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Abstract- In this paper, we define some new biquadratic sequence spaces and obtained some
topological properties of the biquadratic sequence spaces ! (AV.s.p) , X'(A},5.p) and A
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1 Introduction

w, I'and A denote the classes of all, entire and analytic scalar valued single sequences respectively.
We write w* for the set of all complex sequences (xmnxi), Wwhere m,n kI € N, the set of positive
integers. Then, w*is a linear space under the coordinatewise addition and scalar multiplication.

We can represent triple and biquadratic sequences by matrix. In the case of double sequence,
we write in the form of a square. In the case of a biquadratic sequence, it will be in the form of a box
in four dimensional case.

Difference sequence spaces (for single sequence) was introduced by Kizmaz [3] as follows

Z(4A) ={x = x} € w:(4xy) € Z}
for Z = ¢,coand I, where (4xy) = xj — x4 forallk € N.
Later on the notation was further investigated by many others. We introduce the following
difference double sequence spaces defined by
Z(4) = {x = xppn € w: (Ax ) € Z}
where Z = A%,T'? and y2.
Ay = Xmn = Xan+Dn — Xmm+1) T X+ @m+1)

for all m,n € N.

Later on, the notation was further investigated by many others. We introduce the following
difference triple sequence spaces defined by [4], [7]
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Z(4) = {x = Xmnk € @: (Axmnk) € Z}
where  Z = A3, I'3and 3.

Ak = Xmnk — Xm+Dnk — Xmm+Dk — Xmnk+1) T Xm+1)(n+1k

TXm+Dnk+1) T Xmm+1)(k+1) — X(m+1)(n+1)(k+1)

for all m,n,k € N.

Let @' A (D), I (Avurt ) and y*(Amm) denote the space of all complex sequences,
biquadratic analytic difference sequence space, biquadratic entire difference sequence space and
biquadratic chi difference sequence space respectively and is defined as

Z(4) = {X = Xmnkl € W: (Axmnkl) € Z}
where Z = A* T'* and y*

A(xmnkl) = Xmnkl — X(m+D)nkl — Xmn+ Dkl — Xmuk+1)! — Xmnk(+1)
TXm+ 1)+ Dkl T Xm+Dnk+1)1 T X(m+1nk(+1)
TXmm+Dk+DL T Xmn+Dk+1) T Xmnk+1)0+1)

—X(m+1)(n+1)(k+1)1 — X(m+1)(n+1)k(1+1)
“Xmn+1)(k+1)(I+1) — X(m+Dnk+1)(1+1)
+Xm+ D)+ D) (k+1)(A+1)

forallm,n, k,1 € N.

Amxmnkl = AAm_lxmnkl
Am_lxmnkl - Am_lx(m+1)nkl - Am_lxm(n+1)kl
_Am_lxmn(k+1)l - Am_lxmnk(Hl) + Am_lx(m+1)(n+1)kl
+A™m1x + Am 1y + AM 1x
(m+1)n(k+1)1 (m+1)nk(l+1) mm+1)k(l+1)
A" X er T AT Xner @) =A™ K g D ) (s 1)1
_Am—lx _ Am—lx
m(n+1)(k+1)(1+1) (m+1)n(k+1)(1+1)

— A" X iy Dk T AT T X D (D)D) )

2  Preliminaries
Let w* denote the set of all complex sequences (xmnk) Wwhere m,nk,l € N. A sequence X = (Xmnki) is
said to be biquadratic analytic sequence if

1
SUD | Tyt | TR < 00

m,n,k,l

The vector space of all biquadratic analytic sequences will be denoted by A%.

A sequence x = (Xmni) is called biquadratic entire sequence if
1
Tt | — 0 as m,n,k,I - oo,

The set of all biquadratic entire sequences will be denoted by I'4.

A sequence x = (xmnk) is called biquadratic chi sequence if
1
(m4n+k+ D! x| 1 — 0 as m,n, k1 — oo

The vector space of all biquadratic analytic sequences will be denoted by 4.
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Throughout the article w* A*(Amnn),T*(Amn) denote the spaces of all complex sequence spaces,
biquadratic entire difference sequence spaces and biquadratic analytic difference sequence spaces

respectively. For a biquadratic sequence x € w*we define the sets

1
F4(Amnkl) = {x € w*: |AX g mAn+R+T — 0 as m,n, k, 1 - 00}
1
/14(Amnkl) = {x € w*: sup |Ax kM ntk+l < oo}
m,n,k,l

1
X Bpmn) = {x € w* sup ((m+n+k+ D! [Axppal) ™K+ - 0
!

mmnk,
as m,n,k,| - oo}

The spaces A*(Amni) and I'*(Amnii) are metric space with the metric

d(:],': ?}) = Ssup |A"rfr¢nkl - Aynuckl | m+”1+k+£ LI, mn, k‘*] - 1: 2: 3: } (2'1)

m,m, kLl
forall x = (Xpnk) and Yy = (Vmni) in A*(4) and I (4).

