www.ijcrt.org © 2023 IJCRT | Volume 11, Issue 4 April 2023 | ISSN: 2320-2882

IJCRT.ORG ISSN : 2320-2882

INTERNATIONAL JOURNAL OF CREATIVE
RESEARCH THOUGHTS (1JCRT)
An International Open Access, Peer-reviewed, Refereed Journal

Research On Viscoelastic Compressible Flows

Dr. Gajendra Prasad Gadkar
Associate Professor
Department of Physics

College of Commerce, arts &science, Patliputra University, patna

Abstract

In this paper, we concentrate on the compressible viscoelastic streams in three-layered entire space. We use the energy
method to find a one-of-a-kind global solution assuming minimal initial data.
The higher-order spatial derivatives of the solution's time decay rates are also obtained. if the

L'®®

initial data belong to additionally.

Introduction
In this paper, we consider the compressible viscoelastic flows
p, +div (pu) = 0,

(pu), +div (pu ® u) — pdu — (p+ A) Vdivu+ Vp(p) = adiv (pFF | (1.1)
Fi +u-VF = VuF.

The equations are considered in R®x [0, + o), where p, U € R3, F € M>3 (the set of 3 x 3 matrices with
positive determinants) represent the density, the velocity, and the deformation gradient, respectively. The
pressure P = P(p) is a smooth function of p for p > 0, FT means the transpose matrix of F. p and A denote the
shear viscosity and the bulk viscosity coefficients of the flow satisfying

u>0, 2u+31>0.

The positive parameter a represents the speed of propagation of shear waves. For system (1.1), the
corresponding elastic energy is chosen to be the special form of the Hookean linear elasticity

(84 9 1 i
W(F)EE|F| ~+~; A P(s)ds, a >0,

which, however, does not reduce the essential difficulties for analysis.
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We investigate the Cauchy problem of system (1.1) with the following initial condition:

(p, U, F)l=o = (po(X), Uo(X), Fo(X)), X € R®.
We also assume that

div(pFT) = 0, FX(0)ViF(0) = FI(0)ViF*(0).
(1.2)

It is standard that the condition (1.2) is preserved by the flow, which has been proved in Refs. 8 and 20.

For the incompressible viscoelastic fluids, there has been much important progress on classical solutions; refer
to Refs. 1,16, and 24 and references therein. However, the global existence of weak solutions to the
incompressible viscoelastic flows with large initial data is an outstanding open problem, although there has
been some progress in this direction.15,17,18 For the compressible viscoelastic flows, the local existence of a
multidimensional strong solution was obtained in Ref.7, and the global existence of a strong solution with the
lowest regularity was shown in Refs. 8 and 20.

The existence and convergence rate of the solutions is an important problem in the PDE theory. The decay rate
and 25 and references therein. However, due to the lack of dissipation on the deformation tensor F, it seems
that the approaches employed in the previously mentioned works (e.g., the Fourier splitting method22,23) fail
to apply, so far, there are few results on the large time behavior, especially about the higher-order spatial
derivatives of the solution. Recently, Hu-Wu9 proved the global existence of the strong solutions by the
standard energy method under the condition that the initial data are close to the constant equilibrium state
in H-framework. And if additionally the initial data belong to L, the optimal convergence rates of the
solutions in LP-norm with 2 <p < 6 and optimal convergence rates of their spatial derivatives in L>-norm are
obtained as follows:

I(e,v, E) (t)|l» < C(1+1) 1t 5), Vp € [2,6], (1.3)

IV (0,0, E) ()| < C(L+1) 1. (L4

In Ref. 10, by introducing a new decomposition via Helmholtz’s projections, Hu-Wu first provide an
alternative proof on the existence of global smooth solutions near equilibrium, then they obtained the
optimal L? decay rates for the global smooth solutions and their spatial derivatives for incompressible
viscoelastic fluids in the whole space RY(d = 2, 3) with additional assumptions that the initial data belong
to L and their Fourier modes do not degenerate at low frequencies. In Ref. 12, the authors established the local
and global well posedness in the L? based critical Besov space and give a time decay rate in the Besov space
framework. And in Ref. 11, the authors got the optimal time decay rate when the initial data were just small in
the critical Besov space framework.

In this paper, we first establish the global solution by the energy method (1.1) under the assumption that
the H3 norm of the initial date is small, but the higher order derivatives can be arbitrarily large. Then we
establish the time decay rates for the compressible viscoelastic flows by energy estimates and the Fourier
splitting method by assuming that the initial data belongs to L*(IR®) additionally.

