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onto Riemannian manifolds. The geometry of leaves of distributions which are associated with
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v-semi-slant submersion.

Key words and phrases: Kéhler manifolds, Riemannian Submersions, Pointwise v-semi-slant
submersions.

2010 Mathematics Subject Classification: 53c15, 53C26.

IJCRT2302674 | International Journal of Creative Research Thoughts (IJCRT) www.ijcrt.org | f427


http://www.ijcrt.org/

www.ijcrt.org © 2023 IJCRT | Volume 11, Issue 2 February 2023 | ISSN: 2320-2882

Introductions

In differential geometry, the notion of Riemannian submersion was first studiedby O’Neill
[14] and Gray [6]. Watson defined almost Hermitian submersions between Hermitian manifolds
and he also showed that the base manifold and each fiber have the same kind of structure as the
total space in most case [25]. Recently, according to the different conditions on Riemannian
submersion, many authors have carried out several studies (like [8], [9], [10], [15], [17], [18],
[19], [21], [22]). Lee and Sahin investigated pointwise slant submersions [11]. As a
generalization of slant submersions, Sepet and Bozok defined pointwise semi-slant submersions
from Hermitian manifolds onto Riemannian manifolds [23] and pointwise bi-slant submersions
in [24]. Also, in [16], Park studied v-semi-slant submersions from Hermitian manifolds onto
Riemannian manifolds and obtained some characterizations.On the other hand, it is well known
that Riemannian submersions are related with physics and have their applications in the Yang
Mills theory [4], Kaluza Klein theory [5], supergravity and superstring theories [7] etc. Some
other applications of Riemannian submersions are statistica machine learning process, medical
imaging [13], statistical analysis on manifolds [3] and robotic theory [1].

In this paper, we study pointwise v-semi-slant submersions from almost Hermitian
manifolds onto Riemannian manifolds. We investigate the integrability of distributions and the
geometry of fibers. Also we obtain necessary and sufficient conditions for such maps to be
totally geodesic and provide an example ofsuch submersion.

Preliminaries

Let M be an even-dimensional differentiable manifold. Let J be a (1,1) tensor field on M
such that J2 = —I, where | is identity operator. Then J.is called an almost complex structure on
M. The manifold M with an almost complex structure J is called an almost complex manifold
[26]. It is well known that an almost complex manifold is necessarily orientable. Nijenhuis
tensor N of an almost complex structure is defined as:

N(XliXZ) = [IXDJXZ] - [XliXZ] _][IXIrXZ] _][Xl']XZ]!
for all X, X, eI’(TM).

If Nijenhuis tensor field N on an almost complex manifold M is zero, then the almost complex
manifold M is called a complex manifold.

Let g, is a Riemannian metric on M such that

In(X1,1X3) = gu(Xy, X2), (2.1)
for all Xy, X,el'(TM).
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Then g,, is called an almost Hermitian metric on M and manifold M with Hermitian metric g,,
Is called almost Hermitian manifold. The Riemannian connection V of the almost Hermitian
manifold M can be extended to the whole tensor algebra on M. Tensor fields (Vy,J)Y; is defined
as

(Ve ))Ya = Vy,JY; = JVy, Vs, (2.2)
forall Y1, Y,eI'(TM).
An almost Hermitian manifold (M, gy, ) is called a Kéhler manifold if
Then (M, gy, J) is said to be an almost Hermitian manifold, and if

(Vx,) X2 = 0, (2.3)

for all X3, Xo€I'(TM), then (M, gy, J)is said to be a K&hler manifold, where V is the Levi-Civita
connection on M.
Let F: (M, gy) — (N, gn) be a Riemannian submersion ([12], [20]). Define O’Neill’s tensors
T and A [14] by

AE1E2 = 'H VHE:LVEZ + \ VHEllHEz, (24)
TE1E2 = ’HVVE1VE2 + VVVEllHEz, (25)
for any E;, Exel’(TM).

It is easy to see that Ty and Ag are skew-symmetric operators on the tangent bundle of M
reversing the vertical and the horizontal distributions. From equations (2.4) and (2.5), we have

Vi Xy = Ty, Xy + VVg Xy, (2.6)
VxZy = Ty, Zy + HVy Zy, (2.7)
V2 X, = Az Xy + VVz X, (2.8)
V2.2, = Az Zy + HVy Z,, (2.9)

for all X;, XzeI'(ker F,) and Z1, ZoeI'(ker F,)*, where 'HVx Z1 = Az Xy, if Z; is basic. Let

(M, gy) and (N, gy) be Riemannian manifolds and F: (M, gp)—(N, gy) be a C*-map then the
second fundamental form of F is given by

(VF.) (X1,X;) = Vi,F. (Xp) - F.(V¥,X2) (2.10)

for X1, Xoe'(TM), where V¥ is the pullback connection, and V is the Riemannian connections
of the metric gy.

