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1. Introduction .

The study of properties and application of fixed points of various type of contractive mappings in
Hilbert-2 and Banach-2 spaces were obtained among others by Browder[1], Browder and Petryshyn[2,3],Hicks
and Huffman[8], Huffman[4], Koparde and Waghmode [6], Smita Nair and Shalu Shrivastava[7]

In This paper we present a common fixed point theorem involving commutative mapping, in Hilbert -2
space.™
2. Definitions:

Definition 2.1 (Norm) : If X is a Linear space with an inner product (-, ) then we can defined a norm on X

by [|X[| = /(% %)

Fact:
(i) (VxeX),

(ii) (VaeC),(V xeX),
(i) (v xyeX), |x+y|<|x|+]yl

Definition 2.2 (Cauchy Schwarz Inequality) : For all x,ye X,

X|| >0; if and only if ||X|| =0.

ax| =[]

(x, y)‘ <|X[-|y| with equality if and only if

X and y are linearly dependent. Where norm is defined as above.

Definition 2.3 (Parallelogram Law) : Let X be an inner product space then (V X,y e X )

[+ 7 +x =y =20+ V1)

Theorem 2.1: Suppose ( X, || - || ) is a normed Linear space. Then norm || - || is induced by an inner product
space if and only if the Parallelogram Law holdsin (X, | -|) .
Definition 2.4 (Continuity of Inner Product): Let be an Inner product space with induced norm | - || , Then (-

,*) + Xx X —C is continuous.

Definition 2.5 (Hilbert space) : An inner product space which is complete with respect to the norm induced by
the inner product , i.e., if every Cauchy sequence is convergent , is called Hilbert space. The letter H
will always denote a Hilbert space.
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Example: X =C",For X = (X, Xy, Xgsee1s ;) and Y = (Y, Yy, Ya»-nnY,) €C.

Then (X, y):ixjy_j , ||X||: ,Zn:|Xj|2 is the 12-normonC".
= j=1

Definition 2.6 (Banach Space) : A Normed linear space X is called a Banach space if it is
complete, i.e., if every Cauchy sequence is convergent. We make no assumptions about the meaning
of the symbol x , i.e., it need not denote a Banach space. A Hilbert space is thus a Banach space
whose norm is associated with an inner product.

Theorem 2.2: Common Fixed point theorem

A pair (f,T) of self-mappings on X is said to be weakly compatible if f and T commute at their
coincidence point (i.e. fTx=Tfx whenever fx=Tx). A point

y € X is called point of coincidence of two self-mappings fand T on X if there

exists a point X e X such that y=Tx= fx.

Lemma 2.1: Let X be a non-empty set and the mappings T; f: X — X havea
Unique point of coincidence in X . If the pair (f,T) is weakly compatible, then T

and f have a uniqgue common fixed point.

Let (X,d) beametricspace, T and f be self-mappings on X, with T(X)c f (X),
and Xx,€ X . Choose a point X in X such that fx, =TX, . This can be done since
T(X)< f(X). Continuing this process, having chosen X, X, we choose X,

in X such that

fX..,= Tx.; k = 0,1 2,.......The sequence { X, !is called a T - sequence with initial point X,,.
K+1 k n

Lemma 2.2: [5]. Let H be a Hilbert space, then for all X, Y, Z € H,

b 2 =a|x®+b|y* +c|z|*—ab >_bc ’_ca 2
Jax + by + cz[” =a[x|” +D]y[" +Clz] [x = vl ly - 7| |z = x|
where a,b,c€[0, 1] and a+b+c=1.

2.3Theorem. LetE, F , T and S are four continuous self mappings of a closed subset C of a Hilbert-2
space H Satisfying

ES=SE, FT=TF, E(X)cT(X) And F(X) < S(X) s (2.1)

2 [[Ty—Fy,a| +|Ex-Ty,a]
|Sx Ty, a||2 +|Ex-Ty, a||2

2 [|Sx— Ex, a||2 +|Ty—Ey, a||2]
|Sx Ty, a||2 +|Ex-Ty, a||2

[Ex-Ev.al < asx-Exal 2y Ex-Ty.q]

2[1+]Sx—Ex,a|] [Ty —Ey.al*[1+]5x—-Exal?]
1+|Sx-Ty,a| 1+]|Sx~Ty all?

