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Abstract:
In this paper, we study the eigenvalues of positive semidefinite Quaternion Hermitian matrix power
products and obtain some inequalities, most of which

are in terms of majorization. In particular, for A,B >0, f > a > 0, we prove

1 2
logAa(A® x B¥) < logA#(AP « BF). The result is a generalization of some work of Marcus, Lieb, Thirring,
Lecouteur, Bushell and Trustrum.
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1. Introduction:

For any x = (xq, X2, ..., xp) € R™, let x I= (x[y}, X[z}, .-, X)) denote the decreasing rearrangement of
X, 1.8, X[1] = X[2] = = 2= X[, and x T= (x(1), X(2), ---» X(ny) d€NOte the increasing rearrangement of x.

For x,y € R", x is said to be weakly majorized by y if
Yic1 X < Xte1 Vol =1.2,..,1. .. (1)
This relation is denoted by x < ,,y. If, in addition to (1), equality occurs at [ = n, then x is said to be majorized
by y and we write x < y.

For 0 < x,y € R", let us write logx < ,,logy to mean

l l
nX[t] < Hy[t] ,l = 1,2, e, n
t=1 t=1

If equality occurs at I = n, we write it as logx < logy.

Let A € H,, be quaternion matrix of the form A, + A;j + Ak, with Ay, Ay, A, € Cyxpn- The
eigenvalues and singular values of A are respectively denoted by 4,(4), ...,4,(4) and o,(4), ..., 6,(A) with
|2, (A)] = - = [2,(A)],

0,(4) = - = g, (4).

In particular, when A is positive semidefinite (4 = 0), then
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MA) = =2,(A) =0 and A(A) = (4,(A4), .., 1,(A) =2(4A) |, and for a €R, A9(A) = A(A%) =
(2£(4), ..., 22(A)) 4.

Theorem 1:

For the positive semidefinite quaternion square matrices A,B = 0 then log[A(A) o A(B)] T<
log[A(AB)] < log[A(A) o A(B)].
Proof:

Since A,B>0,A=A4,+ A,j+A,kand B = By + B;j + B,k
A(A) = A(Ao) + A(A1)) + A(Azk), A(B)= A(Bo) + A(By1j) + A(Bzk)
A(AB) = A(AyBy) + A(A1B1j) + A(A,B,k) [Since AB = AyB, + A;Byj + A,Byk]

< A(Ag)A(By) + A(A1)A(By)j + A(A,)A(By)k [Since A(AB) < A(A)A(B)]
Here A(4) 1= (1,(4), 2;(A), ..., 2,(4)) and A(B) T = (1,(B), 1,(B), ..., 1,(B))
A(4) o A(B) = (A1(A)21(B), 42(A)A2(B), ..., 1o (A) 2, (B))

t=14¢(A) 0 2:(B) T = A(1)(A) A1) (B)A(2)(A)A(2)(B) ... A(ny (A) Ay (B) ... (2)
A(AB) =[4,(4B), A,(AB), ..., 1,(AB)]
[Since 1;,(AB) < A;(A)A:(B) Vt = 1ton]

A(AB) < [11(A)41(B), 22(A)A;(B), ..., 1 (A) 2, (B)]

[T7=1 Ay (AB) < [17=1 4:(4) 4:(B) - (3)
From (2) and (3), [1¢=1 2:(4) 4.(B) T < [I{=1 A1) (4B)
This implies logA(A) e A(B) T <logA(AB) ... (4)

A(A4) o A(B) = (A41(A)A1(B), A2 (A)A;(B), ..., ,(A) 1, (B))

logA(A) e A(B) =[17=1 41, (A) 1,(B)A,(A)A,(B) .. ,,(AD)A,(B)Vt=1ton ...(5)
From (3) and (5), logA(AB) < logA(A) o A(B)

Thus log[A(A) o A(B)] T <log[A(AB)] < log[A(A) o A(B)]

The proof is completed.