In addition, a differentiable map F between two Riemannian manifolds is totally geodesic
[2] if

(VF,)(X1,X,) =0, (2.11)
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for X1, X,eT'(TM).

Lemma 1. [2] Let ((M,g,) and (N,gy) are Riemannian manifolds. If F. (M, gy) —
(N, gy) be a Riemannian submersion, then for any horizontal vector fields Y;, Y, and vertical
vector fields W;, W,, we have

i) (VFEOM,Y;) =0,
(ii) (VF*)(Wsz) = —F*(TW1W2) = —F*(lewz),
(i)  (VF) (Y, W) = _F*(AY1W1) = —F*(Vylwl)-

Pointwise V-semi-slant submersions

In this section, pointwise v-semi-slant submersions from an almost Hermitian
manifold (M, g,,, /) onto a Riemannian manifold (N, gy) is defined and studied.

We now present the notion of pointwise v-semi-slant submersions as follows:

Definition 1.A Riemannian submersion F: (M, gu,J) — (N, gy) is called apointwise v-semi-
slant submersion if there is a distribution I'"(kerF,)* such that

(kerF)' = D;®D,,  J(D;) =Dy,

and for peM and Ze(D,)p, the angle 6=0(Z) between JZ and the space (D,)p is independent of
the choice of the nonzero vector Z, where D, is the orthogonal complement of D; in
(ker F,)*. The angle 0 is called pointwise v-semi-slant function of the slant submersion.

Let F be a pointwise v-semi-slant submersion from an almost Hermitian
manifold (M, g,,, /) onto a Riemannian manifold (N, g5)- Then, we have

TM = (ker F,)®(ker F,)*. (3.1)
Further, we put
Z, =PZ, +QZ, (3.2)

for any vector field Z, eI'(kerF,)*, where P and Q are projection morphisms of T'(kerF,)*
onto D;and D,, respectively.

For U eI"(kerF,)*, we get
JU=BU+CU (3.3)
where BU eI'(kerF,) and CUeI'(kerF,)*. Also, for any WeI'(kerF,), we have

JW = ¢W + oW (3.4)
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Where ¢pW eI'(kerF,) and wW eI"(kerF,)*.

Lemma 2. Let F be a pointwise v-semi-slant submersion from an almost Hermitian
manifold (M, g,,, /) onto a Riemannian manifold (N, gy). Then, we have

$2Z, + BwZ, = —Z;, 0odZ, + CoZ, = 0,
(A)BZZ + CZZZ = _Zz, (I)BZZ + BCZZ =0
for any Z, eI'(kerF,) and Z,eI'(kerF,)" .

Proof. With the help of equations (3.3), (3.4) along with the condition J2 = —I we obtain the
Lemma 2.

Lemma 3. Let (M, g, /) be an almost Hermitian manifold and (N, gy) Riemannian manifold.
F: (M, gu.]) — (N, gy) is a pointwise v-semi-slant submersion ifand only if

C?V = —(cos?06)V,
for Vel'(D,).

Proof.The proof of Lemma 3 is the same as that one for v-semi-slant submersion see proposition
(3.5) and remark (3.6) of [16]. So we omit it.

Lemma 4. Let F be a pointwise v-semi-slant submersion from a K&hler manifold (M, g,,, /) onto
a Riemannian manifold (N, gy). Then, we have

V'V, 0V + TyoVy = ¢VVy Vo + BTy Vs, (3.5)
Ty, 0V + HVy V3 = oVVy Vot CTy Vs, (3.6)
VVy, BY, + Ay, CY, = ¢pAy, Y, + BHVy. Y, (3.7)
Ay, BY, + HVy CY, = wAy, Y, + C'HVy, Yy, (3.8)
VVy,BX; + Ty, CX, = ¢pTy Xy + BHVy Xy, (3.9)
Ty, BX; +HVy CX; = Ty X, + CHVy Xy, (3.10)
VVy, ¢U; + Ay, wU; = BAy, Uy + ¢pVVy Uj, (3.11)
Ay, dU; +HVy wU; = CAy Uy + wVVy, Uy, (3.12)

for any Uy, V, e'(kerF,) and X, Y, eI'(kerF,)™b).
Proof. By equations (2.6)-(2.9),(3.3) and (3.4), we get equations (3.5)-(3.12).

Now, we define
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(Vu, @)Uy = VVy ¢U, — ¢pVVy Uy, (3.13)
(Vy, 0)Uy = HVy, wU, — wVVy, Uy, (3.14)
(Vy,C)Vo = 'HVy, CV, — CHV, V,, (3.15)
(Vy,B)V, = VV,, BV, — BHV,.V, (3.16)

for any U, U, eI'(kerF,) and V;,V, eI"(kerF,)%).

