www.ijcrt.org © 2019 IJCRT | Volume 7, Issue 1 January 2019 | ISSN: 2320-2882

CONCENTRATION PROBABILITIES OF THE
GENERALIZED QUASI MINIMAX AND
MOCK-MINIMAX ESTIMATORS IN LINEAR
REGRESSION MODEL

Dr. SYED QAIM AKBAR RIZVI
Department of Statistics
SHIA P.G. COLLEGE,
LUCKNOW UNIVERSITY, LUCKNOW.

ABSTRACT

The generalized quasi minimax and mock-minimax estimators for the estimation of the
coefficient vector  of regression coefficients and judging their performance under a
decision theoretic frame work based on their quadratic risks. For judging the performance
of an estimator, Rao (1981) suggested the criteria such as Pitman nearness and
concentration probability of an estimator around the true parametric value under which he
showed empirically that some well known minimax mean squared error estimators do not
work satisfactorily. For further details regarding the justifications of the use of criteria other
than minimax mean squared error criterion, see Rao (1981). Keeping in mind, the
justifications given by Rao (1981)

2. The estimators and the regression model
Let the linear regression model be
Y=X[+u

Where Y is a Tx1 vector of observations on the variable to be explained, B is a
px1 vector of regression coefficients to be estimated, X is a non-stochastic Txp
full column rank matrix of observations on p explanatory variables and u is a Tx1
vector of disturbances following multivariate normal distribution with

E(u=0

E(uu') = oIy
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In which o2 is the variance of disturbances.

Under ellipsoidal constraints
(2)

B=(@B:p'HB<1)
Where H is a known positive definite symmetric matrix, trenkler and stahlecker
(1984) gave the quasi minimax estimator

(3)
pr=X'X+0*H)'X'Y

When o?is know.

Subject to the constraints (2), the mock-minimax estimator is given by

s =4 (c2tr AX'X)™) (4)
b= {  Ch(AH™Y) + o2 tr A(X'X)—lj 0

When, 02 is not known, the adaptive versions of the quasi minimax estimator ,5’1
and the mock-minimax estimator ,32 are

b = (X'X +6%H)"X'Y
And

_{, 62 tr A(X'X)™2 ,
. Ch (AH-1Y) + 62 tr A(X'X)~!

Where
6% = 60@ + (1 — 6)52

Generalized versions of by and b, known as the generalized quasi minimax and
the generalized mock minimax estimators are

b; = (X'X +62H) ' X'y

g
And
65 tr AKX'X)™1
by =41 — = — , b
Ch (AHY) 4+ 67 tr A(X'X)~?

We now find the concentration probabilities of by and b5 the estimators and in
next section 3.
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3. CONCENTRATION PROBABILITIES OF ESTIMATORS b; and b,

We first introduce the following notations:

1 1
r == (X'X)2(b; - B)

1 _lrlr
5(7’1) = D e 21 1
(2m)2
And
11
rp =~ (XX)2(53 — )
1 —11"1‘
5(7"2) o D e 22 2
(2m)2
_>
(bI_ﬁ) = @_1+®_1+®_§+®_2+0<T 2)
2 2
where

® 1= (XX)"X'u
2

01 =—{g'(Da¢ + (1 - g'(1)a?}(X'X)HB
®3=—(1-g'(M))eX'X)"HB
—{g'(Da¢ +2(1 —g' (D)2} X'X)TTHX'X) ™1 X'u
0,=-(1-g'D)eX'X)THX'X)1X"u

(1-9'(D)
T -p)

W X' XwW(X'X)" Hp

+Hg' DaZ + (1 - g'(1))e?}) (X' X) " HX'X) "1 Hp
+Hg' DaZ + (1 - g'(1))e?}) (X' X) " HX'X) 1 Hp
Where € = (s? — %) is an stochastic quantity of order

1 2
0, (T_i) with E(e) = 0 and E(e?) = TOA
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.. 1 1 -
Defining z =;(X’X) 2X'u, we observe that z follows multivariate normal

distribution with mean vector zero and dispersion matrix Ip.

Further, (u:fu) follows a chi-square distribution with n = T — p
)=
degrees of freedom and Z and (u :;(u) are independently distributed.

