,2)=- _C2t+_C6x+ _C77+_C8, F4(t,x,y,2)=-_C3t
— C7y+_C9x+_C10}

Homothetic equations

_F2,A4(¢) +_FI A(t) —2A,_F2(,x,y,1)

1
2 A1) B
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1 _F3,B(f) +_FI B(1) —2B,_F3(1,x,y,2)
2 B(1)
1 _F4,C(1) +_FI1_C(1) —2C,_F4(,x,,2)
2 C(y)

~A() A,_FI(t,x,y,7) +_F2 = -y A(1)
-B(1) B,_FI1(t,x,y,2) +_F3 = -y B(1)’

~C(#) C,_F1(t,x,p,z) +_F4 = -y C(9?

5
+

R
+
W= = =
3
I
[—}

The solutions:

{A(t) = (4, Fl(t,x,y,z)=_Clx+ _C2y+2vyt+_C3, F2(t,x,y,z) = —2_C42\|lx
— CIt+ _C5y+ _C6z+ _C7, F3(t,x,p,7)=-2 C&yy— C2t— C5x
+_C8z+_C9,_F4(t,x,y,2) = —2_C42\|Iz —_C6x—_C8y +_CIO}

The conformal equations

A(t)=_C2_F8(1)

FI(t,x,y,2 )=l 1(:) (((xz-i-y +22) F7(t) +2x_F9(t) +2 _FlI(t)y+2_FI2(f) z)

2
) +2 ((—%yz -5 2- 7:&) _F7(t) — _F9(t)x — _F11(§)y— FI2(t) 2

3

+_FI13(1) j _F8(1) j

F2(t,x,y,z)=_F7(t) x+_F8(t)y +_F9(¢),
_F3(t,x,y,z2)=(_ Clz—x) _F8(t) +y _F7(t) +_FII(¢)

_F4(t, x,y,2)=_F7(t)z —_F8(t) _Cly+_FI2(¢)
_1 I S 1, 1 1
v(6x,p2) = T [[[ ST zz)_F7(t) + FI2(t)z+x_F9(¢)

+ _FI11(1) y) _C2_F8()* +_F8(1)_C? ( ( —%yz — % o %xzj _F7(t) — _F9(t) x —

_FlI(t)y — _FI12(t)z+_FI13(1) j _F8(t) —2_F8(t)_F7(¢) j

Appendix(3): Where A(t)=B(t)=C(t)=t

> with(DifferentialGeometry) : with( Tensor) :
> DGsetup([t,x,y,z], M)

> g:= evalDG( dt &tdt - dx&tdx -Cdy &tdy — £ dz&t dz)
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gi=dtdt— Pdxdx —Pdydy — P dzdz
M > (2 := Christoffel(g, "SecondKind")

C2:=tD tdxdx +tD tdydy+tD tdzdz+ %D_xdtdx—l— %D_xdxdt—l— %D_ydtdy

1 1 1
+ TD_ydydt-l— TD_zdtdz-l— TD_zdzdt

M > killing’s equations

1 _Flt+ _F2,1—2 F2(tx,,3)
2 1 -
1 _FLt+_F3t—2_F3(tx,y,12)

y t
- =0
2 t
| _F4t+_FLt—2_Fd(tx,p,z)
2 t B

~t_FI(t,x,y,z) +_F2 =0
-t_FIl(t,x,9,2) +_F3y=0
-t_FIl(t,x,y,2) +_F4z=0

N|,_. N|>— N|>—
|
~
X-l\
+

W = R[= =
|
a8

R
+

M > pdsolve(pdel0)

_FI(t,x,y,2) =_F2(x,y,2)
M > pdsolve(sysl)

{ FI(,x,y,2) =0, F2(t,x,y,z)=(_Cly+ C2z+ _C3)#, _F3(t,x,p,2)=-£(_ Clx— _C4z
— C5), F4(t,x,p,2)=-2(_C2x+_C4dy— _C6)}

