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ABSTRACT: 

      In this work, On the stability of 

second order linear difference and linear 

functional equations of the form:                           

𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 0,                               

𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 𝑝𝑛  

and 

𝑥𝑛+2 − 𝛾𝑛𝑥𝑛+1 + 𝛿𝑛𝑥𝑛 = 𝑝𝑛  

are studied, where 𝛾, 𝛿 ∈ ℝ  and 𝑝𝑛 , 𝛾𝑛 , 𝛿𝑛  

are sequence of reals. 

1. INTRODUCTION 

       On the stability problem for functional 

equations was replaced by stability of 

differential equations. The differential 

equation 

𝑟𝑛 𝑡 𝑥 𝑛  𝑡 + 𝑟𝑛−1 𝑡 𝑥
 𝑛−1  𝑡 + ⋯

+ 𝑟1 𝑡 𝑥
′ 𝑡 + 𝑟0 𝑡 𝑥 𝑡 

+ 𝑕 𝑡 = 0 

has the stability, if for given 𝜖 > 0, I be an 
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interval and for any function  g satisfying the 

differential  inequality 

          𝑟𝑛 𝑡 𝑥 𝑛  𝑡 + 𝑟𝑛−1 𝑡 𝑥
 𝑛−1  𝑡 +

⋯ +  𝑟1 𝑡 𝑥
′ 𝑡 + 𝑟0 𝑡 𝑥 𝑡 + 𝑕 𝑡  = 𝜖 ,    

then there exists a solution 𝑔0 𝑡 of the 

above equation such  that 

                  𝑔 𝑡 − 𝑔0 𝑡  ≤ 𝐿(𝜖)  and    

lim
𝜖→0

𝐿(𝜖) = 0, 𝑡 𝜖 𝐼 

  We have discussed on the stability of 

second order linear differential and linear 

functional equations of the form: 

𝑥 ′′ + 𝑟 𝑥 ′ + 𝑠𝑥 =  0   ----------    (1.1)                        

and 

 𝑥 ′′ + 𝑟 𝑥 ′ + 𝑠𝑥 =  𝑔(𝑡) ----------     (1.2)                   

    Where 𝑎, 𝑏 𝜖 ℝ . The objective of this 

work is to study the stability of discrete 

analogue of the equations (1.1) and (1.2) as      

𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 0 ---------- (1.3)                                            

and 

𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 𝑝𝑛 ----------(1.4) 
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    Where 𝛾, 𝛿 ∈ ℝ and 𝑝𝑛  is a sequence of 

reals. Also, an effort is made to study on the  

stability of 

𝑥𝑛+2 + 𝛾𝑛𝑥𝑛+1 + 𝛿𝑛𝑥𝑛 = 𝑝𝑛 ----------(1.5)                     

DEFINITION: 1.1 

The difference equation 

𝑟𝑘 𝑛 𝑥(𝑛 + 𝑘) + 𝑟𝑘−1 𝑛 𝑥(𝑛 + 𝑘 − 1) + ⋯

+ 𝑟1   𝑛 𝑥(𝑛 + 1)

+ 𝑟0(𝑛)𝑥 𝑛 + 𝑕(𝑛) = 0 

has the stability, if for given 𝜖 > 0, I be an 

open interval and for any function g 

satisfying the inequality 

|𝑟𝑘 𝑛 𝑥(𝑛 + 𝑘) + 𝑟𝑘−1 𝑛 𝑥(𝑛 + 𝑘 − 1) +

⋯ +  𝑟1 𝑛 𝑥(𝑛 + 1) + 𝑟0(𝑛)𝑥 𝑛 +

𝑕(𝑛)| ≤ 𝜖, 

       Then there exists a solution 𝑔0 of the 

above difference equation such that 

 𝑔 𝑛 − 𝑔0 𝑛  ≤ 𝐿(𝜖) and 

lim
𝜖→0

𝐿(𝜖) = 0, 

for  

𝑛 ∈ 𝐼 ⊂ 𝑁 0 = {0,1,2,3, … }.  