The space y*(4,,,,x,) is a metric space with the metric

d(x,y) = sup {((m +n+k+D'AZmpk — AYmnki

m,re, kel

1
) m4ntk+1 ¢

m,n, k,l =1,2,3, } (2.2)

forallx = (Xmuw1) and y = Wmna) in x*(4).
Now we define the following sequence spaces, Let s = 0 be real number and v = (V) be non-zero

sequence, then

1 DPmnkl
P, 5,p) = {x = Coma) € 0*: (kD)™ (147 g o251) =5 0

asm,n, k,l - oo s >0}

1 Pmnkl
/14(431; s,p) = {x = (Xpmnk1) € w*: (mnkl)™> sup (|A¥‘xmnkl|m+n+k+l)
mn,k,l

< o, s >0}

and

x4, s,p) = {x = (tpnrt) € @*: (mnkl) S sup (M +n+ k + 1)!

mnkl

1
|45 Xkt ) ntk+l)Pmnkl — 0 as m,n, k,l - cos = 0}
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DoXmni = WnniaXmni) Ao Xmnki
= UmnktXmnkl — Vm+DnkliX(m+1)nkl — Umn+1D)klXm(n+1)kl

“Umnk+1)1Xmnk+1)l ~ Vmnk@+1)Xmnk(+1) T Vm+ 1)+ DX (m+1)(n+1)kl
FVm+Dnk+DIXm+Dnk+11 T Vim+Dnk@+1)X (m+1)nk(1+1)
TVmn+ D) (k+ DIXmn+ 1) k+DL T Vmn+ Dk(+1) Xmn+1Dk((+1)
TVmnk+1) @+ D Xmnk+1)(1+1) ~ Vm+1)(n+ 1) k+D1X (m+1) (n+1) (k+1)1
“Vm+1)(n+Dk(I+1) X (m+1)(n+Dk(+1) — Vm+1D)nk+1)(1+1)X (m+1)n(k+1)(1+1)
“VUmn+1)(k+1)(1+1) Xm(n+1) (k+1)(1+1)
TV(m+1)(n+1) (k+ D)+ DX (m+ 1) (n+1) (k+1) (1+1)

A:Jnxmnkl = AALn_lxmnkl
Az;n_lxmnkl - ALn_lx(m+1)nkl - ALn_lxm(n+1)kl - Azﬂn_lxmn(k+1)l
— A0 Xmnka+n) T A0 Xmrymank T A0 T X e g+ 1)1
+AT X s k) T A0 Xmman @t T A0 Xinner 41
HAT X ra+1) — A0 Xmma 1)+ 1) (14+1)
—Am_lx _ Am_lx
v (m+1)n(k+1)(1+1) v (m+1)(n+1)(k+1)1

— A7 X a1y ma k1) T AR X (ma 1) (e e+ D (14+1)

we get the following sequence spaces from the above sequence spaces by choosing some special
pmsandv.Ifs=0,m=1and

1 1 ..1 1 O0...

1 1 ..1 1 O0...
v =

1 1 ..1 1 O0...

0 0 ..0 0 O..-

with 1 upto (m,n kD)t position and zero otherwise and pmnx= 1 for all m,n k. We have

[ = {x = (Xmnk) : Ax € T'*}
A ={x = (Xmnu1) : Ax € A%}

X ={x= (Xmnk) : Ax € x*}

If s =0 and pmnx= 1 for all m,n,k 1 we have the following sequence spaces
r+= {x = (Xmnr): 4x € F4}
A* = {x = (Xppir): Ax € 4%}

X4 ={x = (xmnkl):Ax € X4}

Ifs=0,m=0and

1 1 .1 1 0.

1 1 .1 1 0.
v =

1 1 .1 1 0.

