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Abstract : Let f (z)=z JrZakZk be the sequence of partial sums of a function f(z)=z2 +Zakzk that is analytic in
k=2 k=2

|Z| <1 and belong to the class Sn(a), where (0 <a <1). When the coefficients of {ak} are “ small ” we determine sharp

D’ f(z) D*f (z) ) o _
lower bounds for Re< ———% ¢+ and Res —">2 % where D " stands for the Salagean derivative introduced in [4].
D*f (z) D" f(z)
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l. INTRODUCTION

Let A denote the class of functions f of the form
f(z)=z+) az*, L.1)
k=2

which are analytic in the open unit disc U = {Z :|Z| < 1}. Further, by S we shall denote the class of all functions in A which are

univalent in U. Further T denotes subclass of A consisting of functions f (Z) of the form
f(z)=z-) az", a >0. (1.2)
k=2

We denote by S*(O{), K (0( ) , (0 <a< l), the class of starlike functions of order o and class of convex functions of order a,

respectively, where

and

K(a)z{f es:Re(1+Z::;((ZZ))J>a,zeu}.

We also denote by T*(a) and C(a) the subclasses of T that are, respectively, starlike of order o and convex of order o.

For f (Z) belonging to A, Salagean [4] has introduced the following operator called the Salagean operator

D°f(z)=f(2)
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D'f(z)=1zf'(z)
D"f(z)=D(D"*f(z)) (heN={23...).
Note that

D”f(z):z+§:k”akzk, (ne N, =NuU{0}).
k=2

A function f (Z) € Alis said to belong to the class Sn(a) if it satisfies

Re{—Dn+1 f (Z)} >a, (zeU) (13)
D"f(z)
for some a(0 < <1)and ne N, .
The class Sn(a) have been studied by various authors (for example [1], [2], [3]).
Note that
Sy(ar)=S"(a) and S, (@)= K(a).

A sufficient condition for a function f of the form (1.1) to be in Sn(a) is that

= kO (k =
2. f_aa)laklﬁl- (14

k=2

For the functions of the form (1.2) the sufficient condition (1.4) is also necessary. For detailed study see [1].

_ D" f(z) D*f (z)
In the present paper, we determine sharp lower bounds for Re{————=‘andReq—2~ (where
D*f (z) D’ f(z)

m
f.(2)=12 +Zakzk is the sequence of partial sums of f(Z) given by (1.1) and coefficients of f are sufficiently small to

k=2

satisfy the condition (1.4)) which are motivated from the investigation of Silverman [5].

2. Main Results

Theorem 2.1: If f Of the form (1.1) satisfies the condition (1.4), then

Re{ D f (z)}> (m+1)""(m+1-a)-(1-a) (zeV) o

DPf.(z)] (m+1)n—p(m+1_a) :
and

o D"f,(2) S (m+1)”‘p(m+1—a) ) |

" {Dpf(Z)}_(m+1)”_p(m+1—a)+(1_a)’ (zev) 2.2)

The results (2.1) and (2.2) are sharp for every m with the function given by
l-a Zm+1
(m+1)" (m+1-a)

f(z)=z+ (2.3)

where 0<a <1l,neNjand p<n+1.

Proof: Define the function a)(Z) by
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l+w(z) (m+1)""(m+1-a)| D"f(z) (m +1)"" (m+1l-a)-(1-a)

1-o(z) -« DPf,(2) (m+1)"°(m+1-a)

m n-p 0
1+ kPa,z* (m+1) (m+1-a) > kPa,z*
_ k=2 l-a k=m-+1 (2.4)