From ( 3,3,2), we have

1 1
r == (X'X2 (b - )

=Tg+ 7T 1+7 3+ 0,(T7?)
2

2
where
Tg =2
A
r_% =—-x
T_1=— (1 — il(l)) ea; —ACZ

1-g'(1 2
T3=—(1-9g'())eCZ+ o ng W) (Z'X'XZ2)ay +%Ca1

Where 1 = g'(1)oZ + (1 —g'(1))0?
3

The approximate characteristic function of vector r; upto order (T_E), can then

be obtained as follows
¢, (h) = E(ei"'™)
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=E [eihfo {1 + (ih’(_l) +ih'¢_y + %(ih’CJ)Z + (ih'€_§>
2 32 2
(i g e+ (i) |

Where h is a px1 colomn vector of fixed constants. Further we observe that for
a fixed px1 vector a and pxp matrix A

E(e(ih,z)) = e_%h,h

Lo ] _l !
E(a'Z)e"? = i(a'h) e 2" "

E(Z'AZ)eVZ = (tr A — h’Ah)e‘zh h
With the help of results along with, the characteristic function of the vector r;,
3
upto order 0, (T_E) has been obtained as

—lh'h

() = (140 2434+ a)e2
2 2

Where

i1
_ e N2
C_l—a(hal)

2
22
{_4 =A(h'ch) — (h’al)z

(1-g'(1 22
= i(1-g'@) (trX'X — hW'X'Xh) (W ;) + l—(h’cal)
-5 TlT o

——((h’al)h’ch)+ i (h’a1)3

Utilizing the following results for a fixed px1 vector @ and a pxp matrix A,

1 «© ® 1y
(Zn)pj j e M gh = E(ry)

1 (00]
(Zn)Pj ......... j (a'h) e i ri=gh'h dh = —i(a'r)&(ry)
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1 (0.0] (0.0] .y 1 ,
G f ......... f (h'AR) e 172" gh = (tr A — r{ Ar)E(ry)

1 °° o NV By
PIST j ......... f (a'h) (h'AR)e 172" g
=i(a'r)(rAr) — (@'r)trA—a'(A+ A,

Along with the inversion theorem

1 (0 0] 0o _i ’rl
f(r) = 27 j_oo ......... j_oo e”t"m ¢ (h) dh,

Where f(r1) is the probability density function of the random vector r1, we get

the large sample asymptotic approximation for the joint probability density
3
function of the elements of vector r; upto order 0,, (T_E) to be

Fo) ={1+Y 1+ ¥ +¥ a}e0y)
2 2

Where

1
Y_% = —E{g’(l)ag +(1-9g'(D)o%}ain

Y, ={g'(Do¢ + (1 —g'(1)o?}(tr C —r{Cry)
1
~ 53 {9/ Wod + (1~ g'M)o?) (afar — (afa)?)

M gT’(l))

2

(1) (X' X1) — 2(a1 X' X1y)
1
+={g'Wo§ + (1 - g'D)o?} (@ir)(riCry) = (@ir) tr €

1
— (@}~ {9’ Dog + (1~ g'(D)o?) (@ir)’
— 3(arar)(aym1)

Similarly , the large sample approximation for the estimation error for the
estimator b,, is

3
b3—B)=0 1+0_1+0 3+0_,+0 (T‘E)
2 2
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Where

® 1=X'X)"X'u
2

0_1 = —{g'Wo7 +(1-g'(1))a*}dp
@ 3= —(1 — g’(l)) dp — {g’(l)aoz + (1 — g’(l))az}.d(X’X)lX’u
2

- / Iy — ' (1 _g,(l))
0,=—(1-g'(D)dX'X)"X"u+ T — )

+{g'(Dog + (1 — g’ (VDo?)}*.d*p
From (3.3.10), we have

(u'XX'uw)dp

1 1
= = (X'X)2(b; — B)

=0+ {1+ + {3+ 0,(T7%)
2 2

Where
So =2
5_%— 5 a,
1—g'(1
+ = (-9 ))Edaz—AdZ
o
1-—g'(1 A2
"'3=—(1-g'(1)) €edz+ al n? W) (Z'X'XZ)da, +?d2a2
2

Proceeding on some line as for r;, the characteristic function of vector r; to order
3
0, (T_E) is given by
* * * —lh’h
(M) ={1+&1+8&5,+8 3 )e 2
2 2
Where

= - Ldhay)
SC_%— pn 29
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/ /’[2 !
£, =2d(h'h) — ﬁ(h ay)?
i(1-g'(1 iA*
e, = 0=9D) ) — W a) + L a2ty
-5 nT o
+ i d2(h'a' )R h + w d3(h' a,)?
o *2 603 2