Notation Throughout this paper, V' with an integer | > 0 stands for the usual any spatial derivatives of order .
When | < 0 or lis not a positive integer, V' stands for A'defined by Asu=F-1(|&su”(€)), where uis the Fourier
transform of u and F-'its inverse. We will employ the notation A < B to mean that A <CBfor a universal
constant C > 0 that only depends on the parameters coming from the problem. For the sake of conciseness, we
write I(A,B)lx == IAlx + IBlx.

In this subsection, we first reformulate the system (1.1). Without loss of generality, we assume P’(1) > 0, and
denote yo, = (P'(1)) ™. For p > 0, system (1.1) can be rewritten as
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P +pdivu +uVp = 0,
uy +u-Vu' - %(;L/\u' + (u+ A) Vidivu) + E%QV,p = aF*V,F* (15)
Fi +u-VF = VuF,
where we used the condition div(pFT) = 0 for all t> 0, which ensures that the ith component of the vector
div(pFFT) =0 is
Vi(pF*F¥) = pF*ViF* + F v;(pF¥) = pFiy;F*,
We denote

o(t,z) = P(X%tyXox) -1, v(tz) XoU (Xﬁtqum)v E(t,z): F(thvXux)
- I’

then

O +divy = mgdivfumfv 'VQ;
’Ui — puAvt — (u+ X)) Vidive+ V0 — anEfJ‘ = f, (16)
E; — Vv =YVvE —v-VE,

where

f' = aEVE* — g(0)(LAV' + (u + A)Vidivv) — v - VV' — h(0)Vig,
(1.7)

and the nonlinear functions of g are defined by

P’ (p+1)

_ 0 _
g(e) = —— h(o)= (Q+1)Pr(1)m ©(1.8)

o+1’

Without loss of generality, we will assume that a = 1 for the rest of this paper.

Our main results are stated in the following theorem.

Theorem 1.1.

Let N > 3, assume that (o, Vo, Eo) € HY(IR®). Then there exists a constant &, > 0 such that if

1(Qo,Vo,Eo)l+* < &o,
(1.9

then the problem (1.1) has a unique global solution (o(t), v(t), E(t)) satisfying that for all t > 0,
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i
2 2 2
(0,0, B) ()3~ + fﬂ (IV () s + V0 ()3

| VE ()| fys ) dr

(1.10)

2
< Cl[(ep,vo, Eo) || -

If further, (o, Vo, Eo) € LY(IR®), then

_ 342
4

HVI (QaU:E) (t)HH‘""r—E < C(]- + t) , for 1=0,1,---,N —1, (1.11)
and for 2 < p < o, there holds

] m_i,,g(lmz)
IV (0,0, B) @)l < C(L+8) 272077 (1)

especially,

3+

HVI (Qava E) (t)HLw E C(]-”Jr't)mT. (1.13)

Energy Estimates

In this subsection, we will derive the a priori nonlinear energy estimates for the system (1.5). Hence we
assume a priori that for sufficiently small 6 > 0,

VE (&) = ll(ev, B) (®)llgs < 6. @D

First of all, by (2.1) and Sobolev’s inequality, we obtain

1 3
—<o+1< —.
5 =0 S35 @y

Hence, we immediately have

la()l, (@) = Clel, 19“(e)l, h“(e)| < C for any k > 1,
(2.3)

where g, h are nonlinear functions of ¢ defined by (1.8).

We will establish the global existence of solution for the compressible viscoelastic flows. For this purpose, we
begin with the energy estimates including o, v and E themselves, the following lemma may refer to Ref. 26,
and we state the results here for the sake of convenience.
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Lemma 2.1.

| @3
If & (t) <9, thenfork=0,---, N — 1, we have
i/ (Iv%ef + [V + |V E[) dz + CllV**1al 2
dt Jgs (2.4)

2
S.; 6‘|Vk+1 (Q: v, E)HLQ:

%/, (Iv**1e* + [v*1of + [V* B[ ) dz + Ol v*2ull

v RJ

(2.5)

<8 (Iv ol + Ik +24]132 + ||V“"E||i:) ,

]
|

:f/ V. V¥ odz + C|| V| S [AvAu lv”i: +1 V"'zvl‘i-.-

I Y Too )
+ v B,

(2.6)

1 ! T 2 . 2 . 2
L/ VHly. VEEdz + IVHEl: < [VF |2 + 1V ol
ot ) 2.7)
-.-|-Vk’2'u||;,z.

Next, we will combine all the energy estimates that we have derived to prove (1.10) of Theorem 1.1.

Proof.

We first close the energy estimates at each Ith level in our weaker sense. Let N> 3 and 0 <I<m— 1 with 1
. . W& <d .

