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1. Introduction

The concept of hyperstructure was introduced in 1934 by Marty [1]. Hyperstructures have many applications to several
branches of pure and applied sciences. Vougiouklis [2] introduced the notion of Hy-structures, and Davvaz [3] surveyed the theory of
Hy-structures. After the introduction of fuzzy sets by Zadeh [4], there have been a number of generalizations of this fundamental
concept. The notion of intuitionistic fuzzy sets introduced by Atanassov [5] is one among them. For more details on intuitionistic fuzzy
sets, we refer the reader to [6, 7].

In [8] Biswas applied the concept of intuitoinistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy subgroups
of a group. In [9] Kim et al. introduced the notion of fuzzy subquasigroups of a quasigroup. In [10] Kim and Jun introduced the concept

of fuzzy ideals of a semigroup. In [11] Zhan et al. introduced the notion of intuitionistic (S, T ) -fuzzy H,-submodule of an H,-module.

Basing on [11], in this paper, we apply the notion of interval valued intuitionistic (S, T)-fuzzy H,-submodules of an H,-module and
describe the characteristic properties. The paper is organized as follows: in section 2 some fundamental definitions on Hy-structures and
fuzzy sets are explored, in section 3 we establish some useful properties on interval valued intuitionistic (S, T')-fuzzy H,-submodules

and in section 4 interval valued intuitionistic (S, T)-fuzzy relations on an Hy, -module are discussed.

2. Basic Definitions
We first give some basic definitions for proving the further results.

Definition 2.1 [12] Let X be a non-empty set. A mapping £ : X —[0,1] is called a fuzzy set in X .The complement of 1,
denoted by ¢, is the fuzzy set in X given by

w1 (X)=1-p(x) VxeX.

Definition 2.2 [12] Let T be a mapping fromaset X toaset Y Let i be afuzzy setin X and A be a fuzzy set in Y . Then the
inverse image f (1) of 1 isafuzzy setin X defined by

fHAX)=A(F(X) VxeX.

The image f (1) of s is the fuzzy set in Y defined by

suq u(x), Fy)=4

f (,Ll)(y) =1"" (é), otherwise

Forall yeY .

Definition 2.3 [12] An intuitionistic fuzzy set A in a non-empty set X is an object having the form
A={(X, a,(X), Br(X)): X € X}, where the functions &, : X —[0,1] and S, : X —[0,1] denote the degree of membership

and degree of non membership of each element X € X to the set A respectively and 0 < &, (X) + S,(X) <1 for all x € X . We shall
use the symbol A={e,, B,} for the intuitionistic fuzzy set A={(X, a,(X), B,(X)): X € X}.

Definition 2.4 [12] Let A={a,, f,} and B ={ar,, [} be intuitionistic fuzzy setsin X . Then

() AcB e a,(x)<ag(x)and B,(X) < B (X),
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(2) A° ={(x, Bo(%), 2, (X)) : x € X},
(3) Aﬁ B — {(X’ min{aA(X)’ aB (X)}’ }’
max{,(4), f (0 : X < X
(4 AuB-~ {(x_, maxfar (), @5 (9, }
min{, (0, () : x < X
(5) A ={(x, &, (x), o (x)):x € X},
(6) 0A={(x, B2 (X), Bp(X)): x € X |.
Definition 2.5 [13] Let G be a non-empty set and *: G xG — @ (G) be a hyperoperation, where (" (G) is the set of all the non-
empty subsets of G . Where A*B=|J ax*b, VA BcG.

acA, beB
The * is called weak commutative if X ¥y Ny *X =@, VX, yeG.

The * is called weak associative if (X* y)*Z N X*(y*2) =@, VX, y,2€G.

A hyperstructure (G, *) is called an H,—group if

(i) * is weak associative.

(ila*G=G=*a=G, VaeG (Reproduction axiom).

Definition 2.6 [14] Let G be a H,-group and let 4 be a fuzzy subset of G. Then x is said to be a fuzzy Hy-subgroup of G if the
following axioms hold:

@ min{u(x), u(V}< inf{u(2)}, VX, yeG (i) For all X,a€G there exists YeG such thatxea*y and
zex*y
min{z(a), p(x)}<{u(y)}.

