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Abstract:
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1. INTRODUCTION

The Fourier transform of a complex valued function on a commutative locally compact group G, such as R™, is again a
complex valued function on the character group X of G. Otherwise, it is family (E ;) o € Z of continuous linear operators
E . H +— H ,, whereX is the dual object of the compact non commutative group G, and ¢ a class of irreducible unitary
representations of G in Hilbert space H .

In case C is replaced by a Banach space FS,, it is a family of continuous sesquilinear mappings ¢ (c): H X H ; —
FS.. In fact, for eacho € Z , we choose once and for all an element U ° in o, denote its representation space by H 5 , and
fix an orthonormal basis ({7, ........¢g ) of H s, where d ; = dimH ., as a canonical basis. We put uf;(t) =

(Uf§7,&7) and introduce the operator U% on H , such that (Uffj‘-’, &) = u_{j(t), the complex conjugate of u;(t). The
Fourier- Stieltjes transform on G for an FS,-valued bounded vector measure m, where FS, is a normed space is given by ;

(o) (€,m) = [0 n)dm(t) (&) eH, xH, .

(For details on vector measures see [5] and [6]). The mapping H cx H «— FS,, (§, n) — M(c)(&,n)is a continuous and
sesquilinear [2]This generates a certain number of interesting spaces S p (£, FS,) that we specify as follows.
We write HS(HGXHU ,FS,)=S(Z,FS,) is space of continuous sequilinear mapping from H sx H 5 into FS,.

oeX

S(Z, FS,) is a linear space with addition and multiplication by scalars, defined coordinate wise. For € S(Z, FS,) , we put:
|#]. =sup {é(o)]/ o =}
With [|p(a)|| = sup{|¢(c) (& m)|/|&] <L || < we denote by S, (=, FS,), the space {¢ € S(=,FS,) /|4 < oo}

So(Z,FS,),the space {p €S, (Z,FS,) |{o € 2| #(o) = O}isfinite} and So(Z, FS.) is the space
{peS, (E,FS, )Ve>0{oceX]| ||(/5(0)|| > gHsfinite}

In[3] the author proved that:
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(1) The mapping ¢ — ||¢||OO is a norm on S.(Z, A), and S«(Z, A) is a banach space with respect to this norm.
(2) Soo(Z, A) is dense in So(Z, A).
(3) Every ¢(c) e S(H,_ xH_, A) is determined by the d’ elements a; =¢(o)(&;,&7) of A. More precisely, we

d(f
have: ¢(o) = Zdaa{j’lﬁi‘j’ (o), Uj being Fourier transform of u;
ij=1

2. DEFINITIONS
2.1. Test Function Space: The Space FS,

A function f defined on 0 <t <o0, 0 <x <0 is said to be member of FS, if ¢ (t, X) is smooth for each non-negative integer |, g.
k |
Viep1a(tX) = SUp, [t (L+ X)P D} (XD, )4 (t, X)| (2.1)
<C,A".p° p=1,2,3 -rremmm-

Where the constant A and C |4 depend on the testing function ¢.

The space FSa areequiparallel with their natural Housdoff locally topology t.. This topology is respectively generated by the total
families of semi norms {y p 1,q} given by (2.1).

2.2. Distributional Fourier-Stieltjes transform of generalized function in FS(’;
Let FS; is the dual space FS .. This space FS; consists of continuous linear function on FS .

Let#(t,X) € FS; , for some s >0 and k > Re p, then distributional Fourier-Stieltjes Transform F(s, y) of FS {f (t, X)} = F(s, y) =
(f(t,x),e 5t (x + y)7P) (2.2)

Where for each fixed t (0 <t < o), x (0 < x < =) the right side of above equation has same as an application of f (t,x) € FS
to e %t (x +y)P € FS,,.

3. MAIN RESULTS:

3.1 The Space Sp(Z, FS,) 1< p <0

We define:
Si(2, FS) = {9 € S(Z. FS, ) |24, Mlp(o) ¢ &) <nh. 1p<on

and S» (Z, FS,) as in the introduction. They are linear spaces for point wise operations.

