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Abstract

The Concept of k -J - EP matrices is introduced. Relation between K - EP and EP matrices are discussed. Asa generalization of

k -Hermitian, Kk - EP matrices and J - EP matrices. Necessary and Sufficient Condition are determined for a matrix to be k - J - EF:'r ( k

-EP, J - EP and rank r). Equivalent Characterization of K -J - EP matrix are discussed. As an application, we shown that the class of all

J-EP and kK-EP having the same range space form a group under multiplication.
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Introduction

In matrix theory, we come across many special types of matrices and one among them is the normal matrix, which plays an important role
in the spectral theory of rectangular matrices. In 1918, the concept of a normal matrix with entries from the complex field was introduced by
O.Toeplitz [11] who gave a necessary and sufficient condition for a complex matrix to be normal [1,3,4]. As a generalization of normality the

concept of EP matrices over the complex field was introduced by Schwerdtfeger [10]. The class of complex EP matrices includes the
class of all non singular matrices, Hermitian matrices and normal matrices. The concept of k-EP [7] matrix is introduced for complex

matrices and exhibited as a generalization of K -Hermitian and EP matrices.

An indefinite inner product in C"is a conjugate symmetric sesquilinear form [X, y] together with the regularity condition that
[X, y] = 0, Vy eC" only when X = 0. Associated with any indefinite inner product is a unique invertible Hermitian matrix J (called a
weight with Complex entries such that [X, y] ==X, Jy >. Where <, > denotes the Euclidean inner product of C" and vice versa.

Motivated by the notion of Minkowski space (as studied by physcists), we also make an additional assumption on namely J =1 [9].
Investigation of linear maps on indefinite inner product spaces employ the usual multiplication of matrices which is induced by the Euclidean
inner product of vectors (see for instance [2,8]).

More precisely, the indefinite matrix product of two matrices A and B of sizes MxnN and nxl complex matrices respectively, is

denoted to be the matrix Ao B = AJnB . The adjoint of A, denoted by A[ ] is defined to be the matrix JnA*Jm where Jm and Jn

weights in appropriate spaces.
Definition 1.1:
Ae Cnxn is said to be K - J - EP if it satisfies the condition equivalently N (A) =N (KA[*] K) =N (KJA*JK) . A issaid to
be K -J —ER, if Ais kK-J-EP andof rank r.whereA[*] = JA*J .
In particular, when k(l) =] and j(l) =] , for each i=1lton , then the associated permutation matrix K reduces to the identity

matrix and definition (1.1) reduces to N(A) = N(A*) which implies that A is EP matrix [10]. If A isnon singular, then Ais kK-J-

EP for all transpositions * K’in Sn .
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Remark 1.2:

We note that a K - J -Hermitian matrix A isk - J - EP . For, if Ais k-J -Hermitian, then by known theorem,
A= KA[*]K = KJA*JK .Hence N (A) =N (KA[*]K) =N (A*JK) which implies A is Kk -J - EP . However the converse need

not be true.

Example 1.3:

110 1 00 0 10
tet A={1 0 O , K={0 1 0 , and J=|1-1 0 0]. For a transposition k =(1 2 3) the associated permutation

0 01 0 01 0 0 1
1 00 010

matrix K=[{0 1 O0]. KJA*JK =|1 1 O0/|# A.Therefore A isnot K -J - Hermitian. A being a non
0 01 0 01

singular matrix, is a K - J - EP matrix. Thus, the class of K - J - EP matrices is a wider class containing the class of K -J - Hermitian

matrices.

Theorem 1.4:

For A€C, . the following are equivalent:
(1) Ais k-J-EP
(2) KJA is EP
(3) AJK is EP
4) A'is k-J-EP
(5) N(A) = N(A"JK)
(6) N(A") = N(AJK)
(7) R(A) = R(KIJA)
®) R(A") =R(KJA)
(9) KJA'A= AATIK
(100  A'AJK = KIAAT
1) A=KJIAJKH foranonsingular NXN matrix H .
129 A=HKIAJK foranonsingular NXN matrix H .
13 A =HKJAJK for a nonsingular NX N matrix H .
19y A =KJIAIKH for a nonsingular NXN matrix H .
(15) C, =R(A) ®N(AJK)

16) C, =R(KIA)®N(A)
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Proof:
The proof for the equivalance of ( 1), (2) and ( 3) runs as follows:

Ais k-J-EP < N(A)=N(AJK) [y definiton (1.1)] <> N(KJIA)=N(KIA) < KIA s EP <
(KN(KIA)(KJ) is EP < AJK is EP . Thus (1) < (2) < (3) hold.

(2) = (4

KJA is EP < (KJA)Tis EP & ATJK is EP < AT is k-J-EP [By equivalance of (1) and (3) applied to Al
Thus equivalance of (2) and (4) is proved.
(1) <= (5)

Aisk-J-EP < N(A) =N(AJK) < N(A) = N(KIA) < N(A) = N(KIA) o

N (A) =N (ATJK) . Thus, equivalance of (1) and (5) is proved. The other equivalances with (2) can be proved along the same lines and
hence the proof is omitted.