DEFINITION: 1.2 

        We say that (1.4) has the stability if 

there exists a constant L >0 with the 

property: for every 𝜖 > 0, 𝑥𝑛 , 𝑝𝑛  defined for 

𝑛 ∈  𝑟, 𝑠 + 1 , 0 < 𝑟 < 𝑠 < ∞,if 

|𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 − 𝑝𝑛 |  ≤ 𝜖,------ (1.6)  

Then there exists some 𝑧𝑛 , 𝑛 ∈ (𝑟, 𝑠 + 1) 

satisfyng 

𝑧𝑛+2 +  𝛾𝑧𝑛+1 + 𝛿𝑧𝑛 = 𝑝𝑛  

Such that  𝑥𝑛 − 𝑧𝑛  < 𝐿𝜖. Let L be a Hyers 

–Ulam stability constant for (1.4). 

2. STABILITY RESULTS FOR 𝒙𝒏+𝟐 +

 𝜸𝒙𝒏+𝟏 + 𝜹𝒙𝒏 = 𝟎    and 𝒙𝒏+𝟐 +  𝜸𝒙𝒏+𝟏 +

𝜹𝒙𝒏 = 𝒑𝒏 

       Now, in this section deals with the  

stability of  𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 0  and   

𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 = 𝑝𝑛 . 

THEOREM: 2.1 

   Assume that the characteristic 

equation  𝑚2 + 𝛾𝑚 + 𝛿 = 0  have two 

different positive roots. Then (1.3) has the 

stability. 

Proof: 

      Let 𝜖 > 0  and 𝑥𝑛 , 𝑛 ∈ (𝑟, 𝑠 + 1)  be a 

solution of (1.3) satisfying the property 

|𝑥𝑛+2 +  𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 |  ≤ 𝜖. 

Let λ and μ be the positive roots of the 

characteristic equation. For 𝑛 ∈  𝑟, 𝑠 + 1 , 

define 𝑓𝑛 =  𝑥𝑛+1 − λ xn . Then 

𝑓𝑛+1 = 𝑥𝑛+2 − λ 𝑥𝑛+1 

and hence 

  𝑓𝑛+1 − μ fn  = |𝑥𝑛+2 − λ 𝑥𝑛+1 −  μ xn+1 +

 λ μ xn|                        

= |𝑥𝑛+2 − (λ +  μ ) xn+1 +  λ μ xn|                                             

=  𝑥𝑛+2 + 𝛾 xn+1 +  δ xn ≤ ϵ. 

Equivalently,𝑓𝑛  satisfies the relation 

−𝜖 ≤ 𝑓𝑛+1 − 𝜇𝑓𝑛  ≤ 𝜖 ----------(2.1).                                               

Upon the choice of λ and 𝜇, We have four 

possibilities. 

𝑖)  λ > 1, μ > 1 ;  𝑖𝑖) λ ≤ 1, μ ≤ 1;  𝑖𝑖𝑖)λ >

1, μ ≤ 1;  𝑖𝑣)λ ≤ 1, μ > 1 

 Consider case i) 

 Then (2.1) can be viewed as 

     −𝜖𝜇−(𝑛+1) ≤ 𝜇−(𝑛+1)[𝑓𝑛+1 − 𝜇𝑓𝑛]  ≤

𝜖𝜇−(𝑛+1), 

 i.e)     −𝜖𝜇−(𝑛+1) ≤ ∆  𝜇−𝑛𝑓𝑛 ≤

 𝜖𝜇−(𝑛+1)----------   (2.2)     

Therefore for  𝑛 ∈ (𝑟, 𝑠 + 1), it follows that 
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−∈  𝜇−(𝑗 +1)

𝑠

𝑗=𝑛

≤  ∆ 𝜇−𝑗𝑓𝑗 ≤  

𝑠

𝑗 =𝑛

∈  𝜇−(𝑗 +1)

𝑠

𝑗=𝑛

 

Which is implies that                        

−𝜖𝜇−𝑛

𝜇−1
 ≤ 𝜇−(𝑠+1)𝑓𝑠+1 − 𝜇−𝑛𝑓𝑛  ≤

𝜖𝜇−𝑛

𝜇−1
. 