We define a norm on Sy(Z, FS,) by

I#l, = (= d. Tl &P

Theorem 3.1:For each p, 1 <p < oo, the space S p (Z, FS,) is a Banach space.
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Proof. The space p = oo was in done in [2]

Let (¢ n ) be a Cauchy sequence from the space Sy(Z, FS,). Theno € X, the sequence (¢ n(c) )n is a Cauchy sequence from
the space S(H s % H 5, FS, ) which is known to be a Banach space. Thus there exists ¢ (6) €S(H s % H 5, FS, ) such that

limlg(c,) - ¢(0)] = 0 @

Set oy = ¢(0)(&;, &) and foralln, aj =4, (0)(£;,£)-
We consider £ > 0. Since (¢ ) is a Cauchy sequence , then there exist noe N such that

Vr,52n0,||¢r—¢s||p <g'? )

i.e. Zd ZHa a’® p<g(3)

IJ

Letting s tends to infinity in (3), we have
zd, zJHa‘j —a¢ H" <&(4)

i.e. [ —¢| <& Pourr<no(5)
We have [[plly = |6~ ¢, + 4.
<le=¢.l, +lel,
<g+ ||¢5r||p <o
Henceg e S (2, FS,) . Finally (5) shows that (¢) convergesto ¢ inS (2, FS,) .o
3.2 Duality in spaces S (Z,FS,)

Theorem 3.2. Let p, qbe such 1 <p < oo, % + % = 1 and FS;be the dual of FS, .Then the space (S, (, FS4))" is
isometricto S 4 (2, FSy).

Proof:The proof of the case p =1 (which implies q = «) can found in [9]. Now let 1 < p <co. Let T:Sq (%, FS;) —(Z,
FS))", 9~ T, be defined by (T,.y) = d, z< 7.a7 ) v €S, (2,FS,)

oeX
Where by = ¢(0)(&7,&7) anda; =w(o)(&],&7) . Then theorem is the consequence of the following three lemmas.

Lemma 3.3 The mapping is linear and bounded.

Proof. The linearity of T is trivial. Let us show that it is bounded.

2.0, 2{bf.aj)

o€l

We have KTQ) : z//>‘
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2,0 210 =)
s;da;u Fllag |
<3, 0"yl e

o€l i,j

(szoml)| (srodl]

oeX i, ]j o€k i,
<l
So that HTWH < ||(p||q and therefore T is bounded with|T| <1.o

Lemma 3.4 The equality ||T||= 1 holds.

Proof. From part 1; we have||T|| < 1. Let us show that||T|| > 1.

Take a € FS ,, Such that||a|| = 1. Since a #0, we know from Functional analysis that there exists b" e FS; such that

Ib*]l = 1and (b*,a)= llall = 1.
Given 7 € X we use the Kronecker symbol 6 jjto define y. € S p (Z, FSy) by

-2
l//r(o-)(é:;jlfio-) 5 ai(jj ={d.”ad] ifs =1
Oifo # 7
and ¢ - in Sy(X, FSy) by :
;2
. (0)&].&7)=b] = {drq bdij ifs = 1

Oifc =t

a

d qb 5, =d.d.d?=

We have ||(p|| —Zd ZHb H —Zd Z

-2
dag;| =1

and =%, Xlaf]" - 2d, 3

As such, <T¢1W,> = Zdaz<bi‘j’,ag>
- i

-2 -2
- Zdaz<d,q b*5,.d.” a5”>
ez ij
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:drzi:< Fzb di”z >

1,1)7?
iy (dp J (b° ) =1= ol v,

Hence ||T|| = 1. Finally ||T]| = 1.

Lemma 3.5. The mapping T is surjective.

Proof: Infact f € (S, (Z,FS,)) .forz e, let
V.={y €S, FS,)|y(o)=0ifc 7,0 €%}
For y eV, let af =w(r)(&],&7 )0, J =12,......d . There exist linear forms b; € FS_,i, j =12,........... ,d_ such

f, .
that f 1// =d Z< ij ,J> In fact, given d? scalars Ai; such that ZA —<d—w>,there exists b, € FS_ with

T

<b a> 1; denoting b = Ajb;; , we have what is required.

ij? ij?
Now let us consider an element ¢ of Sy, (%, FS,)

Since Sy, (Z,FS,) issubset of S, (X, FS_ ), one can write according to Riesz-Fischer theorem,

g=>d, Za“’ In fact, there exists a finite subset =’ of Zsuchthat ¢ = d, Za“f

(49 ey’

Putting ¢, = d Zaf Uf wehaveg =D 4, . Itisclear that ¢, belongsto V, because for o= 7, U7 (o) =0 (

ey’

Schur’ sorthogonally property), so ¢ Za’”(o-) 0 .Thus there exists linear forms by, € FS,.i,j=12,... ., d

T

such that

(f.6.)=d. Y (b;.a5)

1]

Now by linearity of f

=2.4. < ij? 'J>

ey’ i,]j
Defining ¢ by:

0 (£,&7)=bj if reX and ¢ (1) (§],&") = Ootherwise , we have ¢ € Soo(Z, FS;) and (f,¢) =(T,,4) . This

means that the continuous linear forms of f and T, coincide on S, (2, FS,) which is dense subset of S (%, FS,) .

Hence f=T,
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The three lemmas show that T is an isometry from S (%, FS,,) onto(S (X, FS,))".
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