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1. Introduction

The concept of hyperstructure was introduced in 1934 by Marty [12]. Hyperstructures have many
applications to several branches of pure and applied sciences. Vougiouklis [14] introduced the notion of Hy-
structures, and Davvaz [5] surveyed the theory of Hy-structures. After the introduction of fuzzy sets by Zadeh
[16], there have been a number of generalizations of this fundamental concept. The notion of intuitionistic
fuzzy sets introduced by Atanassov [1] is one among them. For more details on intuitionistic fuzzy sets, we
refer the reader to [2, 3].

In [4] Biswas applied the concept of intuitoinistic fuzzy sets to the theory of groups and studied
intuitionistic fuzzy subgroups of a group. In [10] Kim et al. introduced the notion of fuzzy subquasigroups of
a quasigroup. In [11] Kim and Jun introduced the concept of fuzzy ideals of a semigroup. Zhan et al. [17]
introduced the notion of an intuitionistic (S, T)-fuzzy Hy-submodule of an Hy-module. This paper continues

this line of research for fuzzy Hy-ideal of Hy-ring. In this paper, the notion of an intuitionistic (S, T)-fuzzy
Hy-ideal of an Hy-ring is
introduced and some related properties are investigated.

The paper is organized as follows: in section 2 some fundamental definitions on Hy-structures and
fuzzy sets are explored, in section 3 we define intuitionistic (S, T)-fuzzy Hy-ideals and establish some useful
theorems.

2. Basic Definitions
We first give some basic definitions for proving the further results.

Definition 2.1 [6] Let X be a non-empty set. A mapping x«:X —[0,1] is called a fuzzy set in X .The
complement of 4, denoted by x°, is the fuzzy setin X given by

1 (X)=1-pu(x) WxeX.

Definition 2.2 [6] Let f be a mapping fromaset X toasetY  Let u beafuzzysetin X and A be afuzzy
setin Y . Then the inverse image f (1) of A isafuzzy setin X defined by

fHA)X) =A(F(X) VxeX.
The image f(u) of uisthe fuzzy setin Y defined by

sup  p(x), f7H(y)z4

f (lu)(y) = {Xsf 71(%)), otherwise

Forall yeY.
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Definition 2.3 [6] An intuitionistic fuzzy set A in a non-empty set X is an object having the form
A={(x, 1, (x), 2,(x)): x € X}, where the functions u, : X —[0,1] and 4, : X —[0,1] denote the degree of
membership and degree of non membership of each element xe X to the set A respectively and
0< 1, (X)+4,(x) <1 for allxe X . We shall use the symbol A={u,, A,}for the intuitionistic fuzzy set

A={(X, £1,(x), 2,(x)) : x € X}

Definition 2.4 [6] Let A={u,,4,} and B ={u;, A;} be intuitionistic fuzzy setsin X . Then
(1) AcB < 1, (X) < g (X) and 4,(X) < A(X)
(2) A ={(% 24(), #o(x)) : X € X},
(3) Aﬁ B _ (X! min{/uA(X)! /uB (X)}1
| max{2,(x), 4, ()} :xe X |’
() AL <] 0 M0, #5003,
CImin{ 2, (%), ,(0}) i xe X [
(5) DA={(X, 124(X), 15(x)): x € X},
(6) 0A={(x, A5(X), 2,(x)) : x & X |

Definition 2.5 [15] Let G be a non—-empty set and *:GxG — " (G) be a hyperoperation, where " (G) is
the set of all the non-empty subsets of G. Where AxB= (J ax*b, VA BcG.

acA, beB
The = is called weak commutative if Xxxy N"y*Xx=¢, VX, yeG.
The = is called weak associative if (x*y)*z N x*(y*z2)=¢, VX Y,2€G.

A hyperstructure (G, *) is called an H—group if

(i) * is weak associative.
(ila*xG=G=*a=G, VaeG (Reproduction axiom).

