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ABSTRACT: In this chapter, we investigate the pair sum labeling behavior of
the graphs  T(z,,)UT(Z,,), T(Z)UT(Z,,), T(Z,)UT(Z,,).
(Z,)UT(Z,,), mr(z .), p<5, Comp I(Z,)0T(z,), I(Z,)OT(Z,),
r(z,)o2r(z,),  1(z,)e2r(z,), T1(Z,)02r(z,),  slr(z,,))
S(1'(z,)oT1(2,)), S(1(2,)01(2,)) and S(I'(Z,)OT(Z,)).
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1. INTRODUCTION

Let G be a (r, s) graph. An one to one map f :V(G) — {J_rl,iZ, ............ ,* r} is called a pair sum
labeling if the induced edge mapping, f, : E(G) — Z —{0} defined by f_(uv)= f(u)+ f(v) is one-
one and f,(E(G)) is either of the form {£1,+1,,.... 1 ,} or {£h, £l £ 00 follens
according as S is even or odd. A graph with a pair sum labeling defined on it is called pair sum
graph. The pair sum labeling was introduced in [3] by R.Ponraj and et al. In [3], [4], [5] and [6] they
study the pair sum labeling of cycle, path, star and some of their related graphs. Let R be a
commutative ring and let Z(R) be its set of zero-divisors. We associate a graph I'(R) to R with
vertices I'(R)" =Z(R) — {0 } the set of non-zero zero divisors of R and for distinct u,v e Z(R)", the

vertices u and v are adjacent if and only if uv=0. The zero divisor graph is very useful to find the
algebraic structures and properties of rings. The idea of a zero divisor graph of a commutative ring
was introduced by 1.Beck in [2]. The first simplication of Beck’s zero divisor graph was introduced
by D.F.Anderson and P.S.Livingston [1]. Their motivation was to give a better illustration of the
zero divisor structure of the ring. D.F.Anderson and P.S.Livinston, and others e.g., [7, 8, 9],
investigate the interplay between the graph theoretic properties of I'(R)and the ring theoretic
properties of R. Throught this paper, we consider the commutative ring R by Z, and zero divisor
graph T'(R) by I'(Z,).

2. PAIR SUM LABELING OF UNION OF 1(Z,)
Theorem 2.1, F(Zzp)U F(qu) is a pair sum graphs where p and q are different prime numbers.
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Proof. Let {p,2,4,....,2(p—1)} be the vertices of F(Zzp). That is, the vertex set of F(Zzp) is
U,u;, Uy, 0L | and the E(D(Z,, )= {uu;:1<i < p}. Let {9,2,4,...,2(q—1)} be the vertices of
F(qu), That is, the vertex set of F(qu) is {v,vl,vz,....,vqfl} and E(F(qu )={w,:1<i<q}, where
p and g are distinct prime numbers.

Case (i): Let p=q.

Clearly from [6], T UT isa pair sum tree, for any tree.

Case (ii): Without loss of generality, assume that g > p .

Define,

f(u)=1

f(u)=i+L1<i<n

f(v)=-1

f(v,)=—(+1),1<i<n

f(Vpaia) =—(P+3+1),1<i< q; P it g— piseven
f(Vpiaia) ==(Pp+3+i),1<i< q_;_l, if g — pisodd

F(V,0) = p+i+l 1sigq;2p, if q— piseven

f(Vp)=p+i+], 1Sisq_Tp_1, if g— pisodd

Thus the edge set,

f.(E(N(Z,, )uT(Z,,) = {£3,£5, . £ (p+ 2} U {E (P +3),., 2 (P+q+3)/2}U{=(p+q+5)/2}
if g—n isodd. Clearly the function is a pair sum labeling. Hence, for any distinct prime numbers p
and g, F(ZZD)U F(qu) is a pair sum labeling graph.

Theorem 2.2. For any graph I'(Z, ), the following holds:

(i) T(Z,)UT(z,, ) is a pair sum graph.

(ii) 1(z,)UT(Z,,) is a pair sum graph.

(iii) [(Z,)UT(Z,,) is a pair sum graph.

Proof. (i) To prove I'(Z,)UT(Z,, ) is a pair sum graph.

Let uvw be the path T'(Z,). Since the vertex set of I'(Z,) is {2,4,6}. Clearly, T(Z;) is isomorphic to
P,. Let V([(Z,, )= {v,v; :1<i < p} and E(1(Z,, ))={w, :1<i< p}.