1+ kPa z*
k=2

It suffices to show that ‘a)(z)‘ <1. Now, from (2.4) we can write

(m+1)n—p(m+1—06) i kP, 71
a)(Z)= l1-a = k=m+1
2+2ik”akzk’l (m+1) "(m+l-a) &

> kPa,z*

k=2 l-a k=m-+1

Hence we obtain

(m+1)"" (m+1-a) i < la]
‘a)(z)‘ l-a k=m-+1 ‘
m+1) (m+1 a) &

Y — Zkal a |- > I<"|a|

k=m+1

Now |eo(z)| <1if

n-p w
(m+1) " (m+1-a) Zk"|a|<2 szp|ak|

l-a k=m+1

2

or, equivalently,

(m+1)" (m+1 a) ikp|a|<1 (2.5)

ka|ak|+

k=m+1
From the condition (1.4), it is sufficient to show that
m+1 m+1— a © © kn k — a
Srkofa ¢ M) § oy S A,
k=m-+1 k=2 -

which is equivalent to

n k"™ —ak" kP (1-a) e k”“—oek“—(m+1)n7p(m+l—oz)kp
>0.
; l1-a |ak|+kzzm+1 l-a a
To see that the function given by (2.3) gives the sharp result, we observe that for Z = re’ that
P
D*f(2) =1+ nl_a m+1)" z" —>1- n}_a
D°f, () (m+1)" (m+1-a) (m+1)"" (m+1-c)
n-p _ . _
_ (m+1) " (m+1-a)-(1 a), when T 1

(m+1)"" (m+1-a)

To prove the second part of this theorem, we may write
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l+a)(z)_(m+1)"7p(m+1—a)+(1—a) D°f,(z2)  (m+1)""(m+l-a)
1-o(z) l1-a DPf(z) (m+1)""(m+l-a)+(l-a)
1+Zm:kpakzk‘1—(m+1)np(m+1_a) i kPa, z"*

k=2 1-a k=m+1

1+ kPa z“*
k=2

where
(m+1)"" (m+1l-a)+(l-a) &

|o(z)|< 1-a ko <1.

Z_ngp |ak|_{(m+1)”-p (m-il—a)—(l—a)} i N

This last inequality is equivalent to

Zk"|ak|+

m+1) (m+1 a) ik"|a|<1 28

k=m+1

kK" (k —
Since the L.H.S. of (2.6) is bounded above by Z%h& , and the proof is complete. Finally, equality holds in (2.2) for

the function given in (2.3).

Taking N =0, p =0in Theorem 2.1, we obtain the following result given by Silverman in [5].

o . k-«
Corollary 2.2 ([5]). If f of the form (1.1) and satisfies the condition Zl—|ak| <1, then
k=2 1= &

Re{f(z)}z n_ (zeU). @7)

f.(z)] (m+l-a)
and
Re fn(2)|, m+l-a , (zeU). 2.8)
f(z)] m+2-2a
The results are sharp with the function given by
l-«
f — m+1 29
(2) Z+(m+1—a) @9)

Taking n =0, p =1in Theorem 2.1, we obtain the following result given by Silverman in [5].

o . ok-a
Corollary 2.3 ([5]) If f of the form (1.1) and satisfies the condition z 1—|ak| <1, then
k=2 1~ X

Re{f’(z)}z Mo (zeU), (2.10)

fr(z)] m+l-a’

and
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()] (m+1)(2-a)-a

The results are sharp with the function given by (2.9).

Re{f";(z)}> ml-a (zeU).

Taking n =1, p =0in Theorem 2.1, we obtain the following result given by Silverman in [5].

.  &k(k-a)
Corollary 2.4 ([5]) If f of the form (1.1) and satisfies the condition Z—|ak| <1, then
k=2 1-X

Re{ f(z)}z( m(m+2-a) (2eV)

m+1)(m+l-a)’

and

Re{fm(z)}z( (m+1)(m+1-a) (eU).

f(z) m+1)(m+l-a)+(1-a)
The results are sharp with the function given by

f(z):z+(

l-«a Zm+l
m+1)(m+1-a)

Taking N =1, p =1in Theorem 2.1, we obtain the following result given by Silverman in [5].

= k(k—a
Corollary 2.5 ([5]) If f of the form (1.1) and satisfies the condition Z¥|ak| <1, then
k= 1-&

Rel (D[, m zeU),
{ } (2<v)

and

Re{fn;(z)}> mel-a gy

f'(z)] m+2-2a
The results are sharp with the function given by (2.14).
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