<m < N. Summing up the estimates (2.4) of Lemma 2.1 fromk =1tom — 1, since is small, we

obtain

S [ euBlhte 3 IvhlL <

U 1cim1 I+1<k<m 28)
Y IVE (e, v, B
I+1<k<m

Let k =m — 1 in the estimates (2.5) of Lemma 2.1, we have
(1 W | 2
priAd (e,v, E)|[32 + Cll V™ol
2

\ 2
<8 (Ivmels + 1™+l + IVEllz:)

(2.9)
Adding the inequality (2.9) to (2.8), we get
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d g 2 . 112
= 2 IV ewB)z+er Y vkl < s

1<k<m [+1<k<m+1

Y. Ve Bl

I+1<k<m

(2.10)

Summing up the estimates (2.6), (2.7) of Lemma 2.1 from k =1to m — 1, respectively, and combining the
results, we have

a4 > f (VFv - Vo4 VE Ty . VEE) dz + Oy
dt | o1 IR 2 (2.11)
> Ve, By
[+1<k<m
< 6'.1 ( Z ”Vk (Q, E)“le -+ Z | Vk‘ lv'i'z) A
I+1<k<m I+1<k<m+1

Multiplying (2.11) by 2czscs, adding it to (2.10), since 6 > 0 is small, we deduce that there exists a constant Cs >
O suchthatfor0<l<m-—1

d

dt

Z “vk (Q~ v.E)II;)‘: A E E"_é Z / (Vkl" vk*ly* V‘.‘«lv. vkE) d.t}
[<k<m Cs 1<k=<m-1YR’

+C‘5{ Y v eB)lE+ Y IFV*‘u'iz}so. (2.12)
I+1<k<m I+1<k<m+1

Next, we define &™ (t) to be C; ' times the expression under the time derivative in (2.12). Observe
that since & is small, & (t) is equivalent to ||V’ (g.v, E)(t) |H“ i, that 1s, there exists a constant Cs >0
such that for0 <7< m— 1

v (o, v, E)(t)||';’,,.. r < ™ (t) < CsllV (o, U,E)(t)lli,,,. (2.13)
Then we may write (2.12) as that for 0 <1 <m—1

(e, v, B) (D)llzs S & (B) < & (0) S [l(e0s v0, Eo) s+ (214)

Taking I =0 and m = 3 in (2.14), and then integrating directly in time, we get
[(2,0, B) ()13 < &' (8) < & (0) < |[(e0s v0, Eo)ll3s- (2.15)

By a standard continuity argument, this closes the a priori estimates (2.1) if we assume that |I(go,vo,Eo)ll2H:<d0 is

sufficiently small. This in turn allows us to take | =0 and m = N in (2.14), and then integrate it directly in time
to obtain
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2 t 2 2
|(Q,U,E) (t)”;{-\"Jf'f(, IVQ(T)|H,\'1 +”VU( ) H\ "'HVE( )HH-" vdT

< Cl|(gy; vo, Eo)|jg»-

This proved (1.10).
Convergence Rate

In this section, we shall prove the decay rates of the solution stated in Theorem 1.1 under additional
assumptions that the initial data belong to L. In Ref. 9, the authors proved the following lemma, which utilizes
the decay-in-time estimates for the linearized system to control the first order derivatives by the higher order
derivatives.

Lemma 3.1.
Let (o, v, E) be the solution to the initial value problem (1.6), under the

2 m——
assumption \r’ é?) (t) - ”(QsU:E) (t)|EH2 S 6’ then we have

IV (e, B)llx < CU+1)7% (Ko+8,/N (1)),

(3.1)

Ko = ||(g0>v0, Eo) | ping2s N (£) = sup (1+7)7 ||V (0,0, E) (7)]| 31 -

where O<7<
Now, we first establish the following time decay rates for the compressible viscoelastic flows (1.6).
Lemma 3.2.

Under the assumptions of Theorem 1.1, the global solution (o, v, E) of problem (1.6) satisfies

HVI (0,v, E HHN—I <C(1+ t) , forl=0,1.
(3:2)
Proof.

! 2

Adding IV (e B) )22 g oy s of (2.14) gives

d 2

8T )+ 0T (1) < V! (0,v, E) (t)|72. 3
Takingl=1and m =N in (3.3), we get

d

6N () +CEY () < |V (e, B) ®)l3- g

It follows from the Gronwall inequality and Lemma 3.1 that
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t
éalN (t) S éalN (0) emCt + /[} emC(tmT) HV (Qava E) (t) H?der

(3.5)

t
<& (0)e ™ + Cf e~ Ot (K[? +6°N (1)) (1+ ’r)“%d’r
0

i
<& (0)e % +C (K2 +6°M (t)) / eCt=7(1 4 1) 2dr
0

<EN(0)eCt+ C (K2 +6°M () (1+1):

<C(KX+6M (1) (1+1) 2,
where
M(t) = sup (1+18)2&" (1)

O<r<t and we have used the fact

ey ar

= [y eI+ r) i dr+ [L e (14 1) Tdr

o
e 2

VAN

jf (1+7)2dr+ (1+1) E fi: e Ct-"dr
<C(1+1t)>.