Theorem 2:
For arbitrary quaternion herimitian matrices A and B,
log[a(A) ca(B)] T < log[c(AB)] < log[a(A) o a(B)].
Proof:
A=Ay+A;j+Aykand B = By + Byj + B,k
o(A)=0(Ay) + ad(Ayj) + 0(4,k) and a(B) = a(By) + a(Byj) + o(Bzk)
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0(AB) = a(AgBy) + 0(A1Byj) + 0(A;B,k) [Since AB = AygBy + A1B1j + A3 B, k]
< 0(Ag)A(By) + 0 (A1)A(B1)j + 0 (A)A(By)k
[Since 0(AB) < d(A)a(B)]
Here a(4) T = (04(4), 0,(4), ...,0,(4)) and ¢(B) T = (61(B), 05(B), ..., 0,(B))
0(A) e 0(B) =(01(A)01(B), 02(A)0,(B), ..., 0, (A) 0 (B))
[[f=10:(A) 0 0:(B) T = 0(1)(A)a(1)(B)0(2)(A)0(2)(B) ... 0y (A) 0y (B) ... (6)
0(AB) = 0,(AB),0,(AB), ..., 6,(AB)
logo(AB) = logo;(AB) + logo,(AB) + -+ + logo,(AB) = [1{=, logo:(AB) ... (7)
[Since 0,(AB) < 0:(A)o;(B)Vt = 1ton]
t=107(AB) < [I{=1 0:(A) 0,(B)
This implies loga (AB) < log[[]}~, 0:(AB)]
(6) and (7) gives,
t=1[0:(4) 0,(B)] 1< [It=1 0(+)(AB)
This implies log[a(4)a(B)] T < loga(AB) .. (8)
0(A) e 0(B) =(01(4)01(B), 02(A)02(B), ..., 0n(A) 0 (B))
log[o(4) e 0(B)] = log[o1(A)01(B)] + -+ + log[o,(A) 0, (B)] -9
(7) and (9) gives,
[If=1logo:(AB) <[l{-, logo.(A)o.(B)
log[a(AB)] <log[a(4) > a(B)]
Thus log[o(A) c a(B)] T <log[c(AB)] <log[a(A) o a(B)]

The proof is completed.

Theorem 3:

For the positive semidefinite quaternion square matrices A, B = 0,m € N. The following result is due to

n n
3 A A1 (B) < rAmET < Y A(4) 2(B)
t=1 t=1

Proof:
SinceA,B>0,A=A,+A,j+Akand B = By + B;j + B,k
A(A) = A(Ay + Aqj + Azk) and A(B) = A(B, + Byj + Byk)
Let us consider .7~ ; AT*(A) A7+, (B) where
ATH(A) = AT (Ao + Aqj + Ask)
=1, (Ag + Ayj + A kO™
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=4, + A"+ A,k)
=240 + A (A)) + 4,(4,™k)
=A1"(Ao) + A" (A4)) + A" (Azk)
etc
At (A) = 7' (Ao) + A" (Ar)) + A3 (Azk)
Similarly,
A1(B) = A{"(Bo) + A1"(B4)) + A1*(B2k)
etc
An'(B) = 7' (Bo) + A3 (B1j) + A3 (B2k)

AT (A (B) = [A*(Ao) + A7 (A1) + A7 (A2 )[40 (Bo) + 23" (B1)) + A3 (B2K)]