If p=3, then I'(Z,,)=T(Z,). Clearly, we know that T\(Z,) is isomorphic to K,, or T(Z,) is
isomorphic to P,. Hence, the union of two paths (or) the union of trees is pair sum graph. That is
I(z,)Ur(z,,) is a pair sum graph.

(ii) To prove I'(Z,)UT(Z,, ) is a pair sum graph.

Let uvw be the path T(Z,). Since the vertex set of T(Z,) is {2,3,4}. Clearly, T(Z,) is isomorphic
to P,. Using the above proof (i) I'(Z,)UT(Z,, ) is a pair sum graph.

(iii) To prove F(ZQ)UF(ZZp) IS a pair sum graph.
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Let uv be the path T'(Z, ). The vertex set of T(Z,) is {3,6}. Clearly, T(Z,) is a path of order 2. We
know that the union of two trees is a pair sum labeling graph. Hence, F(Zg)U F(Zzp) IS a pair sum

labeling.
In general, for any path P, in I'(Z, ), the vertex set of P, is {u,,u,,....,u_ }. That is us, Uy, ..., uy be

the path P,. Let V([(Z,, )= {v,v; :1<i < p} and E(1(Z,, ))={w, :1<i < p}.

Case(i): m=p
Define,
fu)=i,1<i<m
f(vy=-1

f(v,)=-2i,1<i<m
Hence, f,(E(P,)UT(Z,,))={&3,+5,..(2p-1}u{-(2p+1)}

Case (ii): p>m
Define,
f(u)=i,1<i<m
f(v)=-1

f(v.)=—2i,1<i<m-1

p—m

f(Vm+zi_1)=2m+i,l£iST+l,if b misodd |

f(V, ) =2m+i,1<i<

ID;m,if p—miseven.
f(vm+2i_2)=—(2m+i—2),1sisp‘Tm”,if p—misodd.

f(Vyio)=—(2m+i-2),1<i < p—m

if p—miseven.
Here

fe(E(Pm)ul“(Zzp)):{i3,i5,...,i(2m—1)}u{i2m,i(2m—1),....,w} if p—m is odd

t,(E(P,)UT(Z,,))= £345,..,+ (2m —1)}u{i 2m, £ (2m +1),..., & P 2)}u{(3m2+ ”} if

n—m is even. Then, fis a pair sum labeling.
Theorem 2.3. If any prime p <5, then ml“(Z pz) is a pair sum graph.

Theorem 2.4. If p>11, then mr'(z pz) is not a pair sum graph.
Proof. We prove this by the method of contradiction. Suppose, mF(Z pz) is a pair sum graph. We

know that, if I'(Z,) is a (r,s) pair sum graph then s < 4r —2, where r is the number of vertices and s
is the number of edges in T(Z, ). We know that F(sz) is isomorphic with K, . Then, the number

of edges in a complete graph K, is W

m(p-D(p-2)
) :

. Then the total edges of m copies of F(Z pz) is
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Then, m(p—12)(p—2) <4(p-1)-2=4p-6

m(p-D)(p—-2)-8p+12<0

8m-m(p-D(p—-2)-12>0

If p=11and m=5, then 8m—-m(p—-1)(p—2)—12 is a negative value. Clearly,
8m-m(p-1)(p—2)—-12>0, a contradiction.

Hence, If any prime p >11, then ml“(Z pz) IS not a pair sum graph.

3. PAIR SUM LABELING OF CORONA OF TWO ZERO DIVISOR GRAPHS
In this section, we investigate the pair sum labeling behavior of some graphs obtained as a Corona of
two standard graph in zero divisor graphs.
Theorem 3.1. (i) The comb I'(Z,)OT(Z,) is a pair sum graph.

(i) T(Z,)O1(Z,) is a pair sum graph.

(i) [(Z,)OT(Z,) is a pair sum graph.

Proof. (i) and (i), We know that, T'(Z,)OT(Z,) and T(Z,)OT(Z,) are same graphs. Since I'(Z,)
and T'(Z,) are isomorphic to P,.