Consequently, 

               −𝜖1 ≤ 𝜇−(𝑠−𝑛+1)𝑓𝑠+1 − 𝑓𝑛 ≤ 𝜖1, 

Where  𝜖1 =
𝜖

𝜇−1
. 

Let         𝑧𝑛 =  𝜇−(𝑠−𝑛+1) 𝑓𝑠+1. 

Then  𝑧𝑛+1 − 𝜇𝑧𝑛 = 0 . Now,   𝑓𝑛 − 𝑧𝑛  ≤

𝜖1 implies that 

−𝜖1 ≤ 𝑥𝑛+1 − 𝜆𝑥𝑛 − 𝑧𝑛  ≤ 𝜖1 

and hence 

−𝜖1𝜆
− 𝑛+1 ≤  𝜆− 𝑛+1  𝑥𝑛+1 − 𝜆𝑥𝑛 − 𝑧𝑛  ≤

𝜖1𝜆
−(𝑛+1). 

Proceeding as above, we obtain 

−𝜖1

𝜆−𝑛

𝜆 − 1
≤ 𝜆−(𝑠+1)𝑥𝑠+1 − 𝜆−𝑛𝑥𝑛

−  𝜆−(𝑗+1)

𝑠

𝑗=𝑛

𝑧𝑗

≤ 𝜖1

𝜆−𝑛

𝜆 − 1
, 

(i.e), 

 
−𝜖1

𝜆 − 1 
≤ 𝜆−(𝑠−𝑛+1)𝑥𝑠+1 − 𝑥𝑛

− 𝜆𝑛  𝜆−(𝑗 +1)

𝑠

𝑗=𝑛

𝑧𝑗

≤  
𝜖1

𝜆 − 1 
. 

Denote that, 

𝑢𝑛 = 𝜆−(𝑠−𝑛+1)𝑥𝑠+1 −  𝜆−(𝑗−𝑛+1)

𝑠

𝑗 =𝑛

𝑧𝑗 , 

Then  𝑢𝑛 − 𝑥𝑛  ≤  
𝜖1

𝜆−1 
=

𝜖

 𝜆−1  (𝜇−1)
 . 

It is easy to verify that 𝑢𝑛+1 =  𝜆𝑢𝑛 + 𝑧𝑛  

and hence 

𝑢𝑛+2 − 𝜆𝑢𝑛+1 = 𝑧𝑛+1 = 𝜇𝑧𝑛

= 𝜇[𝑢𝑛+1 − 𝜆𝑢𝑛 ] 

implies that 

𝑢𝑛+2 + 𝛾𝑢𝑛+1 + 𝛿𝑢𝑛 = 0. 

Consequently, (1.3) has the stability with the 

stability constant 

𝐿 =
1

 𝜆 − 1  (𝜇 − 1)
. 

Next, we consider Case(ii). 

  Assume that there exist positive integers 

M,N>0 such that 𝜇𝑀 > 1 and λN > 1 .  

Using the same type of argument as in case 

(i), we get the equation (2.2) and hence 

−𝜖   𝜇𝑀 − 𝑗 +1 

𝑠

𝑗=𝑛

𝑀𝑗+1  ≤   ∆(𝜇−𝑗𝑓𝑗 )

𝑠

𝑗 =𝑛

≤ 𝜖  (𝜇𝑀)− j+1 M j+1

𝑠

𝑗 =1

 

----------(2.3) 

Let 𝑀∗ = max 𝑀𝑛+1, 𝑀𝑛+2 , …𝑀𝑠+1 , 𝑟 ≤

𝑛 < 𝑠 + 1. 