Definition 2.6 [7] Let G be a hypergroup (or Hy-group) and let x be a fuzzy subset of G. Then x is said to
be a fuzzy subhypergroup (or fuzzy Hy-subgroup) of G if the following.axioms hold:

@) min{u(x), u(y)}< inxi:y{y(a)}, VX, y €G (i) For all x,aeG there exists yeG such thatxeax*y and
min{u(a), ()} <{u(y)}-

Definition 2.7 [13] Let G be a hypergroup (or Hy-group). An intuitionistic fuzzy set A={u,, 4,}of G is

called intuitionistic fuzzy subhypergroup (or intuitionistic fuzzy Hy-subgroup) of G if the following axioms
hold:

(1) min{ iz, (%), g2 (Y)} < aigx[y{/lA(a)}, VX, y eG.
(ii) For all x,aeG there exists y € G such that x e a*yand min{, (a), g, (X)} <{u.(¥)}.
(iii) sup{A, ()} < max{2,(x), 2, (¥)}, VX yeG.

aexry

(iv) For all x, a e G there exists y € G such that x e a* yand{, (y)} < max{4,(a), 1,(X)}.

Definition 2.8 [15] An H,—ring is a system (R,+,-) with two hyperoperations satisfying the ring-like
axioms:

(1) (R,+,-) isan Hy-group, that is,

((x+yY)+2)Nn(x+(y+2))#¢ VX, yeR,
a+R=R+a=R VaeR;

[JCRT1134244 ‘ International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org ‘ 629


http://www.ijcrt.org/

www.ijcrt.org © 2016 IJCRT | Volume 4, Issue 4 October 2016 | ISSN: 2320-2882

(i) (R,-) is an Hy-semigroup;
(iii) (-) is weak distributive with respect to (+), that is, forall x,y,zeR,
(X-(y+2)n(x-y+x-2)#g,
((x+y)-2)n(x-z+y-2)#¢.

Definition 2.9 [9] Let R be an Hy-ring. A nonempty subset | of R is called a left (resp., right) Hy-ideal if
the following axioms hold:

(1) (1,+) is an Hy-subgroup of (R,+),
(i) R-1 < (resp.,1-Rc1).

Definition 2.10 [9] Let (R,+,-) be an H—ringand x a fuzzy subset of R. Then x is said to be a left (resp.,
right) fuzzy Hy-ideal of R if the following axioms hold:

@ min{u(x), u(y)} <inf{u(z):z € x+y}
VX, Yy eR,

(2) For all x,a € R there exists y € R such that xea+Yy and min{u(a), u(X)} < u(y),

(3) For all x,a € R there exists z e R such that x e z+a and min{u(a), u(xX)} < u(2),

D u(y) <inf{u(z):z e x-y} [respectively p(x) <inf{u(z):zex-y} Vx,yeR].

Definition 2.11 [9] An intuitionistic fuzzy set A={u,,4,} in R is called a left (resp., right) intuitionistic
fuzzy Hy-ideal of R if

(@ min{ue, (X), 2, (Y} < inf{, (2): 2 € X+ Y}
max{,(X), 14 (Y)} = sup{4,(2) : € X+ y}

VX, Yy €R,;

(2) For all x,aeR there exists yeR such thatxea-+yandmin{u,(a), z,(X)}<u,(y) and
max{4, (), 4, (X)}= A, (Y);

(3) For all x,aeR there exists zeR such thatxez+aand min{u,(a), u,(X)}< p,(z) and
max{4, (@), 4, (X)} = 4,(2);

(4, (y) <influ, (2) 1z € X- y}respectively i, (X) <inf{u,(2):zex-y} VX, yeR] and
A, (y) =2sup{1,(z) : z € x- y}[respectively 1,(X) 2sup{1,(z):zex-y} Vx,yeR].

Definition 2.12 [17] By a t-normT , we mean a function T :[0,1]x[0,1] —[0,1] satisfying the following
conditions:

(T (x1)=x,

()T (xy)<T(xz) if y<z,

()T (x,y)=T(y,x),

(V)T (xT(v.2))=T(T(xy).2)

Forall x,y,ze[0,1].