Definition 2.7 [15] Let G be a Hy-group. An intuitionistic fuzzy set Az{aA, ,BA} of G s called intuitionistic fuzzy H,-subgroup of
G if the following axioms hold:

() min{a, (9, @, (N} < inf {2}, V6, y <G
(i) Forall X, a € G thereexists Y € G such that x € a* yand min{e,(a), &, (X)} <{a,(y)}.

(i) sup{,(2)} < max{B,(x), Ba ()}, VX y€G.

Zexxy

(iv) For all X, & € G there exists Y € G such that x € a* yand{£, (y)} < max{$,(a), S.(X)}.
Definition 2.8 [13] An Hy—ring is a system (R, +,-) with two hyperoperations satisfying the ring-like axioms:

(i) (R,+) isan H.-group, that is,

((x+y)+2)n(X+(y+2)#¢ VX YyeR,
a+R=R+a=R VaeR,;

(i) (R,-) is an H,-semigroup;
(i) (+) is weak distributive with respect to (+) , that is, forall X,y,z€e R,

(X-(y+2) N (X-y+x-2) # ¢,
((x+y)-2)n(x-z+y-2) =g

Definition 2.9 [16] Let R be an Hy-ring. A nonempty subset | of R is called a left (resp., right) Hy-ideal if the following axioms
hold:

(i) (1,+) isan Hy-subgroup of (R,+),

(i) R-1 | (resp, 1 -Rc ).
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Definition 2.10 [16] Let (R,+,-) be an H,ring and g a fuzzy subset of R. Then g is said to be a left (resp., right) fuzzy H,-ideal
of R if the following axioms hold:

@ min{z(x), u(y)} <inf{z(z) : ze X+ y}vx,y eR,
(2) For all Xx,a € R there exists y € R suchthat X ea+Y and min{u(a), u(X)} < u(y),

(3) Forall Xx,a € R there exists Z € R suchthat X € z+a and min{u(a), (x)} < u(z2),
@) u(y) <inf{u(z):z € x- y} [respectively p(X) <inf{u(z):zex-y} VX, yeR 1

Definition 2.11 [16] An intuitionistic fuzzy set A:{aA, ,BA} in R is called a left (resp., right) intuitionistic fuzzy H,-ideal of R if
following axioms hold:

@ min{e,(X), (V)Y < inf{ex,(2) : 2 € X+ Y} and max{B,(X), B.(V)}=sup{fB,(2):z € X+ y} forall X,y R,

(2 For al Xx,aeR there exists yeR such that Xea+y and min{a,(a),a,(X)}<a,(z) and

max{/3,(a), B ()32 B,(Y),

(3) For all Xx,aeR there exists zeR such that Xez+a and min{u,(a), u,(X)}<u (z) and

max{f3, (@), B, ()} B (2),

Bea,(y)<inf{a,(z):zeXx-y} [respectively a,(X)<inf{a,(2):zex-y} VX yeR] and
La(Y) 2sup{f,(2):z € X- y} [respectively S,(X) =sup{f,(z):zeXx-y} VX,yeR]

Definition 2.12 [16] A nonempty set M is called an H,-module over an Hy -ring R if (M, +) is a weak commutative Hy, -group and there
exists a map

(a(x+y))n(ax+ay)=4,
((x+y)a)n(xa+ya)=g,

(a.(bx))~((ab).x) 4.

Note that by using fuzzy sets, we can consider the structure of H, -module on any ordinary module which is a generalization of a
module.
Definition 213 [18] A fuzzy set u in M is called a fuzzy Hy-submodule of M if

@ min{u(x), u(Y)}<inf{u(z): ze x+ ypvx,ye M,
(2) Forall X,ae M there exists ¥,Z € M such that X e(a+ y)m(z+a) and

min{z(a), ()} <inf { u(y), 1(2)},
B u(y) <inf{u(z):zex-y}forall ye M and xeR.