Based on the definition of M(t) and (3.5), we get

M(t) < C(K3+8M(t),

which implies
M(t) <C, (3.6)
since 6 > 0 is sufficiently small.

Hence, we have the following decay rates

IV (0,0, B) (£)|| vt < C(1+18)" 5 @D
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which together with (1.3) implies (3.2).

Lemma 3.3.

Under the assumptions of Theorem 1.1, the global solution (p, v, E) of problem (1.6) satisfies

3+21
IV (0,v, E) (t)|| gyt < C(1+1t)" « ,forl=0,1,-N-1. 38)

Proof.

We are ready to prove (3.8) by induction. When | = 0, 1, the inequality (3.8) has been established in Lemma
3.2. Suppose (3.8) holds for the case | =k — 1,and k=2, 3, - - -, N — 1, that is

14-2k

Hvkml (0,v, E) (I'E)HHN—’“+I <C(1+t) 7. @9

We need to show (3.8) holds for | = k. Let | = k and m = N in the estimates (2.14), we have

d N

2 : 2 . 2
= & (t) + |Vk"'1g||H.v k-1 + ”VA'IUHH\' k + ||Vk'1EHHN w1 = 0. (310

\vias! E)(t 22
Adding“ (Q )()”L

d N - 2 oz o0 1 12
= "kN (¢)+C (”VL Yo, E) (t)“L’ + | V¥ || s + I\ IUHHN :

to both sides of (3.10) gives

| : (3.12)
+ |Vk*1EHi,N-k-x) <0.

As in Ref. 21, we define

1
_ 3 . a 2
sw={ecr 1< ()"}
for a constant a that will be specified below. Then

2 ~ -
V¥ ol = foo 167562 dE > foa o [€2*FV]6]%dE

> 155 Jpss 167|017 d€

> 1 Juo €10 PdE — = [ 1674 lo e
a ~ ﬂ? - -

Z 14t f]R3 |§|2k|9|2d£“ W f]]g3 |£|2(k 1)|Q|2d§-

Thus, we have
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2
2 a 2 a 2
\Viias PR [ VEolle — —|V*¥ |72 @12)
V4ol 2 V¥l = IV el
Similarly, one has
Ive1El?, > VFE|, — —Iivk B, s
1+t (1+1t)?
\viaat I w10l
’ULz_ ’ULzmiv ’ULz (3.14)
(1+1¢)
Summing up the estimates (3.14) for k from k to N, one has
ket 2 & ok |12, . _ a? ,:2 Nk
v l’UHH."k = 1+t|‘V Ul Nk (1+t) HV vl g vk, (3.15)

Substituting the inequalities (3.12), (3.13), (3.15) into (3.11), and applying Lemma 3.2 and (3.9), we have

L8 )+ 22 (IV* (e, B) @72 + V% (0, B) ()l w-v-1 + 95+ oll g )

< G (IV* (0, B) ()72 + 7ol gns)

(lt

5-+2k

<o+t T,

where we

have used

k+1 2 k 2
15[V (0 B) () |[grss < [V (0 B) () grvs1

2 <1
for some sufficiently large time t>a — 1, such that 1+t
é'akN (t)r
This, together with the definition of implies that
d Ca _n _ 542k
& & (t)<C(1+t) =z . Q16

& O+ & B <o+
Choosing

k+2

C

and multiplying both sides of (3.16) by (1 + t)<*2, we get
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Llaroi2ad @) < ca+97F . en)

Integrating (3.17) from O to t yields

K 2 —75 (318)
HV (9: U, E) (t)“H“‘k < C(l + t) .

Hence, we have verified that (3.8) holds on for the case | = k, this concludes the proof of lemma.
With Lemma 3.2 and Lemma 3.3 in hand, we are ready to prove Theorem 1.1:
Proof.

With the help of Lemma 3.2 and Lemma 3.3, it is easy to obtain the conclusion (1.11). As for (1.12),
by (1.11) and the Gagliardo-Nirenberg inequality,

0
IVvmulle < ClIV™ullzznuniz?, L—m = (2-m)o+3(1-0),

the claim follows.
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