Homothetic equations

M > for_eqinsys2do_eq enddo;

1 _FLt+_F2t—2_F2(tx,y,z) _
2 t -
| _FLt+ _F31-2 F3(4x,53)
2 t -
| _F4i+ FIt-2 Fd(tx03)
2 t -

~t_FI(t,x,y,2) +_F2 =-2y?
~-t_FI(t,x,y,z2) —l—_F3y= -2 \|lt2

~-t_FIl(t,x,y,z2) —l—_F4z= -2 \|lt2

1 1
> _F3 + 5 _F2,=0
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_F1.=2vy
M > pdsolve(sys2)
{_FI(t,x,y,7) =2yt,_F2(t,x,y,2)=(_Cly+_C2z+_C3)f,_F3(t,x,p,2) =-F (_Clx
— _C4z7—_C3),_F4(t,x,p,2) =P (_C2x+_C4y—_C6)}

Conformal equations
M > pdsolve(sys3)

1 1 1
F1(t,x,,7) =t (7 In(t)2_CI+ (_C3z+_CS5x+_C7y+_C8)In(f) + [7;8 + 7y2

1
+= zz) _Cl+_C6y+ Cix+ _C2; +_C9j

F2(,%, 7, 7) =——t2( CSIn(#)*+2In(t)_Clx+2 _C3xz+ _C5x*—y* C5—72_C5

+2 C7xy+2_C4In(f) —2_CI0y—2 _ClIz+2_C8x—2_CI2)

F3(,%,,2) ———tz( C7In(H)>+2In(f)_Cly+2_C3yz+2 CSxy— _C7x*+_C7y*
—2 C7+2 _C6In(t) +2_Cl0x—2_CI3z+2_C8y—2_CI4)

F4(t,x,p,7) =——t2( C3In(H)2+2In(f)_Clz— _C3x%—_C3y%+_C322+2_C5xz

+2 C7yz+2 _C2In(t) +2_Clix+2_Cl3y+2_C8z—2_CI5)

1 1 1
v(tx,y,2) = Tln(t)z I+ (2.C3z+2_C5x+2_C7y+2_CI1+2_C8) ln(t)-l—T(xz
) 1 1 1
+y¥2+2) 1+ + 4 (2C4+2 C)x+ o (2.C6+2_C7)y+ (2.C2+2_C3)z
+ L s+l ¢
2 - 2 -

Appendix(4): Where A=B=C=K
> with(DifferentialGeometry) : with( Tensor) :
> DGsetup([t,x,y,z], M)

frame name: M
> g:= evalDG( dt &tdt - KX dx&tdx - K’dy &tdy- K> dz&tdz)

g:=dtdt— K dxdx — K*dydy — K* dz dz

M > (2 := Christoffel(g, "SecondKind")

C2:=0D_tdtdt

Homothetic equations

M > for_eqinsys2do_eq enddo;
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|
2
+

2
+

N|— W= N|»—t W= N|—
|
~
KN
+

<

S Y S e Sy S
|

5 &

Il Il

) )

&
|

<

_F2 =K’y
_F3, =Ky

_F4 =Ky
M > pdsolve(sys2)

{_FI(tx,p,2)=_Clx+_C2y+_C37+wyt+_C4,_F2(t,x,y,7) =K*yx —_Clt+_C5y

+ C6z+ _C7, F3(t,x,y,2)=K*yy— C2t— C5x+_C8z+_C9, F4(t,x,y,7) =K vy
— C3t—_C6x—_C8y+_CI10}

Killing’s equations

M > pdsolve(sysl)

{_FI(t,x,y,2) =

Clx+_QC2y+ C3z+ _C4, F2(t,x,y,z)=-_Clt+_C5y+ C6z+_C7,
_F3(t,x,y,2)=-_ C2t— _C5x+ _C8z+ (9, F4(t,x,y,z)=-_ C3t— _C6x— _C8y
+ _CI10}