=" (A) (A7 (B)] + 27" (A1) A7 (B)] + A1 (A, k) [A7'(B)]
t=1 AL (A) A1 (B) = A7 (A) AR (Bo) + AT (Ap) AR (By)) + AT (Ag) A7 (Bzk) +
A1 (A1) A7 (Bo) + AT (A ) AR (B1)) + A7 (A AR (B2 k) +
AT (A2l A7 (Bo) + A7 (A2k) A7 (By)) +
AT (A2l (Bok) + -+ + A0' (Ag) A7 (Bo) +
A (Ap) AT (B1)) + A (Ap) AT (B2k) + A3 (A1) AT (Bo) +
Aa (AL DA (Byj) + A7t (A)AT (Bk) +
An' (Azk) AT (Bo) + 47! (A k) AT (By)) + A7’ (Azk) AT (B, k)
= D=1 A" (Ag) An= i1 (Bo) + Y=g AT (A) A1 (Bej) +
t=1 At (Ao) Antr1(B2k) + Xt=1 A7 (A1)) A4 (Bo) +
t=1 A (AY) Anep1(By) + Xi=1 A (AY) A1 (Bok) +
t=1 A (Azk) At 41 (Bo) + Xi=1 A7 (A2k) A3 11 (By)) +
t=1 At (Azk) Ayt 41 (B2k)
< tr A'By* + tr AJ'BYj + tr AJ'BY'k + tr AT jBY +
tr AT'B"j + tr AT'BJ*k + tr AT'kB{* + tr ATkBT"j +
tr AT'kBJ'k
Equating the corresponding elements on both sides,
t=1 47" (Ao) A41(Bo) < tr AG'By"
t=147' (Ao) An41(Byj) < tr AG'BTYj
etc
=14t (A2k) Apt11(B2k) < tr AZ'kB3'k

Similarly we can prove that
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tr (A5'Bg") < Xi=1 A" (Ao) A¢*(Bo)

n
tr (ATBY) < ) A7(Ag) A (B))
t=1

etc
tr (A7'kB3'k) < Yo At (Axk) A¢* (B2 k)
Thus 3¢ At*(A) Ap= 41 (B) < trA™B™ < ¥, 47 (A) 4¢*(B)

The proof is completed.

Theorem 4:
For the positive semidefinite quaternion square matrices A,B = 0,m € N.

The following result is due to

D AR 1y (B) < tr(ABY™ < ) (A AT (B)
t=1

t=1

Proof:
Let us consider Y.7—; A7*(A) 7' ;1 (B) where
AT(A) = 21" (Ao) + A7 (A1)) + A7 (AzKk)

etc
An'(A) = 27! (Ao) + A7’ (A1) + A7 (Azk)
Similarly A7*(B) = AT*(By) + AT*(Byj) + A{*(B,k)

etc
An'(B) =23 (Bo) + A% (B1)) + A3 (B2k)
A (AR (B) =[A1"(Ag) + AT (A1) + 7" (A20)][A7'(Bo) + An' (B1)) + A3 (B2k)]

< trA™B™ + t, AT B™j + trAT' BTk + tr ATjB™ + tr AT BT +
trAT' jB)'k + trAD'kB;* + trAT'kBy* + trAD'kB{"'j + tr A} kBY

Equating the corresponding elements on both sides

n
> A (MDA 11 (B) < trATBY
t=1

n
D A AL 41 (Bo)) < trAT BT

t=1

etc
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n
D AP (AR 1 (BoJO) < trATKBT
t=1
Similarly we can prove that

n
r(ATBY) < ) AT (A2 (Bo)
t=1

n
tr(ATBY) < ) 2T (A)AT(B))

t=1

etc

n
tr(ATKBIU) < z A (A, (Byk)

t=1
Here Xt_1 A" (A)An-¢41(Bo) < trA™B™
and trA™B™ < tr(AB)™
Thus Xty 4" (A)An=e41(B) < tr(AB)™ < Xioq A¢" (A)AF(Bo)

The Proof is completed.

Theorem 5 :

For the positive semi definite quaternion hermitian
A,B = 0,m € N. The following results is due to tr(AB)™ < trA™B™
Proof:
Since A=Ay +Ayj +A,kand B = By + Byj + B,k, tr(AB)™ < tr AB
AB = AyBy + A,Bj + A,Byk
(AB)™ = AyBy...mtimes + A,B,j ...m times + A,B,k ...m times
tr(AB)™ = tr[AyBy ... + A1Byj ... +A,B5k ...]
= tr(AyBy)™ + tr(A,B,)™j + tr(A,B,)™k
< trAj'By* + trAT'BYj + trAT'BJ'k
= tr[A'By* + AT'BTYj + AT'BJ k]
=trAmB™
Thus tr(AB)™ < trA™B™

The Proof is completed.

