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ABSTRACT

In a Finsler space with a Finsler metric L (X,Y), the fact that the fundamental tensor field
gii (x,y) is provided as gj =(92L2/0dYdyi)/2 from the fundamental function L plays an
important role in the study of the Finsler space but is said to be not necessarily desirable
from the point of view of theoretical physics.

INTRODUCTION

Finsler space is smooth Manifold possessing a finsler Metric. Fiinsler Geometry is R-
Geometry without condition that the line element be quadratic. The purpose of the
present paper is to study some properties of generalized Finsler space and then one or our
metrical Finsler connections is used. CH-1 is devoted to the preliminaries. In CH-2 we
shall consider generalized Finsler spaces corresponding to locally Minkowski spaces. In
CH-3, we consider generalized Finsler spacer. Corresponding to Berwald spaces . And in
CH-4 we deal with a special metrical Finsler strcture and, in a generalized Finsler space
with this special metrical Finsler space with this special metrical Finsler structure, we
discuss the results obtained in CH-2 and CH-3

The terminologies and notations in the present paper are referred to Matsumoto’s book

[4].
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1. PRELIMINARIES
Let us quote the results necessary for the subsequent considerations from Matsumoto’s

book [4]. Let FI" =( jik, Nji, C ]’K) be a Finsler connection on an n —dimesional generalized

Finsler space Mn. Then, with respect to the Finsler connection FT, the h-and v-covariant
derivatives of a Finsler tensor field Tji, for example, are given by-

Tk = 8, T} + T/'Fyy — ThFy,
Tk = 8, T} + T*Cfy — TACHL,

Where 6,= 6, — N}(Si, 8 = 6/6,x and 6 = 6/8,k. And, five torsion tensor fields and three
curvature tensor fields of the Finsler connection FI" are obtained as follows:

(1.1) C}; ... (h) hv-torsion
(1.2) R}k = Aj {SkNji ... (v) h-torsion,
(1.3) T}, = Ap{Fi} ... (h) h-torsion,

(1.4) P, = 6N/ — F; ... (v) hv-torsion,
(1.5) Sjik = A(jk){Cjik} ... (v) v-torsion,
(1.6) R}, 4 = AjudSkFy; = FiFl} + CLRj ... h-curvature,
(1.7) P jx = 6k Fhj + Chy; + Chr Pl ... h v-curvature,
(1.8) Sk jix = Ay {6k Chj + CrrChic} ...v-curvature
Where A, means the intercharge of the indices j, k in the terms enclosed with the
parentheses { } and subtraction.
Hereafter, we shall deal with the Finsler connection F/ = (Fj, Ny, C},) for which the
following conditions are satisfied:
(1.9) () T, =0, (b) Sj =0,
(1.10) Ffiy' = Nf,
(1.11) (@) gijir =0 () giyji =0
A Finsler connection on Mn is called metricall if it satisfies the conditions (1.11) (a)

and (b). In order to use later on, for the above metrical Finsler connection, let us
introduce one of the Bianchi identities.

(1.12) Pjr1 = Pjipq

(1.13) A¢jiy{Cenjii + Cinr Pl — Pinii} = 0

Where Cypi = gnrCii and Peni = GnrPij-

Now introduce an identity necessary for the subsequent consideration. Applying he
Christoffel process [4] with respect to the indices j,k,h to the Bianchi identity (1.12) and
using (1.13), we have-

(1.14) 2Pinii = (Cxni + Crii) + (Cnji — Cini) jie — (Crji + Cir)jn + (Cjni — Chji )Py +
(Cijr + Cikr ) Phi = (Cienr + Crier )P
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Again we are going to determine a metrical Finsler connection FI" = (F} ]k, jik) with the
conditions (1.9) and (1.10).then, it is easily seen that—

(1.15) Cfy, = g™ (8;gnk + SxGni — 6ngji)/2

Let (Aﬁ-) be a matrix defined by—

(1.16) A} = &8/ + g7 y*8,rs

Assuming that the matrix (4%)is regular, we can consider a matrix (4}7), (pq, kj = 11,12, ...,

..., In, ..., n1, n2 ..., nn), defined by

(1.17) Ai}’ = 25"5” + 87977y 6r9ij + BiCs009*° 97 819k — 9PV 8} 81 G

Here the index o denotes the contraction by y and the matrix (B}) is the inverse matrix of
(49)

THEOREM 1:

Let Mn be a generalized Finsler space and let us assume that two matrices (A;'-) and (Agj-)

are regular. Then, there exists uniquely a metrical Finsler connection FI' = (Fj, N/, C},)

with the conditions (1.9) and (1.10).
It is given by (1.15), (1.10) and

(1-18) jik - ink [ gir(ngdsgkr - Fosr6sgjk)/2' where
(1.19) For = grj¥ji = (Bi9ik + 0 gji — 6iGur) /2
(1.20) Yijk = GrjVix = (0i9ix + 0xGji — 6 Gix)/2

And the matrix (Br ) is the inverse matrix of (A% )

In the subsequent considerations, we use the Flnsler connection given by Theorem
[.Remarksi1. In Finsler spaces, the metrical Finsler connection in theorem 1 reduces to the
Cartan connection.
I1.Exitence of a coordinate system (xi) in which gij are functions of ys only.
In this section, we shall prove the following theorem.