‘0 0 ..0 0 0.

with 1 upto (m,n,k 1)t position and zero otherwise. We have the following sequence spaces
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1
r'*(p) = {x = (mnr1) € @*: |Ax gt M+ 7+k+1 —> 0 as m,n, k, [ - oo}

1
/14(p) ={x = (Xmnr1) € w4 Su21|Axmnkl|m+n+k+l < 0}
mmn,K,

1
x*) = {x = () € @*: sup (M +n+k + D! |Ax g [mFn+k+l < o}

mmn,k,l
Ifm=0and
1 1 ..1 1 O...
1 1 ..1 1 O...
v =
1 1 ..1 1 O...
L0 0 ..0 0 0.

with 1 upto (m,n,k )t position and zero otherwise. We have the following sequence spaces

Pmn
F*p,s) = {x = Commir) € 0% (MAKD) ™| Ay [FFRHEFT — 0 as
m,n,k,l - o, s = 0}

p kl
A4(D,5) = {x = (i) € w* sup (MnkD) ™| Ay |[AFn+kFL < 00, s > 0}
m,n,k,l

x*(,s) = {x = (Xmnr) € w*: sup (mnkD)*(m+n+k+1)!

mn,k,l

Pmnkl
|Axmnkl|m+n+k+l < 00, s> O}

IfS = O,m = Oand pmnk[= 1

1 1 ..1 1 0.

1 1 ..1. 1 0.
v =

1 1 .1 1 0...

‘0 0 ..0 0 0.

for allm,n, k, [ with 1 upto (m, n, k, [)*" position and zero otherwise. We have I'*, y* and A*.
If s = 0 we have I'*(4™, p), A*(4A7,p) and x*(4™,p).

For a subspace 1 of a linear space is said to be sequence algebra if x, y € ¥ implies that x.y =
(xmnklymnkl) € 17[)

-
=
.
-
(=)
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for allm,n, k,  with 1 upto (m, n, k, 1)*" position and zero otherwise. We have I'4, y* and A*.

If s = 0 we have I'*(4™, p), A*(4™,p) and x* (47, p).

For a subspace 1 of a linear space is said to be sequence algebra if x, y € ¥ implies that x.y =
(xmnklymnkl) € 1/),

A sequence E is said to be solid (or normal) if (A,nkiXmnks) € E, whenever (X)) € E orall
sequences of scalars (A1 = k) with [An0] < 1.
If X is a linear space over the field C, then a paranorm on X is a function g: g(6) = 0 where

6 =1(0,00,..),
g(=x) =gkx),
gx+y) <gx)+g®»)

And |/1 - Aol - 0)
glx —xp) = g(Ax — Apxy) = 0,

where 4,4, € C and x, x, € X. A paranormed space is a linear space X with a paranorm g and is written
X, 9).
In this paper, we define some new sequence spaces and give some topological properties of the
sequence spaces

r*(4y,s,p), A*(4%,s,p)
and

x*(43s,p)
And investigate some inclusion relations.

3. Main Results
Theorem 3.1: The following statements hold
(i) (A}, s) € AYAT, 8) and the inclusion is strict.
(it X(A},s,p) C X(AT™, 5,D) does not hold for any X = T4 A*and y*.

Proof:(i) If we choose s =0,

X =
1 0 ..1 1 O
o o0 ..0 0 O
And
1 1 ..1 1 O
1 1 ..1 1 O
"]=

-
U=y
.
[N
(=)

Hence® € A'(AY',s) putz ¢ T'(AT', )
(ii) Let
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[uny
[y
U=y

e e

p = (Pmnki) and x = (Xmnki) given by

1
m4n+k+

Pmnkt = 13 |:L'trmikl 1= mznzkzlz

if m,n,k 1 is odd

1
mrnrk i = mnkl

Pmnkl = 2: |Irnn.i;.!
if m,n,k 1is even 0 otherwise.

Since for mn,kl=1

|(A237mnm) 2;‘:2[2

Prmnk Pmnkl 2
mint+k+l — |mmnk1) mtnt+k+l = Mmn

—3, —37,—37—" —Pmnkl —3_-37.-3;-3_2 272
m kT (AL )| PR =m P R P A0 kR

=m 'n 'k = 0(m,n, k1 — o0)
and forj > 1

P2j,2j2j2j/8J . )
|Avx2j,2j,2j,2j| “H = (8j° + 812 +1)?

P2j2j,2j,2j/8J ,
40252225 = 8j-0

Now, we can see that x € I'*(4™, 3,p) and x & A*(4™, 3, p), which implies that X(4A™, s, p) is not
subset of X(4"*1, s, p). This completes the proof.