Using the approximate expression (13) of the characteristic function of r2, the
inversion theorem (9) and the results in (8), we obtain the large sample

approximate expression for the joint probability density function of r2, to
3

order 0 (T_E), to be

2 2
Where

d
Y’y = —g(g’(l))Gz + (1= g'(Do?)(azrz)
2

YZ, = d(g’(l))ag +(1—-g' (Do*)(p —1y12)

d2
—5—5(9'Wad + (1 - g'(1)0?)" (e, = (@3m2)?)
1-g'(1)d
'y = ( gn’I(" )) G{(airz)(rzlxlxrz) —2(azX'Xr;)}
2
d2
+—(g'Wof + (1 - g'D)0?) (@pr)(rir) - (0 + D(@pm)
d3

— 5 (g Wog + (1~ g'()0?) " ((@)* — 3(asa) (@m)):

For the derivation of the small disturbance asymptotic expressions of the
sampling distributions of the estimators b; and b3, we rewrite the model taking
U = ow as

Y =X( +ow

So that w follows a multivariate normal distribution with mean vector zero and
dispersion matrix I . The small disturbance approximation for the estimation
error of estimator by can be written from chapter Il as
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(bi =B) =01+ P, + 03p3 + c*¢, + 0(c°)

Where
d,=X'X)"X'w
¢, = —V(X'X)'HB
¢; =-VX'X)TTHX'X)"1x'Ww
¢, =V X'X)"THX'X)"1Hp

1—-9g'(1 _
V= g+ 2 D) wpw)
o5
H=;

It may be mentioned here that the random vector Z = (X’X)_%X’W follows a
multivariate normal distribution with mean vector zero and dispersion matrix It
and W PyW has a chi square distribution with n = (T-p) degrees of freedom. Also
Z and WPxW are independently distributed.

From, we have

1 1
r == (X"X)2(b{ — )

= Ay +0A, + %A, + 0345 + 0%4, + 0(c?)

Where
Ay =12
A= —Vay
A, = =V(CZ
A; =V%Cay

The approximate characteristic function of the vector ry in up to order 0(¢3) is
K, (h) = E(elh’rl )

— E{e lhAO eUthA1+O'2ih’A2+0'3ih,A3}
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. [eih’A0{1+a(ih’A1)+az((ih’A1)+%(ih’A1)2>+a3<(ih’A1)+(ih’A1)(ih’A1)+%(ih’A1)3)}]

Utilizing the results
E(W'PyW) =n
E(W'P,W)? =n(n + 2)
EW'P,W)3 =n(n+2)(n +4),
And the results in(3.3.5) , we observe that the

Characteristic function of the vector r1 up to order 0(¢?), is given by

K, (h) = (1+ 0K, + 02K, + 03K3)e_%h’h
Where
K, = —i{ug' (1) + (1 — g’(D)} (W ay)
K, ={pg' (1) + (1 - g'(1))}(h' ch)
- 1{;3@’(1))2 + (219’ (W)(1-g' M)
(n + 2)

(1-g'(D) }m'aaz

K; —l{ 2(g')" + (2ug' M)(1 - g'(1))
(n+ 2)

(1-9'(D) }(h'cal)

+ i{uz(g’(l))2 +(2ug'M)(1-g'(D)
(n+ 2)

(1-9'(D) (h'aa(h'ch)}
O 306 - )

Now with the help of the result (8) and inversion theorem (3.3.8), the small

disturbance asymptotic expression for the joint probability density function of
the elements of vector rl is given by

IJCRT1134503 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.orqg | 353


http://www.ijcrt.org/

www.ijcrt.org © 2019 IJCRT | Volume 7, Issue 1 January 2019 | ISSN: 2320-2882

gr)=QA+ov, + 0'2772 + 03773)5(7”1)
Where

vy = —{g'(Du+ (1 - g' (D)} air)
v, = {,ug’(l) + (1 — g’(l))}(tr c—r'cr)
- %{uz(g’(l))2 +2ug'(D(1 - g'(D)
2(n+2)

+ (1 9 (1)) }(“1“1 — (a111)?)

B {uz(g'(l))z +2ug'(D(1-g'(D)
2 (’I”L ' 2) }

+ (1 — '(1))
—(r)(trc—a; c 7”1)}

1
- 3 ) - g w)

A (agr) (1 c 1)

(n+2)

+312(g' (1) (1 - g’ (D) +3ug' W(1 - g'(D).