Definition 2.13 [17] By a s-norm S, we mean a function S:[0,1]x[0,1]—[0,1] satisfying the following
conditions:
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(1)S(x,0)=x,

(ii)S(x,y)<S(xz) if y<z,

(i) S(x,y)=S(y.x),

(V)S(x.5(y.2))=5(S(x.).2)

Forall x,y,z<[0,1].

It is clear that
T(a,f)<min{a, f} <max{a, S} <S(a, p)Forall a,p<[01].

3. Intuitionistic (S, T)-fuzzy H.-ideal

In this section we give the definition of intuitionistic (S, T)-fuzzy Hy-ideal and prove some related
results.

Definition 3.1 Let R be a Hy-ring. An intuitionistic fuzzy set A={u,, A,} of R is called intuitionistic (S, T)
-fuzzy Hy-ideal of R if the following axioms hold:

OTLun (), (W} <inf{u, (2) 1z e X+ y}
S{ALX), ta (VI =sup{1,(2):zex+y} (2) For all x,aeR there exists yeR such thatxea+ yand
VX, Yy €eR,

T{u, (@), 1y (X)} < 1, (y) and S{A,(a), 2, (X)}= A, (y); (3) For all x,aeR there exists
zeR such thatxez+a and T{u,(a), 1, (X))} < 1, (2) and S{4,(a), 4, (x)}=> 1,(2);
(4) 1, (y) <inf{, (2) : z € X- y}respectively u, (X) <inf{u,(2):zex-y} VX yeR] and

A, (y) =sup{A,(z) :z € x- y}[respectively 4,(X) Zsup{1,(z):zex-y} Vx,yeR].

Definition 3.2 The norms T and S are called dual if for all a,b<[0,1], T(a,b)=8<5,5). Lemma 3.3 Let
T and S be dual norms. If A={x,, A,} is an intuitionistic(S, T)-fuzzy Hy-ideal of R, then so is

i A:{,UA’ ;UCA} :
Proof It is sufficient to show that ., satisfies the conditions of Definition 3.1.

For x,yeR we have T {u, (X), u, ()} <inf{p, (z):z€x+y} and S0
T{l—y;(x),l—,u;(y)}ginf {1—,u,§(z):ZGX+y}

Hence T {1 g (x),1- x5 (y)} <1-sup{u;(2):ze x+y}
Which impliessup{u; (z):z.e x+ y} <1-T {1- 5 (x), 1- 5. (y)}
Since T and S are dual. Thereforesup{; (2):z e x+y} <S{u; (), i ()}

Now, let a,x € R. Then there exists y € R such that xea+y andT{s, (@), #y (X)} <{ua(Y)}
It follows that

T {1-p5(8), 1= pas () < (L= (¥)} s (y) <1-T {1- g5 (2), 1= pas (%)) = S {5 (), 145 (X))
So that

{5 () <s{us (@), s (%)}
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Similarly, leta, x e R then there exists z € R such that xe z+a and {/,z,i(z)} < S{y;(a), /,zf\(x)}

Now, let x,yeR, we have u,(y)<inf{u,(z):zex-y} since u, is a T fuzzy Hy-ideal of R.Hence

1— u (y) Sinf{L— 15(2) : 2 € x- y} which implies sup{u; (2): 2 € x- y}< g (y) . Therefore] A={p,, 1°,} is
an intuitionistic (S, T) -fuzzy Hy-ideal of R

Lemma 3.4 Let T and S be dual norms. If A:{,uA, ;LA} is an intuitionistic (S, T)- fuzzy Hy-ideal of R,
then so isOA={ 4, 4,} .
Proof The proof is similar to the proof of Theorem 3.2.

Combining the above two lemmas it is not difficult to verify that the following theorem is valid.