Remark 1.5:

In particular, when A is k-J -Hermitian, then theorem (1.4) reduces to result 2.1 of [3]. In result of 2.8 of [3]. It is stated that AT is

k - J -Hermitian for a K - J -Hermitian matrix A only when A is normal. We note that, without any condition on A to be normal the
result follows:

Ais K-J Hermitian. < A=KIAIK < A" = (KIAJK) < AT =KI(A) K =KI(AYIK < Ais k-

J - Hermitian. When k(l) = i, j(l) =i , for each i=1lton , then theorem (1.4) reduces to theorem 1 of [4]. Further, the class of
complex normal matrices is a subclass of EP matrices. However this is not the case with k-J-EP matrices.
Example 1.6:
010 1 0 O 1 00
et K=1|1 OO,JZO -1 Ojand A=|0 1 O
0 01 0 0 1 0 0O
1 00
(i) A={0 1 O]is EP aswellas k-J-EP.
0 00
010 -1 0 O 1 0
et K={1 0 0|,J=/0 -1 0]and A=|1 1 O
0 01 0 0 -1 0 1
1 00
(ii) A={1 1 Olis K-J-EP but not EP.
0 01
010 1 0 O 111
et K=|/1 0 0|,J={0 -1 O|and A=|1 0 O
0 01 0 0 1 100
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111
(iii) A=|1 0 0|is EP butnot k-J-EP.
1 00
Theorem 1.7:

et A€ C__,, then any two of the following conditions imply the other one:
@ Ais EP.
(2) Aisk-J-EP.
3 R(A)=R(KIA).
Proof:

First, we prove that , whenever (1) holds, then (2) and (3) are equivalent. Suppose (1) holds; then by definition of EP  matrix,
R(A)= R(A*) , now by theorem (1.4), Aisk-J-EP < R(A*)Z R(KJA) . Therefore, Ais k-J-EP =
R(A) = R(KJA) . This completes the proof of (1) and (2) = (3); (1) and (3)=> (2).

Remark 1.8:

For O2E # |n, Hk(E) is @ non abelian group << n > 2. For Aec Cnxn, there exist unique K -J - Hermitian matrices P and
Q such that A= P-HQ where P = (1/ 2)(A+ KJA*JK) and Q = (1/ 2I)(A— KJA*JK). In the following theorem, an

equivalent condition for a matrix to be k -J - EP isobtained in terms of P , the K - J -Hermitian partof A.

Theorem 1.9:

For AECan, Aisk-J-EP & N(A) C N(P).Where P is the K - J -Hermitian partof A.

Proof:

f A is k -J - EP , then by theorem (1.4), KJA is EP . since. K is non singular, we have
N(A) = N(KJA) = N(KIA)) = N(AJK) = N(KIA JK).  Then, for XeN(A) , both KJIAX=0 and
KJA JKX =0 which implies that PX = (1/ 2)(A+ KJA"JK)x = 0.7hus N(A) = N(P).

Conversely, let  N(A) = N(P) then AX=0 implies PX=0 hence QX=0 . Therefore, N(A) = N(Q) . Thus,
N(A) = N(P)AN(Q) . since both P and Q are K - J -Hermitian, by P =KJIP JK and Q =KJIQ JK . Hence
N(P)=N(KJPJK)=N(P'JK) and N(Q)=N(KIQ JK)=N(Q JK) .Nnow N(A) = N(P) N N(Q)
=N(P'IK)NN(QIK) <= N(P —iQ")JIK. Therefore N(A)= N(AJK) and rk(A)=rk(AJK) . Hence
N(A) = N(A"JK) . Therefore A is K -J -EP . Hence the theorem.

Next, we derive equivalent conditions for a matrix to be k-J- EPr . To make the proof simpler, first let us prove certain lemma.

Lemma 1.10:

D O
Let Be Cnxn be of the form B = [O 0 where D isanon singular matrix. Then the following are equivalent:

(1) Bisk-J-EP

@ R(KIB)=R(B).
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(3) BBis k-J-EP

KJ, O
0 K,J,

r and (n-r) respectively with ‘]i = ‘]i* = J(l , i=1t 2.

(4) KJ :[

j where Kl and K2 are permutation matrices of order r and (n-r) respectively, and ‘]1 and J2 are of order

transpositions leaving (1,2,...,r) fixed and J; and J,, of orders r and (n-r) respectively with J, =J; = J;* ,where i =1+to0 2 .
Proof:
(1) <=1(2)
since B is J—EP <> B is J—EP with rk(B)=r <> R(B)=R(JIB") .Therefore B is k-J-EP <

R(B*) = R(KJB). Therefore B is K-J-EP < R(B) = R(KJB)
(2) <= 3)

since R(KJB)=R(B). R(A)=R(KJA") and rk(B)=r (since A is k-J-EP. R(BB")=R(KJ(BB")")and
I’k(BB*) =1 (since A=BB"). Therefore BB"is k-J - EP.