2 4
Aok Beyaassd & )}.{<a1r1>3—3<a1a1><a1r1>}

From chapter Il , we have small disturbance asymptotic expression for the
estimation error of the estimator b; to be

(b; — B) = 00, + 0205 + 0305 + 0}, + 0(c®)
Where
0, = X'X)"X'w

0; = —vdp
03 = —vd(X'X)"1X'w
0 = v?d’p
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From (3.3.20), we have

1 1
ry =~ (X'X)2(b; — B)

= Ay + oA} + 0?45 + 0345 + 0(c*)

Where
Ay =72
Al = —vda,
A5, = —vdz

The approximate characteristic function of the vector r, in (3.3.21) upto order
0(c?)is

1,7

K,,(R) = [1+ oK; + 02K; + 0°K3 Je 2" "
Where
Ki = —ifg'(D) + (1 - g'(D)}(h'ar)

2

d 2
= dfug' () + (1= g O =5 (e (g' W)+ 209’ D(1 - ' (D)}
{(" D1-gq )} ()’

K; = id? {,uz(g’(l))z +2ug'D(1 - g' (D) + (n+2)
— i {“(9 )" +2u(g'W)(1 - g'(D)
+ (n + 2) (1- g'(1))2}. (W) (H'h)
"% dg{ 3(g'(D) +3u%(g' W) (1 - g' (D)

+3( )ug D.(1-g'@W)°
4 <n + 2) <n+ 4)( 1—g (1)) }(h’a2)3

n

(1- g'(l))z} (M a)
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Using the approximate expression (3.3.22) of the characteristic function of ry,
the inversion theorem and the results in the small distribution asymptotic
expression for the joint probability density function of the elements of vector r;
is given by

g(r) = A +ovi+0°v;+0°v3)E(r,)
Where

vi = —d{ug' (D) + (1 - g'(D)}(az 1)
v; =d(pg' () +(1-g'())) (@ —1372)
- d—Z{ 2(g'(D)" +2ug' (1 - g'(D)
+(1- g ) "2 (@b ~ ()
vy = d? {u?(g' (D))" + 2ug'(D(1 - g'(l))}
{(1 _gm)y st 2)} e e M) M 1) (7))

d3
{ 3(g'()” +3u?(g’ () (1 - g'(D)
2 (n + 2)

+3ug’'(D(1-g'(V)".

2 4
(- g )y T2 )} ((a}r,)* = 3(ajaz) (ahrs))}

Before finding the concentration probability of the generalized quasi minimax
and mock-minimax estimators by and b, we find the concentration probability
of the ordinary least square (OLS) estimators b around the true unknown
coefficient vector £3.

For p arbitrarily chosen positive constants mq, m,, Mg, ... ... ... My, and m =
(M4, My , M3, ... ... .... My ), the concentration probability of of the OLS estimator
b around B in the region bounded by the plane {|b — B| < m} = {|bj — ,8| <
m;; j =123, ... p}in the p-dimensional ecludian space is given by
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CP(b) = P{|b — B| < m}

1 1 1 1
= P{; X'X)2(b—pB) < m},where m = E(X’X)i m
=P{|zj| <m;;j =123, .....p}
= @(m),
Where m; is the j" element of the px1 vector m,Z’s

(j = 1,2,3,......... p) are the p elements of the standard normal vector z =

1
i(X’X)E(b — B) and @(m) is the probability that the standard normal Z lies in
a region bounded by the planes (|Zj| =m;;j=123.. ....,p) in the p-
dimensional Ecludian space and is obtained by

mq

B(m) = j N | €@ dzy ez,

1

with é(z) =

1
5 e 244 being the standard multivariate normal density of Z.
(2m)2

Proceeding on the same lines as for the OLS estimator b for finding the
concentration probability, we see that the concentration probabilities of the
estimators by and b, around (8 are given by

(1)Under large sample asymptotic

CP(b;) = P{lb; — Bl < m}

=P{|rj|<m;;j=123...... p,}
(where ry; is the jt" element of vector r;)
my mq
- j vae wen was nen e s f(T'l) d7‘11 dT'12 ver mrnan dT‘lp
—My —-—mq