Lemma 1:

(1) For n x n positive semi definite quaternion hermitian matrices A,B

square

matrices
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A1(AB) < 4,(A)A,(B)
A,(AB) < A, (A)A,(B)

Proof:
By the triple representation of quaternion matrices
A=Ay +Ayj+ Ak, B=By+ Byj+ Bykand AB = AyBy + A1Byj + A,B,k
A1(AB) = 21 (AoBo + A1 B1j + A;Bk)
=21(AoBo) + 11 (A1By)) + 4, (A;B;k)
< 41(A0)A1(Bo) + 41 (A1) A1 (Byj) + A, (A2)A1(Bzk)  [Lemma 1 (i)]
=4 (4)A.(B)
A1 (AB = 4,(A)A,(B)

An(AB)= A, (AoBo) + A4, (A1B1)) + 1,(A2B2k)
2 n(A0)An(Bo) + An (A1), (By)) + 4, (A2) 2, (B2k)  [Lemma 1 (i)]
= A, (A)An(B)

Since 1,,(AB) = 4,(A)A,,(B)

The proof is completed.

(it) For arbitrary n x n quaternion hermitian matrices X, Y

|14 (XY)| < 01(X)01(Y)

|20 (XY)] 2 0, (X))o (Y)

Proof:

X=X+ X j+Xok, Y=Yy +Y,j+ Y5k

XY = XY, + X1Yyj + X, Y0k

|21 (XY)] = [2:(XoYo) + 41 (X1 Y1) + 4 (X2 Y2K)]
< A XoYo) | + [, (X V)| + [, (X Yo k)|
< 0, (XoYy) + o.(X 1)) + 0 (X,Yo)k
< 0,(Xog)o1(Yp) + 01(Xy) oy (V1)) + (X))o (Y,)k  [Lemma 1 (ii)]
< 0;(X)a (Y)

|2 (XY)| < 01(X) 01 (V)

|2 (XY)| = (4, (X Yo) + A (X1Y1)) + A, (X2 V2K
= [ (XoYo) | + 14, (X1 YU | + (4, (X2 Y2K)) | [Lemma 1 (ii)]
= 0n(XoYo) + 0, (X1Y1)) + 0n (X2 Y2)k
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= 0, (X0)0,(Yo) + 0p,(X1) 0, (V1)) + 0, (X3) 0, (Y2) K
2 0 (X)on(Y)

Hence|1,,(XY)| = 0,,(X)0,(Y)

The proof is completed.

Theorem 6

For n x n positive semidefinite quaternion hermitian matrices A, Band m € N
1 1
A1(AB) < AT(A™B™) < AP (A™HIB™H) < A, (A)A1(B)

1,(AB) > A%(AmBm) > Aﬁ(AmﬂBm*l) = 1 (A)An(B)
Proof:

A=Ay+Aj+ Ak, B=By+ Byj+ Bk

AB = A¢By + A1Byj + A, Bk

A (AB)=21,(AyBy + A;Byj + A,Byk)

Use induction on m to prove
1
M (AB) < AT(AB”B{,” + AT'B"Yj + AT'BY'k)
1 1 L, 1 1
< AT(AG'Bo") + AT (AT)AT (BTY)) + A7 (AZ)AT (BZ k)
< AT'(A™B™) [Theorem 6]
1
A (AB) < AT(A™B™) (D

1 1

1 1
A;n(AmBm) < Arln+1(A76n+1B(‘r)n+1) 4= Arln+1(A11n+1B{n+1j) + /11111+1(A£n+1B;n+1k)
1
S Arln+1(Am+1Bm+1)
1 1
AM(AMB™) < AT (AmFipmEL) .. (2