+a,[Ty—Fy, |

IJCRT1802673 ’ International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1813


http://www.ijcrt.org/

www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 March 2018 | ISSN: 2320-2882

[[Ty—Fy.a[’]

oxty.aff * I Bl Ty -Pal afsxTy.af

+ 8,]|Sx - Ex,a|

.................. (2.2)
Forall X,y € C with Sx =Ty

1Sx — Ty, all* + [|IEx — Ty, all*#0 foral &,3,,a;,a,,a;,a,=0

a; <1 and o, +a,+a,+a, +a,<1
ThenE, F, T and S have a unique common fixed point.
Proof:
Let X€C , by (1.1) there exist a point X, € C, such that TX, = AX, and for this point x1,we can choose a

point X, € C , such that Bx; = Sx, and so on. Inductively, we can define a sequence {Y,} in C such that
y2n :TX2n+1 ~ EXZn and y2n+1 = SX2n+1 = I:)(2n+1 ) (23)
Forall n=0,123,........
From (2.2) we have

||y2n - y2n+1' a”2 = ” EXZn . I:X2n+1' a”2

2 2
<a,[Sx,, - Ex2n’a||2 [Tzn1 = FXonen @] +[EXon = TXon0,8 ]

”SXZn — X010 a”2 + ”Exzn — X501 a”2

2 [”SXZn - Ein’aHZ +||TX2n+l i FXZn ’ a”2]
2

+a, |EX,, —TX,,,;, @
a2 || on 2n+1 ” ||SX2n —TX2n+1! a”2 +||EX2n _TX2n+1’ a“

||TX2n+1 N |:X2n+1’ a”2 + [1+ ”SXZn B EXZn ' a||2]

+a,
1+||Sx,, —Tx2n+1,a||2

+a4 [”SXZn - EXZn ’ a”2 +||TX2n+1 B FX2n+1v a”2]

”szn _TX2n+1’ a”2
2 2
2n+l I:)(2n+1’ aH 1+a, HSXZn _TX2n+1’ aH

2

+8,[[SX,, — EX,, ] [T
2 [||y2n ~ Yona 3.”2 +||y2n — Yona a||2]

2 2

||Y2n—1 ~ Yon a” + ||Y2n ~ Yoni a”
[||y2n—1 ~ Yons a”2 + ”yZn ~ Yoni a”z]
||y2n—l ~ Yan 3.”2 +||y2n ~ Yons 3.”2
2 2
+a4 [”yZn—l - y2n ) a” + ||y2n - y2n+1’ a” ]
||y2n—1 - y2n ' a”2

< a ||y2n—1 —Yon a”

||y2n - y2n+1’ a”2 + [1+ ||y2n—1 - y2n ' a”Z]
1+ ||y2n—1 — Yom 8.”2

+a, ||y2n — Yons a”2 +3,

2
#2 ]y 1= Vo2 [an=Yanas2 1 +8na = Yan 8
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< (@ +8, +85+8,)|[Yan — Yonr | + (@5 +86) | Vans — Yonr &

Therefore,

||y2n y2n+1 ” (as i )

[1-(a, +a,+a,+4a,)]

That is ||y2n — Yon a” <k ||y2n—1 — Yon: a||2

||y2n—1 — Yon a||2

where Kk = CRLY)
[1-(a +a, +a;+a,)]
||y2n ~ Yoni a||2 <k ”yn—l —Yn a”2 S k" ” Yo = Y 8.”2

For every integer p >0, we get

2 2 2 2
a” = AV AP | +|Yops = Yoo 4]
<(L+k+k*+....+k" —yn+p,aH2
kP 2
<Xy
1-k
Making n— <o, we get that {Y,} is a Cauchy sequence in C and as C is closed.

y,—»ueC

Now as {FX,,}, {FX,,..} . {TX,. },{SX,,..} are also subsequences of {y,} so they will also have same
limit.

Nowas E, F, T and S are continuous, such that

E(S(x,)) > Eu, S(E(x,) > Su,F(T(x) > Fu,T(F(x,)—>Tu.