Theorem 3.2:
(i) AT, -f")andAil(AT: $) are linear spaces over the field R.
(i) x*(AY, %)and A" (AT 8) are linear spaces over the field R.
Proof: (i) Suppose that

M = max{1,sup, . . ;> yPmnki}SINCE Py /M < 1, We have for m,n, k, [
|A17n (xmnkl + ymnkl)lpmnkl/M < |ALn (xmnkl)lpmnkl/M + MLn (xmnkl)lpmnkl/M (3'1)

andforallA €R

| APt/ M < max{1, |A]} (3.2)

Now the linearity follows from (3.1) and (3.2).
(ii) We can prove this same as (i)

Theorem3.3:
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N; = min {no: sup (mnkl)‘s(mgtxmnkl|1/m+n+k+z)l’mnkzoo}
m,n,k,l=zng,

N, = min {noz SUP  Pmnkl < 00}

mmnk,lzng
and
N = max{Ny, N, }

r'*(A™,s,p) is a paranorm space with

».q,r,s
gx) = Z |xmnkl|+r!im sup (mnkl)‘smglxmnk”pmnkz/M

~Omn,k,l=N
mmnk,l=1

if and only if u > 0, where u = limy_oinfy, 1 k 1> Pmnk and

M=max{1, sup pmnkl}

mmn,k,l2N

Proof: Let ' (A]', 5, P) be a paranorm space with g(x) and suppose that y = 0. Then & = infpn iy
pmnki= 0 for all N € N and hence we obtain-

p,qr,s
gx) = Z lxmnkl|+r!im sup  (mnkl) ™| AT x, 0 [Pt/ M

~Om,n,k,I=N
mmn,k,l=1

forall A € (0,1], where © = @ € I"'(A}", 5, ) when A - 0 imply Ax - 0, when x is fixed. But this
contradicts to (4.3.3) to be a paranorm.

Sufficient- Let u > 0 it is trivial that g(0) = 0, g(-x) = g(x) and g(x+y) = g(x) + g(¥)

Since pu > 03 a positive number a such that pmax > a for sufficiently large positive integer m,n,k,1L
Hence for any A € R, we may write-

| [Pkt < max(|A[M) [A]%)

for sufficiently large positive integer m,n, kI Therefore, we obtain that-
g(Az) < max(IAY, [A[")g(z)

using this, one can prove that Ax — 0, whenever x is fixed and A — 0.

Theorem 3.4: Let 0 < pmnki < gmnki < 1 for myn,k,1 € N, then
@) x*(Amv,s p) S x*(A™.s, q)
(i) T4(Amy,s, p) € T4(Amy,s, q)
(iii) A*(A™y,s, p) S A*(A™y,s, q)
Proof: Let x € A*(4™,s,p). Then 3 a constant M > 1 such that

_ Pmnkl
(mnkl) 5|ATxmnkl|m+n+k+l < M'
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forallm,n,k, L.

Suppose that x! € A*(4™, s, q) and x! — x € A*(4T%, s, p).

Then for every 0 < € < 1, 3 N such that for all m, n, k, L.

. Pmnkl
(mnkl) ™S |47 (%} i — Xomn) | < € forall i >N

Now,

. Amnkl
(mnkD)™S| AT (ke — Xomier ) [FHRHRFT

Pmnkl

< (mnkl) ™| A7 (Xt — Xmnga) |

<eforall i>N

x € A4y s, q).
(ii) It is easy. Therefore we omit the proof.

Theorem 3.5: For X =T, A and y then we obtain
(i) X(AT, s, D) is not sequence algebra.
(ii) X (A", s,P) is not solid.

Proof: Example-

1
Pmnkt = 1, Vinng = (mnkl)2(m+n+k+D)’

and

Xmnkl = (mnkl)2(mntk+l) Vb = (mnkl)2(m+ntk+D)

Then we have

x,y € I'*(4™,0,p) but x,y € '*(4A™,0,p) with m =1, s = 0.

Example-
1 1 ..1 1 0,
1 1 ..1 1 0,
Xmnkl =
1 1 ..1 1 0,
0O 0 ..0 0 O,
Let
Pmnkt = 1, amnp = (_1)m+n+k+l
then

AmnklXmnkl $ F4(A¥7n: S, p)

withm =1ands = 0.

The following proposition’s proof is routine verification.
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Theorem 3.6: For X = I', A and y then we obtain

(i) sy < s, = X*(47, 51, 0) < X(47', 52, p)

(i) Let 0 < infomnir < Pmnkr < 1thenX(4A7, s, p) € X(AT, s)
(iii) Let 0 < Prnpr < SUP, ., < © then X(47,s) € X(47',s,p)

(iv) Let 0 < Pimnit < Qmnit and (%), X4, s,q) € X(4T, s, p).

4. Conclusion

In present chapter, we defined Biquadratic analytic, biquadratic entire and biquadratic gai difference
sequence spaces. We introduced metric on each which makes them metric spaces and also obtained
some new sequence spaces T AT, s, p), AYAT, s,p ) and XA, s, P) with their topological
properties. Main point of the chapter is the inclusion relations among defined difference sequence
spaces and now these spaces become paranormed spaces. In the concluding point we give examples,
why these spaces are not sequence algebra and solid.
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