1

ATH(AMHIBMAY < 4 (AgBy + Ay Byj + A, Byk)
< 2,(A¢By) + A, (A1B1)) + A, (A,B,k)
< 2,(A0) A1 (By) + A1 (A A (Bj) + A1 (A2) A1 (A5Kk)
< ,(A)A,(B)

1

AT (AMHIEMALY < 3 (A)A(B) .. (3)
Combining (1), (2) and (3), we get,

1 N
A1(AB) < AT(A™B™) < AP (A™HIB™H) < A, (A)A1(B)
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By using lemma (

1),

1 1
A(AB) = AM(A™B™) = A (A™HB™H) > 4,(A) A, (B) [Theorem 6]

The proof is completed.

Corollary: 1

For n x n normal quaternion hermitian matrices A, Band m € N,

1

1

(i) 01 (AB) < 07" (A™B™) < g™V (AMIB™H) < 0, (A)a (B)

1

1

(i) 0,(AB) = a*(A™B™) = c™ P (AM*1B™ ) > g, (A)0,(B)

Proof:

Q) Notice that AA* = A*A,BB* = B*B, we have
AA* = AgAly — AL ALj — A ASk ATA = AL A, — AL Aj — AbA,k [Since AA* = A*A]

1

1

o"(A™B™) = 22"(AMB™(B*)™(A)™)

1

1

AT(AAT™(BB*)™

An[(AT(Ap)™ — AT (AD™) — AT (A5)™k) (BT (B)™ —

1
2

BI*(B1™j — BE”(BS)mk)]]

1

1
AT[AG (Ap)™Bg" (Bo)™] + AT[AT* (A1) ™ BT (B1)™)] +

1
1 2
AT[AZ (A" B (Bﬁ)mk]]

1
2

1
i z [ L
AT(AOAB)’”(BOBS)’”] +I/'V1”(A1AD"‘(B1BI)’”J'l +

<
1
1 2
l/’lT(AzAZ)m(BzBS)"‘kl
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2

+

2

1 1
< A7 [(AgAQ) ™ (BoBy)™ ] A (A AD™ (B BD™ ]| +

1
1 2
[/1’1”“ [(AzA’E)’”“(BzBS)’”“k]]
_1r _1 _1
— 0.1(m+1) (A6n+136n+1) + 0_1(m+1) (A‘:rln+1B{n+1)j + 0.1(m+1) (A72n+1B£n+1)k
1
— O.(m+1) (Am+1Bm+1)
1

< g,(A)oy(B)
1 1
Hence 0,(AB) < 6*(A™B™) < o™V (A™*1B™1) < ¢,(A)0,(B)

The proof of first part is completed.

1 1
(ii) o' (A™B™) = 2"(A™B™(B*)™(AN)™)
1

ey :
= | Am(44")™(BB)™

= | AT [(AT (Ap)™ — AT (AD™) — AT-(A3)™k) (B (By)™ —
B (B))™j — B?(B;)mk)]]

1 1

AR[AT(AS)™BTH(B™ + AR [AT(AD™BM(B)™] +

1
1 2
Al ’z”(A’é)mBE"(Bé‘)mk]]
1 1
1 2 1 2
> [A;f(AoAg)m(BoBs)ml + lﬂﬁ(AlA’{)m(BlBI)mjl +
1

[AE(AZA’;)’“(BZB;)mk]
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2

+

2

1 1
> | A [(AgAG) ™ (BoBy)™ ] A (A AD™ (B BD™ ]| +

1
2

[/1?[(142:4’5)’”“(BzBS)’”“k]]

1 1 1

— (m+1) +1 +1 (m+1) +1 +1y (m+1) +1 +1

=0, (AT BT o, (ATTBT)j + o, (AT B Dk
1

— (m+1) +1 +1

= gMD (41 gmT

> 0,(A)on(B)

