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Abstract

In the present paper we review some iterative methods for solving initial value problems of ordinary
differential equations. The numerical methods are compared in terms of their convergence, accuracy and
efficiency. Differential equations are one of the most important mathematical tools used to model physical
and biological processes. Numerical methods are an important part of solving differential equations that
arises from real-life situations, most especially in cases when it is difficult to obtain exact solutions by

conventional methods.
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1. Introduction

In recent years, a large number of iterative methods suitable for solving differential equations has
been proposed. The approach for solving differential equations based on numerical approximations was
developed before the existence of programmable computers. It is the province of numerical analysis to
study and implementation of such methods. The development of numerical methods for the solution of
initial value problems in ordinary differential equations have attracted the attention of many researchers in
recent years. Notable are the 1883 paper of Bashforth and Adams [2] and the 1895 paper of Runge [3].
These two papers generate the general initial value problem in much the same form. That is, given a
function f(x, y) and the initial value y, corresponding to a solution at x,, we try to evaluate numerically

the function y satisfying

Y'(@) =f(xy(),  yo) =, 1)

The approach is to extend the set of x values step-by-step for which an approximation to y(x) is known.
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2. Preliminaries
In this section we discuss some of the basic definitions and results of numerical analysis [7-8].
Definition 2.1

The difference between exact solution y(x;) at x = x; and the solution y; determined from numerical

method is called local truncation error. We have,

I3l = y(xp) = ; @)
Definition 2.2
If the cumulative effect of all errors, including round-off error is bounded, independent of the number of
mesh points then a method is called stable.
Definition 2.3
A general single-step method can be written in the form

Vi+1 — Y = hd(x;, v, h) (3)
Definition 2.4
The largest integer p such that

[R=2T;|| = 0(hP) (4)
Definition 2.5

A single step numerical method (3) is said to be consistent if

$(x,y,0) = f(x,y) ()

Definition 2.6
A single step method (3) is said to be regular if the function ¢(x,y, h) is defined and continuous in the

domaina <x <b, —»o <y'<o,i=123,...,n,0 < h < hy and if there exist a constant L such that
IdCe, v, h) — ol y", Wl < Llly — y~lI (6)

Theorem 2.7
Suppose the single step method (3) is regular. Then the relation (5) is a necessary and sufficient condition

for the convergence of the method defined by (3).
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3. The theory of Runge-Kutta methods.

Following the important work of Runge and of Adams , the further contributions to what is now
known as the Runge-Kutta method, by Heun [1] and Kutta [5]. Runge-Kutta methods are one step in the
view that result computed at the end of step is dependent only on the result given at the end of previous
step. So, if y,, is a calculated approximation to y(x,,), then y,, will we of the form

Yn = Yn-1 +h X, biGy,
Where the terms G; ,i = 1,2, ..... k are the derivatives derived from approximations Y; ,i = 1,2, .....k to
the solutionsat x,_; + h¢; ,i =1,2,.....k . thatis,
Gi=f(xp_1+hc ;) ,i=12,....k
For the differential equation (1). The values of Y; ,i = 1,2, ..... k are computed from the equation
Yi=Yn-1 +h¥ia;G , i=12, ...k,
So, the components of the vector c are related to the elements of the matrix A by,
c; = Z§=1aij ,i=12,....k.
The number of iterations k is the number of vectors Y needed to compute the solution in this form of
method.

The characteristic coefficients of Runge-Kutta method are displayed in following table

1 a1 A2 . Qg

&) a1 Gz ... Qg

Ck Ap1 Ak ... Agg
b; b, .. by

The fourth order method proposed by Kutta became very popular and it is entitled as ‘The Runge-Kutta
method’.

For verification of order of these and other Runge-Kutta methods it is necessary to expand the
computed and exact solutions in powers of h and to check that the terms up to and including those with an
exponent p agree with each other. It can be proved that the exact solution for (1) near an initial point

(%0, Yo) 1S given by expansion

Y@+ ) = Yo+ A+ OGSO+ FFON+ S G S )+
3G(F, D)+ GG+ G F ) + 0k, (7)

where f = f(vo) , f'=f'Wo), " =F"Wods £ =" (o)
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on other side, the Taylor series expansion of the numerical solution computed by an explicit Runge-Kutta

method with k = 4 is equals to

hz
yl = YO + h(b]_ + bz + b3 + b4)f + 7(192(:2 + b3C3 + b4C4)f,(f)

h3 114 ! !
+?(2(b20§ +b3cg + bacHf" (f, f) + (b3as2cy + ba@uzcy + byagsca)f' (f (f)))
4
+:_4(6(b2‘3§ + b3cd + bac)f"'(f f, ) + (b3a3202C5 + baayrcocy +

b4a43‘33C4)f”(f'f'(f))
+(b3asych + byagcs + b4a4203%)f’(f”(f' f))
+bsaszaz, cof (f' (f' () + 0(h°) (8)

By Comparing (7) and (8) shows that agreement up to h* terms hold iff

b1+b2+b3+b4=1,

bycy + bscs + bycy = % ,

bZC% + b3C§ + b4cf = %

bsasz;¢y + baQyrCy + baayscs = %

b,c3 + bsci + buc :i

b3a35C2C3 + DyGarCrCy + Dyay3C3Cy = g

2 2 2 1
bzasycy + baayrcy + byayycs = r

baac—i
404303202 = 7

To get the classical fourth order method, it is easily seen to satisfied by the values

1
21 =032 = C=C3 =75,

A31 = Q41 = Ay = 0,

a43=C4_=1,

Explicit methods have as high as order 10 but this tends to increasingly more stages. For a reference, for

p =5,k = 61is necessary and for p = 8,k = 11 is required. For Implicit methods relation between p and
IJCRTL020078 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | 269



http://www.ijcrt.org/

www.ijcrt.org © 2022 IJCRT | Volume 10, Issue 2 February 2022 | ISSN: 2320-2882

k is simple as compare to explicit methods. That is V k € Z* there is an implicit Runge-Kutta Method

having order p = 2k (but not higher).

4. Method based on Taylor series.
J. Sunday et.al. [4] developed one-step scheme for the solution of initial value problems of first
order in ordinary differential equations by using combination of interpolating function and Taylor series.

The numerical discussion begins by interpolating power series

y(x) =YL a;x' + aze™ (9)

With integration interval of [a, b] inthe forma = xy < x; <...< x, < X471 <...< xy = b with step size
hgivenby h = x,,,1 — x,, suchthatn =1,2,....., N — 1.
Which yields to

Yn+1— Yn = hfp +[A+ (e_h m 1)]nt (10)
5. Conclusion:

In this short review of iterative methods for ordinary differential equations, it has been possible to

mention only a few aspects of this very active research area.
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