Definition 2.14 [11] An intuitionistic fuzzy set Az{aA, ﬂA} in an H, —module M over an H, —ring R is said to be an intuitionistic

. RxM —>go*(M),(r,X)—>r.x Such that for all a,b € R and X,y € M , we have

fuzzy Hy-submodule of M if the following axioms hold:
@ min{a, (X), o, ()} <inf{e,(2) : 2 € X+ Y} and max{B,(X), Ba(Y)}=sup{f,(2):z e x+Vy} forall x,ye M,

(2 For all Xx,aeM there exists yeM such that Xea+y and min{a,(a),a,(X)}<a,(z) and

max{/3,(a), B (X)}= B,(y),
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(3 For all X,aeM there exists zZeM such that Xez+4+a and min{u,(a), 1, (X)}< pu,(z)  and

max{3, (@), B (X)} = Ba(2),
@a,(x)<inf{a,(z):zer-x}and B,(X) 2sup{B,(z):zer-x} forall xeM and reR.

Definition 2.15 [17] By a t-normT , we mean a function T :[0,1]><[O,1] — [0,1] satisfying the following conditions:

()T (x1)=x

(i) T (x, y)<T(x z) if y<z,
()T (% y) =T (¥, %),

(V)T (xT(y.2)=T (T (xy).2)
Forall X,y,Z € [0,1].

Definition 2.16 [17] By a S-norm S, we mean a function S : [O,l]x[O,l] - [0,1] satisfying the following conditions:
(1) (x.0)=
(ii)S(x,y)<S(x,z) if y<z,
(iii)S(x,y) =S(y,x),
(iv)$(xS(v.2))=S(S(x¥).2)
Forall X,Yy,Z € [O,l].

It is clear that

T (a,ﬂ) <min {a, ﬂ} < max{a,,b’} <S (a, ﬂ) Forall &, B € [0,1].

By an interval number & we mean an interval [a‘,aﬂ where 0<a” <a’ <1. The set of all interval numbers is denoted

by D[O,l]. We also identify the interval [a, a] by the number a e [0,1].

For the interval numbers &, :[a.’,a.*] € D O,l],i e |, we define
max{ai,ﬁ,}:[max(ai‘,b, ), max (a; ,bf)]
mln{ b}:[mln(aI b7 ), min (a’ ,b,*)}

mfa:[ ,,_/\ai*]supa“li [vla vla}

iel

and put
(1), <&, <a, <a, and 8, <aj,
(2):’51:512 <a =a, and 8 =a,,
(3)51<52 <& <48, and 8 #4,,
4)ka = [ka’, ka*], whenever 0 <k <1.
It is clear that (D [0,1] VSV, /\) is a complete lattice with 0 = [O, 0] as least element and 1= [1, 1] as greatest element.

By an interval valued fuzzy set F on X we mean the set F :{<X,[a; (X),a; (X)]) Xe X}. Where o and a; are fuzzy

subsets of X such that o (X)< ez (X) for all xe X. Put @ (X)=[a; (X),a;(x)]. Then F :{(X,d,: (X)):Xe X},

where ¢ 1 X — D[O,l].
If A, B are two interval valued fuzzy subsets of X, then we define
Ac B ifandonlyifforall xe X, o, (X)<og(X) and o, (X)<eg (%),
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A=B ifandonlyifforall Xe X, a, (X) =g (X) and a, (X) = oz (X),
Also, the union, intersection and complement are defined as follows: let A; B be two interval valued fuzzy subsets of X, then

AuB:{(x,[max{aA(x),aB(x)},max{a;(x),ag(x)}]):XE X},
AmB:{(x,[min{a;(x),ag(x)},min{a;(x),ag(x)}]):XG X},
A° :{(X,[{l—a;(X),l—a;(X)}])IXE X}.

According to Atanassov an interval valued intuitionistic fuzzy set on X is defined as an object of the form
A:{(x,&A(X),ﬁA(X)):XeX}, where @, (x) and ﬁA(X) are interval valued fuzzy sets on X such that

0<supd, (X)+sup B, (x)<1forall xe X.
For the sake of simplicity, in the following such interval valued intuitionistic fuzzy sets will be
denoted by A= (&A,,BA).