Hence 0, (AB) = o(A™B™) > ¢ (A™*1B™ 1) > 6,,(A)0,(B)

The proof of second part is completed.
Lemma 2:
Let X be the I*" compound of an n x n quaternion hermitian matrix X (1 < [ < n). Then (i) (XY)® =
XOy® and (i) 2, (XV) = [Tio; 2:(X)
Proof:
XY = XOY0 + X1Y1j + X2Y2k
xt=xb+ X+ xbk, XO=xP +x0) + xPk
1™ compound of X is X® in which x{”, x“and x{" are the 1" compound-of X, X!and X} respectively.
l l l l l l
XoY)® = xPrY, ) ® = xPrY | 1)@ = xPr®
Ko¥o)® + X )DV) + (1) Ok = xPv? + xPv0) + Xk
Therefore (XY)® = xOy®

(i) 2,(x®) =2,(x + %0 + xPk)

=1 (x) + (%P + 2 (x)k
/11(X(D) = [Tho1 Ae(Xo) + TE=1 Ae(X1)j + TTi=1 A (X2) K
= H£=1[At(XO) + 2:(X1)j + A:(X2)k]
Therefore 2, (X)® =1L, 2. (X)
The proof is completed.
Result : 1
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For a positive definite quaternion hermitian matrix A(4A > 0),a € R,
(A9} = (A(l))“

Proof:
A=Ay +Aj+ Ak, A% = Ay® + A% + A%k
(A9t = (4" + Alaj + Azak)l

= (AeM 4+ (A + (A

= (40)" + (4) ) + (42) "k
(4! = (A(z))“

The proof is completed.

Theorem 7:

For n x n positive semidefinite quaternion hermitian matrices A, B and m € N, log[1(AB)] <

log [m(A™B™)| < log [Ame(a™*1B™+1)| < log[A(4) o A(B)]

Proof:
1 1
We prove logAm(A™B™) < logAm+i(AITIBIMt1 4 Antipmtl 4 gm+ipintipy.
the remaining part can be obtained similarly.
From lemma 2,
(AmB™)® = (AT + AT + AT k) D (BF + BI*j + BY'k)®
m m
= (49 + APj+aPk) (B + B + B k)

and A®, BO are positive semidefinite quaternion hermitian matrix. Using Theorem 6,

1 1

— — m m
[Ti=1 A7 A™B™) = 27 ((40) " (BV)™)

(40 4 20+ 2O\ (RO 4 pO: L pOLY"
=27 (A9 + AP) + aPk) " (B + BYj + B k) )

1 m+1 m+1
< ((Ag” +405+4Pk) " (B +BYj + B{k) )

1
:Hé=117tn+1(146n+13(r)n+1 +AT+1B{n+1j +A72n+lB£n+1k),
l=12,..,n
Atl=n
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1

1
Hé:l/‘lzn(AmBm) — Hé:l/‘l;n+1(A6n+1B(r)n+1 + A11n+1BIn+1j + A12n+lB£n+1k)
1 1
So, log [M(AmBm)] < log [AM(AWHBWH)]
The proof is completed.

Theorem 8:

For n x n positive semidefinite quaternion hermitian matrices A, Band m € N

1

log[A(A)  A(B)] 1< log [/1'”*1 (AﬁBmm)] < log [ (amBi)| < loglA(aB)].