Lemma 5. Let F be a pointwise v-semi-slant submersion from a Ké&hler manifold (M, g,,, /) onto
a Riemannian manifold (N, gy). Then, we have

(Vy,¢)U; = BTy Uy — Ty, wUs,

(Vy,w)U, = C1y Uy — Ty ¢U,,

(Vy,C)V, = wAy,V, — Ay, BV,,

(Vy,B)V, = @AV, — Ay, CV,
for any U, U, eI'(kerF,) and Vy,V, eI"(kerF,)*.

Proof. On the account of equations (3.5)-(3.8) and (3.13)-(3.16), we obtain required result of
Lemma 5.

Consequently, if ¢p and w are parallel tensor w.r.t. Levi-Civita connection V defined on M, we
get

BTU1U2 = TUla)Uz, CTU1U2 - TU1¢U2,
for any U;, U, eT"'(TM).

Theorem 1. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, gy, J)
onto a Riemannian manifold (N, gy). Then, D is integrable if and only if

w(Ax JXo — Ax,JX1) = C(HVy,JX; — HVx JX;),
fOI‘ Xl’ XZ EF(Dl)

Proof. For X;, X, €I'(D;) and Z; eI'(D,), using equations (2.1), (2.3), (2.9), (3:3) and (3.4), we
have

g (X1, X21,Z0) = gu(VxJX2.7Z1) — gu(Vx,JX1,]Z4),

au (X1, X:1.21) = gu(w(AxJX; — Ax,JX1),Z1) —
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gu(C(HVy, X1 — HVx JX5),Z1),

which completes the proof.

Theorem 2. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, gy, J)
onto a Riemannian manifold (N, gy). Then, D, is integrable if and only if

gu(Az,BZ, — Az,BZ,,]V;) = gu(Az,BCZ, — Az BCZy, V),
forZ,,Z,el'(D,) and V; €T"(D;).
Proof. For Z,,Z,I'(D,) and V; eI"(D;), we have
In(1Z1, 20 V) = gu(VzJ)Z2,JV1) = gmu(Vz,J X1, JVA),
9uZ1,Z,1,Vy) = cos?0gy([Z1,Z,], V1) +
gM(AleZZ - AZZBZ1»]V1) -

9u(Az,BCZ, — Ay, BCZy,V,).

Now, we have
sin?0gy ([Z1,2;1, V1) = gu(Az,BZ; — Az,BZy,JV1) —
gu(Az,BCZ, — A; BCZ,,V,),
from above the proof is completed.

Theorem 3. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, g, /)
onto a Riemannian manifold (N, gy). The distribution (kerF,)* becomesa totally geodesic
foliation on M if and only if

sin?0gy ([Xy, U], X3) — cos?0 gy (HVy, PXy, X;)
= —gu(HVy JPX1, X5) — g (HVy JPX1, X5) — gu(VVy, BQXy, BX,)
—gu(Ty,BQX1, CX3) + gu(Ty,BCQXy, X;) + sin20U,[0]gy (QX;, QX3),
for U, eI'(kerF,) and X;, X, T"(kerF,)*.
Proof. For U, eI'(kerF,) and X;, X, eI"(kerF,)*, using equations (2.1), (2.3),
(2.6), (2.7), (3.2), (3.3), (3.4) and Lemma 3, we have
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Iu(Vx, X2, Ur) = —gu([X1, U], X3) — g (Y, X1, X3),
= —gu (X1, U1], X3) — gu(Vu,JPX1, JX;)
—9u(Vu,BQX1,] X;) + gu(Vy, BCQXy, X;)
—c0s20 gy gu(Vu,QX1, X;) + sin20U,[0]gy (QX;, QXy).
Now, we obtain
sin?0gy (Vx, X2, Uy)
= —sin?0gy ([X1, U;], X3) + cos?0 gy (HVy, PX1, X;)
—9gu(HVy JPX1,X;) — gu(Ty,JPX1, X;) — gu(VVy, BQX,, BX;)

—gu (Ty,BQXy, CX3) + gu(Ty,BCQX,, X;)
+sin260U,[0]1g,,(QX;, QX,).

Theorem 4.Let F be a pointwise v-semi-slant submersion from a Kéhler manifold (M, gy, /)

onto a Riemannian manifold (N, gy). The distribution (kerF,) becomesa totally geodesic
foliation on M if and only if

Iu(VVx, X2, BCZ1) = gu(VVx, $X2, BZ1) + gu(Tx, wX2, BZ1),
for X;, X, e'(kerF,) and Z; eI"(kerF,)".
Proof. For X;, X, eI"(kerF,) and Z, eI'(kerF,)*, using equations (2.1), (2.3),
(2.6), (2.7), (3.3) and Lemma 3, we have
QM(VX1X2»Zl) = gM(VXl,,XZ:]Zl):
In(Vx, X2, Z1) = gu(VVx,¢X5, BZ1) + gu(Tx, wX5, BZ: )
+cos?0gy(Vx, X2, Z1) — gu(VVy, X5, BCZy).
Now, we get
sin®0gy(Vx,X2,Z1) = gu(VVx, X2, BZ1) + gu(Tx,0X,, BZ;)
—gu(VVx, X5, BCZy).