THEOREM 2

A necessary and sufficient condition that there exist a coordinate system (x!) for a
generalized Finsler space Mn for which the components of the metricalFinsler structure
gij are function of y; only is that

(2.1) Rijx=0
(2.2) Ruijk=0
(2.3) Chijx=o0
(2.4) Psk=0
Where Pij = girP])
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PROOF :

Assume that gj are functions of yi only in a coordinate system (xi). Then, using (1.18),
(1.19) and (1.20), we having Fj, =oand then N{ = F};,y* = 0. From this equation and (1.2),
we obtain (2.1). Using (1.6), (2.2) results at once from (2.1) and the fact that F]lk = 0. Using
(1.15), the assumption gives that jik are functions of y' only. Accordingly, using ka =0
and N/=0, we have (2.3), (2.4) is obvious b (1.4).

Next, we shall prove that converse. From (2.3) and (2.4), (1.14) gives Pj,;;=0. From this

equation, (1.7), (2.3) and (2.4), we have 6kF,§j = 0, that is, F,‘;J- are functions of position
only. Accordingly, noticing (2.1) and (2.2), we have that (1.6) reduces to-

Ao {8iFrj + FijFh} = 0.

From these facts, in the similar way to the case of a Riemannian space with zero
curvature, we get that there exists a coordinate system (X%) such that m=0. Hence we
have N?=0, so that (1.11) (a) gives that g2 are functions’ of y~*only Q.E.D

Remark 2. For the Cartan connection in a Finsler space, (2.1 ) and (2.2) implies becaue of
the identity Rp;y" = Rij, and (2.3) implies (2.4) because C;jy|, = P;jx. But in our case,
the above stated facts are noe true, since we have that Ry ¥" = Ryji + Coir T and tht
Cijklo = Pijk 1s not necessarily satisfied.

2. Acondition forF j to de functions of position only.
3. In this section we shall prove the following theorem.

THEOREM 3

A necessary and sufficient condition for the connection coefficients j"k to be functions of
position only in that the following equations are satisfied.

(3.1) P;j=0,

(8.2) Cypifj + Cprijj =0
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PROOF:

The fact that F]lk are functions of position only is equivalent to a conditions § hF]‘k = 0. And,
from (1.7), the conditions

8nFji = 0 is equivalent to —

(3-3) Prijk = —Chik|j + Chirp]l:k

Now we assume that §,Fj, = 0. Then,

From (1.4), we have p}, = 0. from this and (3.3), we have
(8-)njiki = —Chijik

Noticing p}, = 0, from (1.14) we have

(8-5)2pnjki = Ckjiln T Cikln — Cknilj — Chkilj- Chkilj — Chjilk T Cinilk
From (3.4) and (3.5),we have

(8.6) Criijn T Cikiln — Cknilj — Chkilj T Chjilk T+ Cjnik = 0

Cyclic permutations of indices h, j, k in (3.6)and summation yield
(38.7) ckjiln + Cikiln T Cknilj T+ Chkilj T Chijik + Cikik = 0

From (3.6)and (3.7), we have (3.2)

Next we shall prove the converse. Substituting (3.1) and (3.2) into (1.14), we have

Zf.’hki = Cnjilk — Cjnilk = —2¢jni|k, thus we have (3.3)equivalent to the conditions, .; =0.

hFj,
Q.E.D
Remarks 3. For the cartan connection in a Finsler space, (3.2) implies (3.1).

4. A generalized Finsler space with
gij = e*70My;;(x)
In this section, we shall consider a generalized Finsler space Mn with a special metrical
Finsler structure.
(4.1) gij = e***My;;(x)

Where o is positively homogeneous of degree o with respect to y and Yij is
Ricmannian metric of Mn. Then, the following theorem is known.
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THEOREM 4

[5], [6], Let Mn e a generalized Finsler space with gij given by (4.1). then, under the
conditions (1.9) and (1.10), there exists uniquely a metrical Finsler connection

FT FI = (F}, N, Cfy,) on M.

From (1.15), we get easily

(4.2) Cijx = (Ciguk + Ckgji — Cigir)/n
(4.3) C; = Cy;j =nbjo

THEOREM 5

With respect to the metrical Finsler connection FI' in theorem 4, the following three
conditions are equivalen
(4.4) Cijijn + Cijin = 0
(4.5) Cijin = 0
(4.6) Cyjp =0
PROOF :

Differentiating (4.2) h-covariantly with respect to xh we have
(4.7) Cijiin = (Cyngjk + Ciingji — CiinGir) /n

From this equation, we get Cjjjn + Cyjn = 2Cyjngij- Thus, (4.4) is equivalent to (4.6)
Using (4.7), we have easily that (4.5) is equivalent to (4.6).

From theorem 5, in the case of the generalized Finsler space considered in this
section, we have that the condition (2.3) (resp. (3.2) in Theorem 2 (resp. Theorem3) is
equivalent to (4.6).
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