Proof:

1 1 1 1
Since logl (A(m+1)) oA (B(m+1)) 1< lOg/1 (A(m+1)B(m+1))
From theorem 1, we have

logA™m+1 (A(m+1>) o Al (B(m1+1>) 7

1 1 1 1 1 1
m+1 (m+1) p(m+1) (m+1) p(m+1) - (m+1) p(m+1)
< logA (AO B, + A7 UB T+ AT UB, k)

1 1 1 1 1 1
H (m+1) p(m+1) (m+1) p(m+1) - (m+1) p(m+1)
i.e., logA(A) e A(B) T < logA™*? (AO PR T EEATEE B T + A B, k)

1

1
Also, for G,H > 0, Take A = Gmm+1), B = Hm(m+1) js theorem 6,

b a ~ m(m+1)
We have A7++1 (G—<m+nH—<m+1>) - IA’I"(A{,"B{," + ATBIY + A;nB;nk)l
_ 1 m(m+1)
< [AT+1(A6n+lBgl+1 + A1in+lB:1l’n+1j +A1én+lB£n+1k):|
_r 1 101
Arln+1 (G(m+1)H(m+1)) = ﬂfln (GZH%)
_r 1 N I 1 1
Thus, A7 (G m+DH <m+1>) <t (AB”B(’)“ +ATBMj + A;"B;"k)

<A (AyBy + A Byj + A;Byk)

and using methods similar to those in the proof of theorem 7, it follows that

1t 1 1 1
log [Amﬂ <A(m+1)B(m+1)) < log [Am (AHBH)] < log[A(4B)]

The proof is completed.
Corollary 2:
ForA,B>=0andmeN,
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log[A™(A) o A”™(B)] T< log [A™(AB)] < log[A (A™B™)] < log[A™(A) o A™(B)]
Proof:
SinceA,B=0andmeN

A=Ay+Aj+Akand B =B, + Byj + B,k
A(A) = A(Ag) + A(A4)) + A(Azk), A(B) = A(By) + A(Byj) + A(Byk)
AM(A) = AM(Ap) + AM(Ay)) + A (ALk) , A™(B) = A™(By) + A™(Byj) + A™(Byk)
A(AB) = A(AyBy) + A(A1B1j) + A(A;Byk) [Since AB = AyB, + A;B1j + A,B,k]
AMAB) < A(Ag)A(By) + A(A)A(Byj) + 21(A)A(Bok)  [Since A(AB) < A(A)A(B)]
Therefore, A™(AB) < A™(Ag)A™(By) + A™(A)A™(Byj) + A™(A,)A™(Byk)
Here A(A) T= (1,(4),1,(4), ...,1,(A)) and A(B) T= (1,(B),A,(B), ..., 4,(B))
AM(A) T= (AT (A), 25 (A), ..., Anr(A)) and A™(B) 1= (AT*(B), A3 (B), ..., AW (B))
Therefore 7™ (A) o A™(B) = (AT*(A)AT'(B), A3 (A)AT(B), ..., An(A) AW (B))

AT (A) e ATY(B)] T= AE’{)(A) /1’(7;) (B) )lg) (4) /1’(75) (B) ... /1?,11) (4) /1?}0 (B) ... (1)
A™(AB) = [AT'(AB), AJ(AB), ..., A7 (AB)] <
[A1'(4) 7' (B), A3 (A) 23 (B), «.., Ay (A) 23 (B)]

[ AT(AB) < AT'(A) AT*(B)Vt =1ton.]

[Ty A7 (AB) <Tiy AT (AAT(B) .. (2)
From (1) and (2),
[Ty AT (AR (B) 1 < [Tiey AT (AB)

= log[A™ (A) e A”™(B)] 1< log[A™ (AB)] ... (3)
log A™(AB) < log A(AB)™
logA™(AB) < log A(A™B™) .. (4

A™(A) o AM(B) = (A1"(A)AT'(B), 45" (A)A3"(B), ..., A (A)A7' (B))
log A™(A) o A™(B) = [1i=1 AT"(AAT(B) 47 (A)A7%(B), ..., An' (A) A3 (B)
Vt=1ton ...(5)
logA (A™B™) < logA™ (A) o A™(B) ... (6)
From (3), (4), and (6) gives
logA™ (A) o A™(B) 1< logA™ (AB) < log A(A™B™) < log A™(A) o A"™(B).
The Proof is Completed.
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