3. Interval Valued Intuitionistic (S, T)-Fuzzy Hv-Submodules
In what follows, let M denote an Hv-module over an Hv-ring R unless otherwise.

Definition 3.1. An interval valued intuitionistic fuzzy set A = (O?A,ﬁA) of M is called an intuitionistic fuzzy Hv-submodule of M
with respect to t-norm T and s-norm S (briefly, intuitionistic (S, T)-fuzzy Hv-submodule of M) if it satisfies the following conditions:

(DT (G (%), @ (Y)) Sinf ey, @, (2) and S(Ba (), Aa(Y)) 2 8UP.y,y Ba(2), VX, Y M,

(2) For all x,aeM there exists yeM such that xea+y and T(@,(a),@,(X))<a@,(y) and
S(Ba(@).Ba (%)= Ba(y),

(3) For all x,aeM there exists zeM such that Xxez+a and T(&,(a) @, (x))<d,(z) and
S(BA(a)’BA(X))ZﬁA(Z)’

(4)a,(x)<inf,_, @,(z) and B, (X)=sup,.., Ba(z), forall xeM and r eR.

Definition 3.2. The norms T and S are called dual if for all a,b <[0,1],T (a,b)=$(a,b).

Lemma 3.3. Let T and S be dual norms. If A = (&A,,BA) is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M, then
sois A= (dA,o?_A).

Proof. It is sufficient to show that ¢, satisfies the conditions of Definition 3.1. For all X,yeM, we have
T(@a(x).a,(y))<inf,_,, a@,(z) andso T(l—a?_A(x),l—aTA(y))s inf,_., (1—07_A(z)).

e T (1, ()18, () .., (-3 (2))

Which implies T (1-@, (X),1- &, (Y)) <1-SUp, ., @, (2) since T and S are dual

Now, let @ X&M. Then there exists y €M such that xea+Yy and T (&, (a),a,(X))<a,(y). It follows that that
T(1-@,(a).1-a,(x))<1-a.(y),

sothat &, () <1-T (1-&, (a),1-@, (x)) = S (@, (a), @\ (x)).

Similarly, let &, X € M. Then there exists Z € M such that X € Z+a and &, (2) <S (&, (a), & (x))-

Now, let XxeM and reR, we have @,(x)<inf,  a,(z) since a, is a T -fuzzy Hv-submodule of M. Hence

1—57A(X)S inf,_, (1—0?_A(Z)) which implies SupZEr,Xd_A(Z)S&_A(X). Therefore 1A = (dA,&_A) is an intuitionistic (S,
T)-fuzzy Hv-submodule of M.
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Lemma 3.4. Let T and S be dual norms. If A = (dA, /?A) is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M, then

sois OA= (,BA,,&A).

Proof. The proof is similar to the proof of Lemma 3.3.

Combining the above two lemmas it is not difficult to verify that the followingtheorem is valid.

Theorem 3.5. Let T and S be dual norms. Then A = (&A, ,EA) is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M if
and only if “JA and QA are interval valued intuitionistic (S, T )-fuzzy Hv-submodules of M.

Corollary 3.6. Let T and S be dual norms. Then A = (O'ZA,,BA) is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M

ifand only if &, and ﬂ~A are T —fuzzy Hv-submodules of M.
Definition 3.7. An interval valued intuitionistic (S, T)-fuzzy Hv-submodule A = (dA,ﬁA) of M is said to be imaginable if &A and

BA satisfy the imaginable property.

The following are obvious.
Lemma 3.8. Every imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M is interval valued intuitionistic fuzzy Hv-
submodule.

Lemma 3.9. [19] A fuzzy set p in M is a fuzzy Hv-submodule of M if and only if the non-empty U (u; ), « €[0,1]is an Hv-

submodule of M.

Lemma 3.10. [19] A fuzzy set p in M is a fuzzy Hv-submodule of M if and only if the non-empty p is an anti-fuzzy Hv-submodule of
M.

By the above Lemmas, we can give the following results.