Theorem35 Let T and S be dual norms. Then A={z,, 4,} is an intuitionistic (S, T) - fuzzy H-ideal of R
if and only if [J Aand OAare intuitionistic (S, T) - fuzzy Hy-ideal of R

Corollary 3.6 Let T and S be dual norms. Then A={y,, 4,} is an intuitionistic (S, T) - fuzzy H.-ideal of
Rif and only if u, and A, are intuitionistic (S, T)-fuzzy Hy-ideal of R
Definition 3.7 For anyte[0,1] and a fuzzy set 4 in R the set U (,u;t)I{XE R:,u(x)zt}
L(t)={xeR:pu(x)<t}
is called an upper (respectively, lower) t-level cut of .
Definition 3.8 An intuitionistic (S, T)-fuzzy H, -ideal A:{yA,/lA} of R is said to be imaginable if x, and
A, satisfy the imaginable property.

The following are obvious.

Lemma 3.9 Every imaginable intuitionistic (S, T) - fuzzy Hy-ideal of R is intuitionistic fuzzy H, -ideal.

LLemma 3.10 [8] A fuzzy set 1 in R isa fuzzy H-ideal of R if and only if the non empty set U (;t),t €[0,1]
is an Hy-ideal of R

Lemma 3.11 [8] A fuzzy set x in R is a fuzzy Hy-ideal of R if and only if the non empty set 4° is an anti-
fuzzy Hy-ideal of R

By the above Lemmas, we can give the following results.

Theorem 3.12 If A={u,, A,} is an imaginable intuitionistic fuzzy set inR Then A={x,, 4,} is an
intuitionistic (S, T)- fuzzy Hy-ideal of R if and only if the non-empty sets U (u,;t)and L(4,;t) are H-
ideal of R for every te[0,1].

Theorem 313 If A={u,, 4,} is an intuitionistic(S,T)-fuzzy ~ H, -ideal of Rthen
pn(x)=sup{a €[0,1]:xeU (u,;a)} And 4, (x)=inf{az e[0,1]:xe L(4,;a)} Forall xeR.

Definition 3.14 Let f :R — R’ be a strong epimorphism of H, -rings. If A= {,uA, AA} is an intuitionistic fuzzy

setin R’, then the inverse image of A under f , denoted by f™(A), isan intuitionistic fuzzy setinR defined
by £7H(A)=(f" (1), F7 (1))

By the above Definition, we can give the following result.
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Theorem3.15 Let f :R — R’ be astrong epimorphism of H, -ring. If A={z,, 4,} isan intuitionistic (S, T)
-fuzzy H,-ideal of R’. Then the inverse imagef‘l(A):(f‘l(yA),f‘l(/lA)) of A under f is an
intuitionistic (S, T)-fuzzy H, -ideal of R

Definition 3.16 A fuzzy set x inaset X is said to have sup property if for every non-empty subset S of X
, there exists X, € S such that

#(%) =sup ()}

Proposition 3.17 Let R and R' be two H,-rings and f:R— R’ be a surjection. If A:{,uA,/IA} IS an
intuitionistic (S, T)-fuzzy H,-ideal of R such that «, and A, have sup property, then

(i) £ (U (aa51)) =U (F (12)30);
(ii) f (L(Zit)) 2 L(f (20):t).

Proof

(i)ye f(U(mit) e f(u)(y)2t
t

& sup {u, (X))
xef(y)

< Axg e FH(y), ua (%)=t
I e F7H(y) % €U (uyt)
< f(%)=Y.% €U (ut)
o yef(U(ut))

(i) y e L(f (4)it)=  (4,)(y) <t
= sup {4,(x)}<t

xef(y)

= sup A, (x)<t Vxef?(y)

xef(y)

=xel(4,t) vxef(y)
=ye f(L(ﬂA;t))

Proposition 3.18 Let R and R' betwo H,-ringsand f :R — R’ beamap. If B:{,uB,/IB} is an intuitionistic
(S,T)-fuzzy H,-ideal of R" then

()1 (U (i) =0 (1 (1))
(i) f (L (Zit)) = L(F*(4)it).

For every t[0,1].
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Proof

(i)xeU (™ (u)it) & 7 () (x) 2t
< g (F(x)) >t
<:>f(X)eU(,uB,t)

& xef- ( (,uB;t))
(ii)xEL(f-l(zB);t)@f-( 5 )(x)<t
Alre)s

x
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