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ABSTRACT: In this paper we first solve a double convolution integral equation involving the product of the general
class of polynomials.On account of the general nature of our main result, solutions of a large number of other double
convolution integral equations involving the product of several useful polynomials can also be obtained as its
special cases. The one variable analogue of the main result which is also quite general in nature and of interest in itself
has also been given. A special caseof this latter result yields a known formula obtained by Srivastava and Buschman (3).

INTRODUCTION:

A general class of polynomials [1, p. 1, eq. (1)]

(-N)MKA N kXK
SNI[x] = Zitp! —MENE (N=0,1,2,.....) (11)

where M is an arbitrary positive integer and the coefficient Ay (N, k = 0) are arbitrary nstants real or complex. On suitably

specializing the coefficient Ay i SX![x] yields a number of known polynomials as its special cases. These include, among
others, Laguerre polynomials, Hermite polynomials and several others [2. pp. 1 58-161].

The two dimensional Laplace transform of a function f(x, y):

f@.@) =L y)spat= [ [y e™P* W f(x,y)dxdy (2.2)
The convolution theorem in the theory of two dimensional Laplace transforms

L{Jy [ flc—uy —v)g(u,v)dudv;p, q} = L{f (x,y); p, a}L{g(x, ¥); p. q } (1.3)
MAIN RESULT
The convolution integral equation
I3 I3 (e —wPri(y — v)Pem S — w)]Pr S2[(y — v)]P2f (w, v)dudv = g(x,y) (2.1)

has the solution given by

fxy) = fox foy (x— u)m_pl_alul_l(y - v)n_Pz_Uzliz—ll

B, (x-w)?1h o B, 0-v)72%2  g(min)g(wy) e

=0 I(m—py-01p1+0121) “42=0 T(n—p,—0yp,+0,15) ou™ gvn

X7,

2.2)

where min Re (p4, p; 01, 0) > 0,m and n are positive integers such that Re (Re (m — py01 — p;) > 0Re (n — ppy0, —
p2) >0,

(ck)

xcy"(O’O) =0for0<c<mO0gk<n (2.3)

91y, 0) = G2x¢(0,9) = g
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andBA(ii) are given by the recurrence,

@ _ @@ _
B, (l)and for v;>0 Z 0 B1, Cp 4 p;-2,0 (2.4)
”l
Or by
G 6 0 0 .0 ]
® ® O]
B(L) ( 1)A (C(l)) det Cptl+2 Cpti+1 Cllz 0 0 (25)
® @ @
C[li+li [li+ﬂi—1 o Cﬂl+1J
and

C(i) _ (=N)mk;T(pi+oik) Ay i
i k;!

(2.6)

ki =0,1,..,[N;/M;],N; =012, .. and i = 1,2

u;is the least k, for which C](:i) 0
Proof. To solve the convolution integral equation (2.1), we take the double Laplace trans form of its both sides. We easily
obtain by the definition of two dimensional Laplace trans form and its convolution property the following result:

[y [ e Pravxpi-typy=tg x]SR [yo2]dxdy | f(p, q) = G(p.q) (2.7)

Now expressing the product of the general class of polynomials in terms of series as defined by (1, 1), we easily arrive at
the following result after a little simplification

o) = pPrqP2 [EN) cp prowia] - [ge/ 2 gmo:ke] ™ 5, q) (2.8)

Where C,E? # Oare defined as in (2.6).
If wjdenotes the least k;for which Cy, # 0, then the series can be reciprocated. Writing

Ni/M;| — pi ~d g -
[[ l{]i l=]0 MLC;E?I-mp alm] =le_0 )El)p oil; Q=12 (2.9)

The eqgn. (2.8) takes the following form:

fp,q) = p~(mPimouk) g=(n=ps=ozpa) Z Ballp“’lll-z B} q~%2[p™q" (p, q)] (2.10)
2'1:0 A3=0

On taking the inverse of the double Laplace transform of both sides of (2.10), using the convolution theorem given by (1.8)
in its Right hand side, we arrive at the desired result (2.2) with the help of (1.3).

SPECIAL CASES:

The convolution integral equation

Jo Ge=wPr SV (e = w1 (W) du = g(x) (3.1)
has the solution given by
_x _ =G, O By(x—u)’A Mg (w)
f(X) - fo (X u)m P=%u 12:/—1.=0 F(m-p—ou+cl) ou™ d (32)
where min Re, (p,a) > 0m and n are positive integers such that Re (m — us — p) > 0
T gu) _ _
W—gr(O)—Ofor0<r<m (3.3)
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andB,, are given by
v

1
By = — and for v > O,Z ByCoypu-2=0

Cu =0
Or by
C[J.+1 Cy, 0 0 .0
By = (-D*C;* det|Cuvza Cuvr G O .0
Cy+l CH+1_1 CH+1
and
_ (—N)Mkr(p + O-k)AN,k

Cy =

K=0, 1...,[N/M], N=0,1,2,...,uis the latest k for which C,, # 0.
In the above result if wetakep=0=M =1

k!

1
ANk = K’ Sn[x] - Ly[x],

we arrive at a result given by Srivastava and Buschman [3, p. 215] in a slightly different form.

A number of special cases of (3.1) can also be obtained by specializing the parameters of the general class of
polynomial SN involved therein [2, pp. 158-161] but we do not record them here for lack of space.
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