Theorem 3.11. If A= (O?A,ﬁA) is an imaginable interval valued intuitionistic fuzzy set in M. Then A = (dA,,BA) is an interval
valued intuitionistic (S, T)-fuzzy Hv-submodule of M if and only if the non-empty sets U(&,; @) and L(f,; ) are Hv-submodules
of M, for every a €[0,1].

Theorem 3.12. Let A= (&A,ﬁA) be an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M. Then
a,(x) = sup{a €[0,1]|x e U(@,;a)} and B,(x) = inf{a €[0,1]|x € L(B,; )}, forall X € M.

Definition 3.13. Let f: M — M’ be a strong epimorphism of Hv-modules. If A = (dA,,BA) is an interval valued intuitionistic fuzzy

set in M', then the inverse image of A under f, denoted by f *(A), is an interval valued intuitionistic fuzzy set in M, defined by
1 -1/ ~ -1/

f2(A) = (F(an), T7(B))-

By the above Definition, we can give the following result.

Theorem 3.14. Let f : M — M’ be a strong epimorphism of Hv-modules. If A= (dA,ﬁA) is an interval valued intuitionistic (S, T)-

fuzzy Hv-submodule of M". Then the inverse image f (A) = (f*(&,), f_l(,BA)) of A under f is an interval valued intuitionistic

(S, T)-fuzzy Hv-submodule of M.

4. Interval Valued Intuitionistic (S, T)-Fuzzy Relations

We first recall that a fuzzy relation on any set X is a fuzzy set u: XxX — [0, 1]. We now give the following definitions and cite some
known results.

Definition 4.1. An interval valued intuitionistic fuzzy set A = (&A,ﬁ’A) is called an interval valued intuitionistic fuzzy relation on
any set X if &, and BA are fuzzy relations on X.

Definition 4.2. Let A = (O'ZA,/;’A) and B = (O?B,BB) be interval valued intuitionstic fuzzy sets on a set X. If A = (dA,ﬁA) is

an interval valued intuitionistic fuzzy relation on X, then A = (O?A,ﬁA) is called an interval valued intuitionistic (S, T)-fuzzy

relation on B = (dB,ﬁB) it and B, (X, ¥) =S(B5(X), Bs(y)), forall X, y e X.
Definition 4.3. The interval valued intuitionistic (S, T)-Cartesian product of A and B, denoted by A x B, is an interval valued

intuitionistic fuzzy set on X, which is defined by AxB= (&A,BA)X(O?B,,BB) = (dAXdB,BAXBB): where
(@yxa5)(%, Y) =T(En(X), &5 (¥)) and (B x fe)(X, ¥) =S(Ba(X), fs(¥)) hold forall X, y € X.

Lemma4.4.If A= (&A,,Zv’A) and B = (O?B : ,BB) are interval valued intuitionistic fuzzy sets on a set X. Then we have
(i) A x B is an interval valued intuitionistic (S, T)-fuzzy relation on X;
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(i) U(a, xdy;a) =U(d,;a)xU(dy;a) and U(B, x By, ) =U(B,;a)xU(B,;a) forall o €[0,1].

Definition 4.5. If A= (dA,ﬁA) and B = (dB,ﬁB) are interval valued intuitionistic fuzzy sets on a set X, the strongest interval

valued intuitionistic (S, T)-fuzzy relation on X is defined by A = (@, :BA,] ), where @, (X, y) =T(&z(X), az(y)) and
aB B aB

By, (X, ¥) =S(B5(x), B3 (¥)) forall , y e X.

Lemma 4.6. For the interval valued intuitionistic fuzzy sets A = (&A,ﬁ’A) and B = (&B,[?B) onaset X, let Ay be the strongest

interval valued intuitionistic (S, T )-fuzzy relation on X. Then for any o €[0,1], we have U(@, ;) =U(&g; ) xU(ag; @)
ap

and L(BAﬁB ;0() = L(ﬁs;a) x L(IBB;a)'
Lemma 4.7. [20] For all &, 3, &, ¥ €[0,1], we have T (T (a, B), T (v, 8)) = T (T (a, v), (B, 8)); S(S(a, B), S(¥, ) = (S(a, ), S(B,
d)).

By using the above lemmas, we have the following theorem.