Eu=RiF: R=TOY_S | ¥ — ... . .. (2.5)
Hence from (2.1)

([ -
2[HTXZn+1 Fx 2n+l’aH +HEEX2n —TX 2n+1’aH2]

<@ |SEx,, —EEX,,,a| .
HSEx2n ~TXy .1 aH +HEEx2n ~TXy 1 aH

2 2
8, [EEx, T aff P2 =B [y~ Py 3]

ISEXzn = TXpp.1, a||2 +|EEX,, —Tx2n+1,a||2
||Tx2n+1 X001 a|| +[1+||SEx2n EEX,,, a|| ]
1+ SEXyy =T, a||

a [||SEX2n - EEin ' a” + ||TX2n+l B FX2n+l’ a||2]
4 [SEx,y ...

+a[ISExX,, ~EEXg,.a] [T o —FXgn 1,8] 148 |SEXyy ~Topn..8
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As n—oo

2 2
JEu-uaf'<a,jsu-Euaf A IR

HS —u, aH +|Eu—u, aH
2[||Su—Eu,a|| +||u—u,a|| ] 2[||1+Su—Eu,a||2]

L+Su—u, a||2

+a, |Eu—u,al| +85]u—u,a|

|Su-u, a||2 +|Eu—u, a||2

2 [[|Su—Eu, a|| ]

+a,[lu—u,a| s ”

+a[||Su - Eu, a|| lu—u, a|| 1 +a,[|Su—u, a||

Therefore ||Eu-u, a||2 <ag|Su—u,a| =a,|Eu-u,al as a, <1

Hence EU=U=SU thatis U is a fixed pointofE, F, T and S .

Uniqueness : In order to prove the uniqueness , Let V be the another fixed pointof E, F, T
and S then

lu=v, aHZ = H Eu—Fv, aHZ
z[HTV Fv, aH +HEu Fv aH ]

<a |Su—E
al” H HSu —Tv aH +|Eu—-Tv aH

’ [HSu - Eu,aH +[Tv—Fv, aH ]
HSu ~Tv, aHZ +||Eu-Tv, aH2

2 [[L+Su—Eu, aH ] ra,[Su— Eu,aH2 [[Tv-Fv, auz]
[L+|Su-Tv,a H |[Su=Tv,a|

+a,||Eu—Tv,a|

+a, HTV— Fv, aH

+agfSu—Eu,a| +[Tv—Fv,a|] +ag|Su~Tv,a

Therefore, ||u —V, a||2 < a, ||u —v,a||2 as a;<1=> U=V

Thus u is the unique common fixed pointof E, F, T and S .
This completes the proof.

REFERENCES

[1] F.E.Browder, Fixed point Theorems for non-linear semi contractoractive mappings
in Banach spaces, Arsh. Rat.Nech.Anal. 21(1965/66),259-269.

[2] F.E. Browder and W.V.Petryshyn, The Folutio by Heration of non-linear functional equation in Banach
Spaces, Bull. Amer .Math.Soc.72 (1966),571-576.

[3] F.E. Browder and W.V.Petryshyn, Construction of fixed points of non-linear mappings in Hilbert-2
Spaces, ].Math. Anal. Apple. 20(1967),197-228.

[4] Ed.W.Huffman, Strict Convextiy in Locally Convex spaces and Fixed Point Theorem in Generalized
Hillbert Spaces , Ph.D.Thesis, Univ. of Missouri-Rolla, Missouri,(1977)

IJCRT1802673 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1816


http://www.ijcrt.org/

www.ijcrt.org © 2018 IJCRT | Volume 6, Issue 1 March 2018 | ISSN: 2320-2882

[5] M. O. Osilike and D. I. Igbokwe, Weak and strong convergence theorems for fixed points of
pseudocontractions and solutions of monotone type operator equations, Comput. Math. Appl., 40 (2000),
559-567.

[6] P. V. Koparde, and D.B. Waghmode , Kanan type mappings in Hilbert spaces, Scientist of Physical sciences
,3(1), 45-50 (1991).

[7] Smita Nair and Shalu Shrivastava,Fixed Point theorem in Hilbert spaces, Jnanabha, vol.36 (2006)

[8] T.L.Hicks and Ed.W.Huffman, Fixed point theorems of generalized Hillbert spaces, ].Math. Anal.
Appl.64(1978),381-385.

IJCRT1802673 International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org 1817


http://www.ijcrt.org/