CP(bz) = P{lb; — Bl = m}
= P{|ry;| <m;;j =123, .....p},
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my mq
=J" e | f() dryy dTgp ey
-m

p —my
And

(2)Under small sigma asymptotic

mp mq

CP(bI) - f T T j g(Tl) dT‘11 drlz ver wen e dT'lp
—mp —-mq
mp mq

CP(b;) == j T T j g(rz) erl drzz ver wwe s drzp
—mp —-mq

Using the following result in

mp mq
j §(r) dry dry ........dr, = @(m)
—Mmp —-—mq
mp mq
] j (ar)é(r) dry dry........dr, =0
—Mmyp —mq
mp mq
j j (r'Ar) £(r) dry dry ........dry
—mp —-mq
1 2
mie 2"
=<trA —Zleaii m_l 17 Q)(m)
J, e dr
mp mq
j j (a'r)? &(r) dry dry .......dn,
—My -mq
ml-e_lm%
Naa—3 @27 Lo
m; ——r.z
J, ‘e ?'idr
mp mq
j j (@'r)(r'Ar) &) dry dry.e.o..dr, =0
—mp —-mq

Where aji is the it" diagonal element of matrix A and q;

is the it" element vector a, we get the concentration probabilities of estimators
bi and b, around f in the region bounded by the column vector m in the p-

dimensional Ecludian space as
IJCRT1134503 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.orq | 358



http://www.ijcrt.org/

www.ijcrt.org © 2019 IJCRT | Volume 7, Issue 1 January 2019 | ISSN: 2320-2882

3

(1)Under large sample asymptotic to order 0 (T 2)
CP(b}) = [1 +{g'(Do¢ +(1—g'(1)o?}tr CE

~ 55 {g'Weg + (1= g )7 (it E ay)].00m)
CP(b3) = [1 +d{g'(Do¢ +(1—g'(1)o?}tr E

d2
— 55 lg Wt +(1-g D)o} (a3 E az)] .B(m)

where E is a diagonal matrix, i.e. E =diag. (e 1,e2,...ep ) with elements as

And

(ii) Under small sigma asymptotic to order 0(c3)

CP(b}) = [1 +{g'(Do¢ + (1=g'(1))a?}tr CE
1 2 ' 212
— 55210’ Wag + (1= g'D)o?}
2 2
+=(1-g' ) 0* @ E ap)|.00m)

CP(b}) = [1 +d{g'(VDa¢ +(1-9g'(1))a?}trE

d? 2
5519’ + (1 - g M)} + -

2
+=(1- g'(D) ot (a5 E “z)] -O(m)
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4. SOME REMARKS

(a) The results obtained by shukla (1993) concerning the concentration
probabilities of the estimators b1 and b, may be easily seen to be the special
cases of those obtained in this chapter for the generalized estimators
bi and b;.

3
(b) From (3.3.24) and (3.3.23) upto the order 0 (T_E) we see that
CP(by) — CP(b3)
_ ld{g’(l)aoz +(1-g'@)o?tr CE
1 ! / 2 !
-5 {9t + (1 - g’ (0)0?) (@ E )| .00m)
which is positive if

B'H(X'X) ZE(X'X) ZHB
20

R
R +(1-gm)ed) " = 07

Which hold for a sufficient condition

—— 1 1
Ch. l(X’X) E(X'X) _EHI B
202

S
ST+ A-g@)?) FrUea) BB

Which hold if

IJCRT1134503 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.orq | 360


http://www.ijcrt.org/

www.ijcrt.org © 2019 IJCRT | Volume 7, Issue 1 January 2019 | ISSN: 2320-2882
3

Further, from (3.3.25) and (3.3.23 ) to order 0 (T 2), we have

CP(by) — CP(b)
=|d{g' Do +(1—g'(1))o?}tr E
d2
~ 250 Wag + (1 - g’ ()0 (@ E o@] B(m)
Which is positive if and only if

B'(X'X)ZE(X'X) 2P

y 202 (ﬁ.(AH—l) ) o E
(9’ Mo + (1 —g'(1))a?) \tr AX'X)1

And holds true at least as long as

Ch. lH‘l(X’X) ‘%E(X'X)‘%]
- 2072 <ﬁ.(AH‘1) > o
(gDt +(1—-g@)e2) \er Axx)= )"

Under small disturbance approach, comparison of concentration probabilities of
the estimators by, b;, b1, b, and b may be done on similar lines.

(c) In particular, for the estimators

bjo =[X'X+S?(1 -1 —-wH] XY
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