Theorem 4.8. If A = (dA, ﬁA) and B= (0?8 ) BB) are interval valued intuitionistic (S, T)-fuzzy Hv-submodules of M. Then AxB
is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M xM.

Corollary 4.9. If A= (O?A,,BA) and B = (dB,ﬁB) are imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodules of

M. Then A x B is an imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M xM.
The following theorem characterizes the imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodules on Hv-modules.

Theorem 4.10. If A= (dA,ﬁA) and B= (dB,ﬁB) are imaginable interval valued intuitionistic fuzzy sets of M and A is the

strongest interval valued intuitionistic (S, T)-fuzzy relation on M. Then B = (O?B,,B’B) is an imaginable interval valued intuitionistic
(S, T)-fuzzy Hv-submodule of M if and only if AB is an imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodule of M
xM.

Proof. Let B = (075 , BB) be an imaginable interval valued intuitionistic (S, T)-fuzzy Hv- submodule of M. Then we can verify the

following conditions of definition 3.1.
D) Let X= (X, X,), Y= (Y, ¥V,) EMXM. Forany z= (z,, Z,) € X+ Y, we have

inf @, (2) = inf  d, (2,2,

ZeX+y (21,25) (X1, X)) +(Y1.,Y2)

inf {-I_(dB (Zl), dB (ZZ))}

(21,25)e(X+Y1. X2 1Y2)

T( inf @,(z), inf @,(z,))
X212

1€ty Z

> T(T(ds (%), ag(yy), T(@s(X,), @g(y.)))
:T(T(dB(Xl)’ dB(XZ))’ T(dB(yl)’ dB(yZ)))
:T(&AdB(Xl’ Xz)’ dAdB(Ym yz))
=T(@ads (X), anas(y)).
similarly, we have SUP,..., B (2) <S(By_ (X), By, (¥))-
(2) For all X= (X, X,), a= (&, a,) eMxM. Then y,, ¥, €M such that X, €a, +V, and X, €a, +Y,, and thus
(X, X,)e(@,+y,, a,+Y,)=(a,, a,) +(Y,, ¥,). Moreover, we have
dAaB (y) :dAaB (y11 yz) :T(dB (yl)1 dB(yZ))
2T(T(a5(a), ag(x)), T(as(a,), a5(x,)))
=(T(0~fs(a1), &B(az)): T(dB(Xl)’ &B(Xz)))
= T(dAaB (a11 az)i dAaB (Xl’ Xz))
=T(d,, (@), @ (9)
similarly, f, (¥) <S(Ba, (@), fBa, ().

(3) is similar to (2).
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(@) Let X= (X, X,)eMxMand r= (1, 1,) eRxR. Forany z= (z,, z,) € (1, 1,)"(X;, X,), we have

Z|nrfX a, (2) = inf an, (21 Z,)

(21,25)e(h, 1) (X1, %3)

- inf  T(as(z), @s(z,))

(21,25)e( %q.,1,X5)

>T(inf (), inf ,(2,))

zy€h X

>T(ag (X)), ag(x,))
= dAaB (X17 XZ) = dAaB (X)

Similarly, sup BAﬁB (2) < BAﬂB ().

Zer-x

This shows that AB is an interval valued intuitionistic (S, T)-fuzzy Hv-submodule of MxM.

Now, for any X= (X, X,)eMxM, we can easily show that T(a@, (X), &, (X)) =@, (X) and

S(BA/,B (X), BA/,B (X)) = ,BA/;B (X)

Hence, AB is an interval valued imaginable intuitionistic (S, T)-fuzzy Hv-submodule of M xM.

To prove the converse of the theorem, we need prove the conditions (1)-(4) of definition 3.1 hold.
(1) Let X, Y € M. Then we have

inf Go(2) = Inf T(d(@), da(2)

ZeX+y

= inf a, (z, z)

Zex+y

= inf a, (z,z
(2.2)e(xX)+(yy) Aas( )

2T(dy, (X, X), @p (¥, Y))

> T(T(d(X), dg(X)), T(as(y), as(¥))
=T(g(X), ag(y))-

similarly, we have SUP, ., Bs (2) < S(f(X), B (Y)).