Let P, be the path uvw and u and w are the pendent vertices, adjacent to v. Let n=3=2m+1,

where m=1.
Define, f :V(P, OT(Z,))— {+1,+2,..,£(2m+1)} by

fu)orf(w)=2i;1<i<m

fu)orf(w)=—2m+4);i=m+1

f(u)orf(w)=2i—4(m+1; m+1<i<2m+1

f(v,)=2i—-1;1<i<m

f(v,)=2m+8;i=m+1

f(v,)=2i—4m-3;m+2<i<2m+1

Here, f (E(R,) OT(Z,))= {£3,£6,%7,..., = (4m—2),=(4m-1)juU {+ 4,+ (4m - 4)}

Then, f is a pair sum labeling.
(iii) We know that I'(Z,)OT(Z,) is isomorphic to P,OKj.

Let n=2m=2. Then define f :V(I'(Z,)OT(Z,))— {+1,+2} by n=2(mod4)
f(u)=2i,ifiisoddandi <m-1
f(u)=2i-1 ifiisevenandi <m
f(u)=—2m+1),ifi=m

fu)=2m+3 ifi=m+1
f(u)=2i-1-4m,if iisoddm+1<i<2m
fu)=2i—(4m+2), if iiseven m+1<i<2m
f(v,)=2i—-1 if iisoddandi <m

f(v,)=2i, if iisevenandi<m
f(v,)=2i—1—-4m, if iiseven and m<i <2m
f(v,)=2i—(4m+2), if iisodd m<i <2m
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Here, f (E(I'(Z,)OT(Z,))= {3,%5,..., £ (4m-5)}u {+ 2,+ 4,% 6}.

Then, f is a pair sum labeling. Therefore I(Z,)0T(Z,), I'(Z,)01(Z,) and 1(Z,)0T(Z,) are pair
sum graphs.

Theorem 3.2. The graph I(Z,)©21(Z,) is a pair sum graph, where n=6, 8 and 9.

Proof. We know that T'(Z,) = I'(Z;) = Ps. Let v, and w, be the pendent vertices adjacent to u, for
1<i<n.

Case (i) n=3[odd]

Define,

f(u)=3i-1; 1<|<nT1

1-3n .
f(u)= Cl=—
w)==>

f(ui):3i—(3n+2);nT+3£i£n

f(v,)=3i; 1<|<nT1
(v )_3n+5 i:n;rl

f(vi):3i—(3n+3);n7+3£i3n

f(w)=3n-5;i=1

f(Wi)=3i—2;23isnT_l

3(n+1); i:n+1
2 2

f(Wi):

f(wi)=3i—(3n+1);nT+3£i£n

Here, f,(E(I(Z,)02T(Z,)) = {£2,£3,...,.+(3n—4)}U{+ (3n-3)}.
Then, f is a pair sum labeling.
Case (ii): We know that I'(Z,) = P,. Clearly, u and v are pendent vertices in P,.

Let n=2 iseven.
Since, P,02T(Z,) = B,,. Let V(B,, )= u,v,u;,v; :1<i <2,1< j <2} and
E(BZ’Z): {uv,uui WV il< 1<21<j< 2}.
Define, f:V(B,,)— {£1+2,.,+(2n+2)} by
f(u) =1
f(v)=2
f(u)=-2i;1<i<n
f(v,)=2i-1;1<i<n,where n=2.
Thus, f,(E(B,,))={£3+5,..,£(@2n+1)}u{l} and have By, is a pair sum graph. That is
1(Z,)021(2,) is a pair sum graph.
4. PAIR SUM LABELING ON SUBDIVISION GRAPHS IN F(Zn)
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Hence, We investigate the pair sum labeling behavior of graphs obtained as the subdivision of some
standard graphs in T(Z,).

Theorem 4.1. S(F(Zzp)) is a pair sum graph.

Proof. Let V(S(I(Z,, ) = {u,u;,v;:1<i < p—~1} and E(S(1(Z,, )= {uu, ,uyv,:1<i < p-1}.
Define f:S(1(Z,,))— {£1+2,...(2p-1)} by
f(u)=-1

f(u)=i+1;i=12,.,n

F(v,)=—(2i+1) ;i =12,..,n

Here f,(E(S(N(Z,,))— {£1£2,...+(p-D}

Then f gives a pair sum labeling for S( ( 2p)).

Theorem 4.2. S(I'(Z,) OT(Z,)) is a pair sum graph, where n=6,8and 9.
Proof. Let V(S(I'(Z,)OT(Z,))) = {u;:1<i<2n—-1}uiw,,v,:1<i <n}.
Let E(S(I'(Z,)OT(Z,))) = {uu,,:1<i<2n -2} U{u, W, :1<i<n}uivw :1<i<n}.