Then (2.3) becomes 

−𝜖 𝑀∗  (𝜇𝑀)−(𝑗 +1)

𝑠

𝑗 =𝑛

≤ 𝜇−(𝑠+1)𝑓𝑠+1

− 𝜇−𝑛  𝑓𝑛                     

≤  𝜖 𝑀∗  (𝜇𝑀)−(𝑗+1)

𝑠

𝑗=𝑛

 , 

(i.e), 

 

 𝑀∗
−𝜖 𝜇𝑀 −𝑛

(𝜇𝑀 − 1)
≤ 𝜇−(𝑠+1)𝑓𝑠+1 − 𝜇−𝑛  𝑓𝑛  

≤   𝑀∗
𝜖 𝜇𝑀 −𝑛

(𝜇𝑀 − 1)
 . 
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Consequently, 

 

 
−𝜖𝑀∗

(𝜇𝑀 − 1)𝑀𝑟
≤ 𝜇−(𝑠−𝑛+1)𝑓𝑠+1 − 𝑓𝑛  

≤   
−𝜖𝑀∗

(𝜇𝑀 − 1)𝑀𝑟
 

 

The rest of the proof follows from Case 

(i).we note that the stability constant is given 

by                             𝐾 =
𝜖𝑀∗𝑁∗

 𝜇𝑀−1 (𝜆𝑁−1)𝑀𝑁)𝑟
 , 

Where 

𝑁∗ = max{𝑁𝑛+1 , 𝑁𝑛+2 , …𝑁𝑠+1} , 𝑟 ≤ 𝑛 <

𝑠 + 1.Cases (iii)and (iv) follow from Cases 

(i) and (ii).                                                                                        

                   Hence the proof. 

THEOREM 2.2: 

   Assume that the characteristic equation  

𝑚2 + 𝛾𝑚 + 𝛿 = 0  have two different 

positive roots. Furthermore, assume that 

(1.6) holds .Then (1.4) has the Hyers-ulam 

stability. 

Proof: 

Proceeding as in the proof of theorem 2.1, 

we obtain 

 𝑓𝑛+1 −  𝜇𝑓𝑛 − 𝑝𝑛  

= |𝑥𝑛+2 − 𝜆𝑥𝑛+1 − 𝜇𝑥𝑛+1

+ 𝜆𝜇𝑥𝑛 − 𝑝𝑛 | 

= |𝑥𝑛+2 − (𝜆 +  𝜇 ) 𝑥𝑛+1 + 𝜆𝜇𝑥𝑛 − 𝑝𝑛 | 

= |𝑥𝑛+2 + 𝛾𝑥𝑛+1 + 𝛿𝑥𝑛 − 𝑝𝑛 | ≤ 𝜖. 

Equivalently,  𝑓𝑛  satisfies the relation 

−𝜖 ≤ 𝑓𝑛+1 − 𝜇𝑓𝑛 − 𝑝𝑛 ≤ 𝜖. 

Similar to Theorem 2.1,we have four 

possibilities upon the choices of λ and μ. 

We consider Case (i) only. 

And hence, similar to the equation (2.2), 

We have 

−𝜖𝜇−(𝑛+1) ≤ ∆ 𝜇−𝑛𝑓𝑛 − 𝜇−(𝑛+1)𝑝𝑛

≤  𝜖𝜇−(𝑛+1) 

and let 

   𝑧𝑛 = 𝜇−(𝑠−𝑛+1)𝑓𝑠+1 − 𝜇𝑛  𝜇−(𝑗+1)

𝑠

𝑗=𝑛

𝑝𝑗  

. 

Therefore,  𝑧𝑛  satisfies 𝑧𝑛+1 − 𝜇𝑧𝑛 − 𝑝𝑛 =

0, and |𝑓𝑛 − 𝑧𝑛 | ≤ 𝜖1. 

Using the same type of argument as in 

Theorem 2.1, We can show that there exists 

𝑢𝑛 = 𝜆−(𝑠−𝑛+1)𝑥𝑠+1 −  𝜆−(𝑗−𝑛+1)

𝑠

𝑗=𝑛

𝑧𝑗  

such that |𝑢𝑛 − 𝑥𝑛 | ≤
𝜖

 λ−1 (𝜇−1)
 and 𝑢𝑛  

satisfies 

                   𝑢𝑛+2 +  𝛾𝑢𝑛+1 + 𝛿𝑢𝑛 − 𝑝𝑛 = 0. 

                          Hence the proof. 
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