(2 For all X, aeM, and thus (X, X),(@, a)e MxM. Then there exists (Y, y)eM such that
(X, x)e(@ a) + (y,y) = (a+y, a+y). Thatis, Xxea+y.

Moreover, we have

ag(y) =T(@(y), a(y)) =an (v, Y)
>T(a,, (a, @), a, (X, X))

=T(T(a5(a), a5()), T(ap(x), (X))
::r(dB (a), a:B(X))' ~
Similarly, S5(y) <S(B;(a), Bg (X))

(3) is similar to (2).
(4) Let Xe M and r € R, we have

inf dy(2) = inf T(d,(2), @ (2)

inf a, (z,z
(2,2)e(r,1)(x,%) Aae( )

> &AHB (X, X)
=T(&(X), &g(x))
= @, (X).

similarly, SUP, ., B3 (2) < fBa, (X).
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This shows that conditions (1)-(4) hold and hence B = (dB,BB) is an imaginable interval valued intuitionistic (S, T)-fuzzy Hv-
submodule of M.
Definition 4.11. If A = (&A,BA) and B = (&B,ﬁB) are imaginable intuitionistic fuzzy sets on any set X, then the intuitionistic

(S, T)-product of A and B, denoted by [A* B]s 1, is defined by
[A Blsn = (@ A (G Bodlsm
= (@ @LIBy BDen
= (G GllBe Bl) o
Where [, &gl (X) =T (@ (X), @g(X)) and [By Bels(X) =S(BA(X), fs(X)), forall X e X
Theorem 4.12. If A= (dA,BA) and B = (dB,ﬁB) are imaginable interval valued intuitionistic (S, T)-fuzzy Hv-submodules of

M. If T (resp.S°) is a tnorm  (resp. s-norm)  which  dominates T  (resp. S), that s,
T'(T(a, B). T(y, oN2T(T (e, 7), T(B, 8)) and S (S(a, B), S(r, 6D <S(S'(a, ), S'(B, 6)) for all
a, B, v, 6 €[0,1]. Then for the intuitionistic (S*, T") -product of A and B, [A* B]

submodule of M.
Proof. In proving this theorem, we only need verify that the conditions (1)-(4) hold. The verification is montioned and we omit the
details.

Let f: M — M’ be a strong epimorphism of Hv-modules. Let T (resp. S) and T~ (resp.S” ) be the t-norms (resp. s-norms) such that

T is an intuitionistic (S, T)-fuzzy Hv-

T (resp.S" ) dominates T (resp. S). If A= (dA,,E’A) and B = (dB,,BB) are imaginable interval valued intuitionistic fuzzy Hv-

submodules of M, then the intuitionistic (S°, T")-product of A and B, we have [A* B] is an intuitionistic (S, T)-fuzzy Hv-

(s°T)
submodule of M. Since every strong epimorphic inverse image of an intuitionistic (S, T)-fuzzy Hv-submodule is an intuitionistic (S,

T)-fuzzy Hv-submodule, the inverse images f(A), f*(B), and f*([A* B] ) are also intuitionistic (S, T)-fuzzy Hv-

(87

submodules of M. In the next theorem, we described that the relation between f([A- B] ) and intuitionistic (S, T")-
= . | -1 -1

product [f (A): f (B)](s*,T*) of T (A) and T (B).

Based on the above discussion, we have:

Theorem 4.13. Let f: M — M’ be a strong epimorphism of Hv-modules. Let T" (resp.S" ) be a t-norm (resp. s-norm) such that T"

(resp.S" ) dominates T (resp. S). If A= (O?A,ﬁA) and B = (O?B,ﬁB) are intuitionistic (S, T)-fuzzy Hv-submodule of M’. Then

(s".1)

for the intuitionistic (S*, T") -product [A- B] of A and B and the intuitionistic (S*, T") -product [f (A)- f*(B)]

(s°.T)

of fﬁl(A) and ffl(B) we have f_l([A' B](S*,T*)) - [f_l(A). f_l(B)](S”,T*)'

(s°.T)
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