(2) <= (4)

R(KJB)=R(B) < (KIB)(KJB)' =BB' < KJ(BB)'JK =BB' < KJBB' =BB'JK

Kl K3 ‘Jl ‘]3
Let us partition K= where K1 is I'Xr,and J = where ‘]1 is IXr.

KST KZ JST JZ

I O I O
KIBB" =BB'JK < KJ| ' e JK
O O O O

KJ, O) (KJ, K,J
= 11T 3 1¥1 3¥3
KJ; O) Lo o

KJ, O
= =KJ
O K,J,

Thus, equivalence of (2) and (4) holds. The equivalence of (4) and (5) is clear from the definition of * k-J.

Remark 1.11:

In Lemma (1.4), the form of B is essential can be seen by the following example:

0 0 1 010 -1 0 0
B=|11 0 O isnot EP. For K=]1 0 0,J= 0 0 1,KJB is EP
010 0 0 1 0 10
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Lemma 1.12:
Ae Cnxn is K-J- EPr < There exist unitary matrix U and I'XT non singular matrix F such that
F O) .
A=KJU u.
O O
Proof:

Let us assume that A is k -J- EF’r Then by theorem (1.4), A* = HKJAJK , Where H is a non singular matrix. Now, A*A
Z(HKJAJK)A = H(KJA)(KJA) = H(KJ/A\)2 = rk(H(KJA)Z) = I’k(A*A) = rk(KJA)Z. Over the complex field
A'A and A have the same rank. Therefore
rk(KIA)? = rk(A"A) = rk(A) = rk(KJA) = R(KIA) NN (KIA) ={0} = R(KIA) NN (A) ={0}. Thus
C. =R(KIA)®N(A).

Choose an Orthonormal basis {X1’ X51 Xgunnn Xn}of R(KJA) = R(A*) extend it to be a basis {Xl, Xo s Xgeennn Xy X g yeeees Xn}

r? r+l?

of Cn' where {Xr+1’ ..... Xn} orthonormal basis of N (A) If (u,v) denotes the usual inner product of Cn and 1<r< j <n,it
follows that X; € R(KJA) = R(A*) =X = A*y. Therefore (Xi ) XJ-) = (A*y, XJ-) =(y, AXj) =0 (since X; € N (A)) Hence

{Xl, Xy 1 Xgyenens Xn} is an orthonormal basis of Cn . If we consider KJA as the matrix of a linear transposition relative to any orthonormal

X F O F O) .
basis of Cn then U (KJA)U = Where F is rXr non singular matrix. Implies that A = KJU uU.
0O O O O

F O) . . F O .
Conversely, if A=KJU U ,U KJAU = . N(KJA) = N(KJA) which implies KJA s EPr and
O O O O
by theorem (1.4), Aisk-J- EPr .
Theorem 1.13:

J O

AeC,
o J,

n

is k-J- EPr where K = k1k2 and J = [ } order of ‘]1 is' rXr, order of J2 is (n-r) iff A is unitarily k -

D O
J -similar to a diagonal block k-J- EPr matrix B =(O Oj where D is rXr non singular matrix. (det D =0).

Proof:

Since A is K-J - ER, by lemma (1.12), there exist unitary matrix U and a rXr non singular matrix F such that

F O) . K., O J O
A= (KJUJK)(KJ) U . since k = k1k2 the associated permutation matrix is K = ' and J = ' .
0O O O K, o J,
KJF OY) . D O) .
Hence A= (KJUJK) 0 0 U =KJUJK o 0 U where D= KlJlF. Thus A is unitarily K - J -similar to a

D O
diagonal block matrix (O 0 where D isrXr non singular, Bisk-J- EPr , follows from lemma (1.10).

D O
Conversely, if B= 0 0 with D isrXrnon singular is k-J- ER, the again by using lemma (1.10), kd = lilszz and

K, O J, O D O
K= and J = . Since A is unitarily K -J -similarto B = there exists unitary matrix U such that
0 K, o J, 0 0
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D O) . D O .

A=KJUIK U . since Bisk-J- ER, then by theorem (1.4), KJB =KJ =U KJAU is ER, KJA
O O O O

is EPr Now A is K-J-EP follows from theorem (1.4) and rk(A) =Tr. Hence A isk-J- EPr

Theorem 1. 14:

if Ais K-J- EPr then (ﬂ,, X) isa K-J- eigen value, k-J -eigen vector pair for A< (1/ ﬂ, kJ(X)) isa K-J- eigen

value, k-J -eigen vector pair for A

Proof:

We assume (Z, X) isa k-J -eigenvalue, k-J -eigen vector pair of A. < Ax= AKX < KAX = Kzﬂ IX = KAX=AIX
since K2=1 ] ©KAX=AX < IKAX=AI?X fsince J>=1 ] < KIAX=AXx < (KIA) x=(1/ )X
= A?(KJ )X = (l/ ﬂ,) KJ (X) = (1/ l, KJX) isa k-J- eigen value, k-J -eigen vector pair for AT . Hence the theorem.
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