Since, I'(Z,) and I'(Z,) is path with length 2, and T'(Z,) is a path with length 1.

Case (i): nis even [[(Z,)=P,]

Since we know that, any path is a pair sum graph. So, the Subdivision of T'(Z,)0T(z,) is a pair
sum graph.

Case (ii): n=3 isodd [[(Z,)=T(Z,)=P,]

Define, f:V(S(P,0I(Z,)))— {£1,£2,..,+(4n-1)} by

f( (n+1)/2)_1

( (n l)/2)
(

u(n+3)/2)

(U(n 1)/2)

f(u (n=1)/2— 2,)— -10i+1, 1<i< LEJ_

-1

f(u(n+3)/2+2i ): -10i-1,1<i< \‘EJ -1

— =

f(u(n+l)/2—2i ): 5i+5,1<i< {

NS

f(u(n+1)/2+2|)_ (5|+5) 1<i <\\2J 1

(W(n+1) /2 )

f(Wiyy2)= -

f(W(n—l)/Z—i): 5i +7, 1S | < \‘EJ—]_

f (W(n+3)/2+i )= —(5i+7),1<i< {EJ -1

f (V(n+l)/2 ) =3
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f (V(n—l)/2 ) =9
f (V(n+3)/2 ) =-9

F(Viy 170 )=5i +8,1<i < EJ

f(v(n+3)/2+i ): —(51+8),1<i< LEJ —

Here f_(E(S(P,0T(Z,))))={*1+2,..,%5}

Then f is pair sum labeling.
5. PAIR SUM LABELING OF PATH AND CYCLE RELATED TO ZERO DIVISOR GRAPH

In this chapter, we prove that T'(Z,)xI'(Z,), C, xI'(Z,) and [C,,, P, ] are pair sum graphs.
Theorem 5.1. The graph T'(Z,)xT(Z,) is a pair sum graph.

Theorem 5.2. The graph C, xI'(Z,) is a pair sum graph, if n is even.

Proof. Let V(C, xI'(Z,))={u;,v, :1<i<n} and

E(C, xI'(Z,))={uu,.,,v,v,,, :1<i<n-1}U{uy, :1<i<n}uiuu,v,v,}.

Define f :V(C, xT(Z,))— {£1+2,..., £ n} as follows

Case (i): n=4m+2.

Define, f(u,)=i;1<i<2m+1

f(Uppogi )= —1:1<i <2m+1

f(v,)=8m-2i+6;1<i<2m+1

f(Vyipy )= —8M+2i —6;1<i<2m+1

Here f,(E(C, xT(Z,)))={£3,%5,.., £ (4m+D)}u{t2m}u {& (6m+5), % (6m +86),..., + (8m+5)}.
Case (ii): n=4m.

fu)=i1<i<2m-1

f(Uy,,)=-1:;1<i<2m-1

f(u,,)=—-(2m+1)

f (Vo) =8M—21+2;1<i<2m

f(V,..) = —(4m+2i);1<i<2m

Here f,(E(C,xT(Z,)))

={+3,+5,.., = (4m-3)}U {+ 2m,+ 4m} U {£ (4m +3),£ (4M +6),..., + (10m —3) } U {+ (10m + 1)}
Clearly, fis a pair sum labeling.

Theorem 5.3. The graph [C,,,I'(Z, )] is a pair sum graph.

Proof. Let the first copy of the cycle Cy be uu,,..,u,u, and second copy of cycle C be
V,V,,...V,V,. Let T(Z,) be path Ps, wiwows. Let V([C,,T(Z,)])=V(C, )uV(C,)uV(I(Z,)) and
E(C,.T(Z,))) = E(C, )V E(C,, ) W E(T(Z, ) fuwy, wav, .

Define f:V([C, . T(Z,)]) —» {£1+2,..,+£3m} by

f(w)=2

f(w,)=1

f(w;)=—4
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f(v,)=-3m—-i+11<i<m
fu)=2m+2+i,1<i<m-2
f(u,,)=2m+1
f(u,)=2m+2

Here,

f.(E(C,.T(Z,)]) = {£3,£5,.... £ n}U {* (4m + 3),£ (4m +5),..., + (6m —1)}u{ir (5m +1),(5m +9}

Then, Clearly f is a pair sum labeling.
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