Conformal equations

M > pdsolve

_FI(x,y,2) =5 — (((2_c2z+2_C4x+2_Coy+2_C8) t+ (P +y* + %) _CI1+2_C55
+2 C7y+2 C3z+2 C9) K*— CI#)
1
_F2(tx,3,3) = (C4x®>+(2_C2z4+2 Coy+2 C8)x—_c4(y*+72)) K?
— Cltx+_Cl0y+ _Cllz—_C5t+_CI2,

1
_F3(t,x,y,7) =3

1
—7_042

1
(LC6y*+(2_C2z+2_C4x+2_C8)y—_C6(x*+22)) K* - _C6
— _Clty—_C7t—_Cl0x+_Cl3z+_Cl4
1
_F4(t,x,y,2) =

2

7

1
(_C2z2+(2_C4x+2_C6y+2_C8)z—_CZ(x2+y2))K2—7_C2tz
— Cltz— Clix— CI3y— _C3t+_CI5
C2z+ C4x+ C6y+ C8) K>— Clt
\If(t,x,y,z)=(‘ = -Coy +_C8) =

K2
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Appendix (5)
> with(DifferentialGeometry) : with( Tensor) :
> DGsetup([t,x,y,z], M)
frame name: M

> g = evalDG( dt &tdt - dx&tdx -dy &tdy — dz&tdz)
g:=dtdt—dxdx —dydy — dzdz

M > (2 := Christoffel(g, "SecondKind")
C2:=0D_tdtdt

M > K1 == KillingVectors(g);
Kl:=[-zD t—tD z,D t,zD x—xD z,zD y—yD z,-D z,-yD t—tD y,yD x—xD_y,
-D y,-xD t—1tD x, -D x]

M > LD := LieDerivative(K1, g)
LD:=[0dtdt, 0dedt, 0dtdt, 0dedt, 0dedt, 0dedt, 0dede, 0dedt, 0dedt, 0 dtdt)

Homothetic equation’s solution
_FI(t,x,y,2)=_Clx+_C2y+ _C3z+wyt+_C4
_F2(t,x,y,2)=-_CIt+_C5y+_Cé6z+wyx+_C7
_F3(t,x,y,2)=-_C2t— _C5x+_C8z+vyy+_C9
_F4(t,x,y,2)=-_C3t—_C6x—_C8y+wyz+_CI10
Killing equation’s solution
_FI(t,x,y,2)=_Clx+_C2y+_C3z+_C4
_F2(t,x,y,7)=-_Clt+_C5y+_C6z+_C7
_F3(t,x,y,7)=-_C2t— C5x+_C8z+_C9
_F4(t,x,y,2)=-_C3t— _C6x— _C8y+ _CI0
Conformal Killing equation’s solution

1 1
_FI(t,x,y,7) =—?_C1t2+ 5

+ C7y+_C5x+_C3z+_C9

1
(2_C2z+2_C4x+2_C6y+2_C8) 1+ — (P +y*+2) _ci

1 1 1
_F2(t,x,y,7) =7_C4x2 +5 (-2_CIt+2_C23+2_C6y+2_C8)x+ (-2—)*

—2) C4— _C5t+ _Cloy+ Cliz+ CI2,

1 1 1
_F3(t,x,),7) =7_C6y2 + (-2_CIt+2_C22+2_C4x+2_C8)y+ (-2 —x2

—2) C6— C7t— Clox+_Cl3z+_Cl4,

1 1 1

_F4(t,x,,2) =7_02z2 +5 (-2_Clt+2_Cix+2_C6y+2_C8) i+ (-2—+2
—y?) C2— C3t— Clix— CI3y+ CI5,

Y(tx,p,7)=- Clt+ C27+ C4x+ C6y+ C8

% {-_C2y+_C6z—_CI13} + % {_C2y—_C6z+_c13} =0
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