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ABSTRACT:

In this work, On the stability of
second order linear difference and linear
functional  equations of the form:
Xnyz + VXny1 + 6%, =0,

Xn+2 i YXn+1 + 6xn = Dn

and

Xn+2 = VYnXn+1 + 6nxn = DPn

are studied, where y,8 € R and p,,¥,, 3,
are sequence of reals.

1. INTRODUCTION

On the stability problem for functional
equations was replaced by stability of
differential equations. The differential
equation

5 Ox™ ) + 1,1 (Ox®V(E) + -
+ 1 (®)x'(@) + 1 (O)x(t)
+h(®) =0

has the stability, if for given € > 0, | be an
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interval and for any function g satisfying the
differential inequality

|7 (©x™ (@) + 1 Ox V@) +
ot m()x' () +ro@®x) + h(t) =€,
then there exists a solution g,(t) of the
above equation such that

lg(®) — go (O] < L(e) and
lirr&L(e) =0,tel
€E—
We have discussed on the stability of
second order linear differential and linear
functional equations of the form:

X' +rx+sx=0 ------eee- (1.2)
and
x"+rx +sx= g(t) - (1.2

Where a,b e R. The objective of this
work is to study the stability of discrete
analogue of the equations (1.1) and (1.2) as

Xpy2 T VXpp1 T 6xn =0 e (13)
and
Xn+2 + YXn+1 + (an =Dbp— (14)
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Where y,6 € R and p,, is a sequence of
reals. Also, an effort is made to study on the
stability of

Xn+2 + YnXn+1 + é‘nxn =Pp— (15)
DEFINITION: 1.1
The difference equation

nMxm+k)+n_mx(n+k—-1)+--
+r (Mx(n+1)
+1ro(n)x(n) + h(n) =0

has the stability, if for given e > 0, | be an
open interval and for any function g
satisfying the inequality

[nMx(n+k)+n_(Mx(n+k—-1)+
c+ rmmxn+ 1) +ry(n)x(n) +
h(n)| <€,

Then there exists a solution g, of the
above difference equation such that

lg(n) — go(n)| < L(€) and
limL(e) = 0,
e—0

for

n€l cN(O) ={0123,..}.

DEFINITION: 1.2

We say that (1.4) has the stability if
there exists a constant L >0 with the
property: for every e > 0, x,,, p, defined for
n €(rs+1),0<r<s<ow,if

|xn+2 + YXn+1 + an - pnl < €, (16)

Then there exists some z,,n € (r,s+1)
satisfyng

Zn+2 + YZn+1 + 6Zn = Pn

Such that |x,, — z,| < Le. Let L be a Hyers
—Ulam stability constant for (1.4).

2. STABILITY RESULTS FOR x,., +
YXn41 +6x, =0 and x,,5 + ¥YXpq +
6xp = Pn

Now, in this section deals with the
stability of x,,, + yx,41 +6x, =0 and
Xn+2 + YXn+1 + 6xn = Pn-

THEOREM: 2.1

Assume that the characteristic
equation m?+ym+486=0 have two
different positive roots. Then (1.3) has the
stability.

Proof:

Let e>0 and x,,n € (r,s+1) be a
solution of (1.3) satisfying the property

|xn+2 + YXn+1 + 6xn| <e€.

Let A and p be the positive roots of the
characteristic equation. Forn € (r,s + 1),
define f,, = x,.1 —Ax,. Then

fn+1 = Xnt2 — )"xn+1

and hence

|fn+1 > lvlfnl = X4z —AXp41 — BXpyr Tt
A x|

= |Xp12 = A+ p) Xy + Apxg|
= [Xp42 + ¥ Xnp1 + x| €

Equivalently, f,, satisfies the relation

—€ = fug1 — Ufy S € (2.).

Upon the choice of A and u, We have four
possibilities.

DA>Lp>1; A <1Lp <1; id)r>
Lpu<L,iv)h <Lp>1

Consider case i)

Then (2.1) can be viewed as

—eu O < pOHDf L —pf] <

6M—(n+1)’
i.e) —eu D < A(pf) <
eu D (2.2)

Therefore for n € (r,s + 1), it follows that
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N N

—e ) uU < Z Auf;) <

j=n j=n
s
j=n

Which is implies that

-n

e
p-1"

—ep ™" _ _
1 SpuTEf L —uTf, <

Consequently,

—ey SpTETDL L — f < e,

Where €, = il

Let Zn = ”—(s—n+1) fs+1'

Then z,.; —pz, =0. Now, |f, —2z,| <
€; implies that

—€1 <Xy —Ax, — Z, <€
and hence

— A7) < 370Dy — Ax, — 2, <
Ell_(n-'.l).
Proceeding as above, we obtain

-n

T

<A 6y —A7x,

S

L Z 17U+ 4

j=n
A—n
<
a1
(i.e),
—€
2 _11 = A_(S_n+1)xs+1 — Xn
S
- Z 1-0+D Z
j=n
<
A-1
Denote that,

s
u, = l—(s—n+1)xs+1 _ Zl—(j—n+1) Zj'
j=n

€1 €

—x, < Lt =—""
Then |u, —2x,| < == o=~

It is easy to verify that u,,; = Au, + z,
and hence

Upy2 — Aun+1 =Zp41 = UZy
= plun 1 — Ay ]

implies that
Upp T VUpyg + 6‘u'n =0.

Consequently, (1.3) has the stability with the
stability constant

1

L=—————.
A-DE-1
Next, we consider Case(ii).

Assume that there exist positive integers
M,N>0 such that uM >1andAN >1 .
Using the same type of argument as in case
(i), we get the equation (2.2) and hence

S S
€ ) (M) DM < N A f)
j=n j=n

S
j=1

Let M* = max{M"*t, M"*2, . M1} r <
n<s+1.

Then (2.3) becomes

S
e M*Z(uM)—(m)
j=n

< :u_(s+1)fs+1
—u"

N

< €My M)y 0H,
j=n

(i.e),
— M)
e LI
. euM)™
B M - 1)
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Consequently,

—eM”
e
< —eM”
= (M -DM"

The rest of the proof follows from Case

(i).we note that the stability constant is given
eM*N*
by k= (uM —1)(AN—1)MN)"’

Where

N* = max{N"*}, N"*2 NSt} r <n<
s+ 1.Cases (iii)and (iv) follow from Cases
(i) and (ii).

Hence the proof.
THEOREM 2.2:

Assume that the characteristic equation
m?+ym+86=0 have two different
positive roots. Furthermore, assume that
(1.6) holds .Then (1.4) has the Hyers-ulam
stability.

Proof:

Proceeding as in the proof of theorem 2.1,
we obtain

|fn+1 - Ilfn - pnl
= |xn+2 - Axn+l — HXn41
+ /1/an - pnl

= |Xp12 = A+ 1) X1 + Auxy, — ol
= |Xpt2 + VXni1 + 8%, =Pyl <€
Equivalently, f, satisfies the relation
—€< foy1 —Uh — P <€

Similar to Theorem 2.1,we have four
possibilities upon the choices of A and p.

We consider Case (i) only.

And hence, similar to the equation (2.2),

We have

—eu” D < A f,) =~ p,
S Eﬂ_(nH)

and let

S
Zy = PO — Z p Ut p;
j=n

Therefore, z, satisfies z,,4 —uz, — p, =
0,and |f,, — z,,| < €.

Using the same type of argument as in
Theorem 2.1, We can show that there exists

s
U, = A—(s—n-kl)xs+1 _ ZA—U—n-H) Z]
j=n

such that |u, —x,| <

—° and u
= O-D(p-1) n

satisfies
Up+2 + YUn+1 + 6un —Pn = 0.

Hence the proof.
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