Theorem 5. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, gy, J)

onto a Riemannian manifold (N, gy). The distribution D, becomesa totally geodesic foliation on
M if and only if
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9u(Av,JVa, BZ1) = gu(Av,V2, BCZy),

gu(Av Vs, 0X1) = —gu (HYy Vs, 0X1),

forV,,V,el'(D,), Z, €I'(D,) and X; eI"(kerF,).

Proof. For V;,V,eI'(D,), Z;€I'(D,) and X; I'(kerF,), using equations (2.1), (2.3), (2.9), (3.3)
and Lemma 3, we have

gM(Vvlvz»Zl) = gM(VVl,,VZrBZl) - gM(VV1V2: CZZ1) - gM(VleZ,BCZl),

= gu(Ay,JV2, BZy) + cos?0gy/ (Vy, V2, C?Zy) — gu(Ay, Vs, BCZy).

Now, we get
sin?0gy(Vy,Vo,Z1) = gu(Av,J V2, BZy) — gu(Ay, Vs, BCZ,).
Now, again using equations (2.1), (2.3), (2.9) and (3.4), we have
(Vv V2, X1) = gu(Vy g Vo, JX1),
= gM(VVJVz» ¢X1) + gM(VVJVZr wX1)
= gu(Av, IV, dX1) + gu (HYy SV, 0X).
this completes the proof.

Theorem 6. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, gy, /)
onto a Riemannian manifold (N, gy). The distribution D, becomesa totally geodesic foliation on
M if and only if

Iu(Aw,BWy,JX1) = gu(Aw, BCW,, Xy),
sin®0gy ((Wh, X,1,W,) = —gu(Tx, BWy, CW,) — g (VVx, BW1, BW,) +
sin20X,[01gy (W1, W) + gu(Tx, BCW,, Wy),
for Wy, W, el’(D,), X, €I'(D,) and X, eI"(kerF,).

Proof. For W;, W, eI'(D;), X;eI'(D;) and X, eI"(kerF,), using equations (2.1), (2.3), (2.8), (3.3)
and Lemma 3, we have

Iu (Vw,Wa, X1) = gu(Vw JWa,JX1),

— 2
= gu(Vi, BW,, ] X1) + cos20 gy (Vi Wa, X1)
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— g (Y, BCW,, Xy ).
Now, we have
sin®0 gy (Y, Wa, X1) = g (Aw, BW2,JX1) — gu(Aw, BCW,, Xy ).
Next, from equations (2.1), (2.3), (2.6), (3.3) and Lemma 3, we have
gM(VW1W2:X2) = _gM([Wsz]:Wz)—QM(VXZWpWz)
= _gM([WLXZ]rWZ)_gM(vXZBWL]WZ)
—cos20gy (Vx, Wy, W,) + sin20X,[01gy (Wi, Wy)
+gu(Vx, BCWy, Wy).
Now, we have
sin®0gy (Vi Wy, X,) = —sin?0 gy (W, Xo1, W) — gu(Tx, BWy, CW,)
—gu(VVy, BW;, BW,) + sin260X,[01gy (Wy, W,)
+ gy (Tx, BCW,, Wy).

Theorem 7. Let F be a pointwise v-semi-slant submersion from a Kahler manifold (M, gy, /)
onto a Riemannian manifold (N, gy). Then, F is a totally geodesic mapif and only if

CTy, Y2 + wVVy @Y, + C'HVy @Y, + 0Ty, wY, =0,
C'HVy JW; + wTy JW; =0,
CTy,BV; + wVVy, BV, + Ty, BCV; — cos*0'HVy V; + sin26Y,[0]V; = 0,
for W, el'(D,), V,el'(D,) and Y;, Y, eI'(kerF,).
Proof. Since F is a Riemannian map, we have
(VF.)(Z1,Z,) =0,
forZ,, Z, eI’ (kerF,)").
For Y3, Y, eI'(kerF,), using equations (2.3), (2.6), (2.7), (2.10), (3.3)and (3.4), we have
(VF*)(YL Yz) = —F*(Vylyz),
= —F.(JTy,¢Ys + JVVy, dY2 + JHVy, 0¥ 2 + Ty, 0Y2),

== —F*(BTY1¢Y2 + CTY1¢Y2 + ¢VVY1¢Y2 + (I)VVYld)Yz
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+B'HVy, 0¥, + CHVy, 0¥, + ¢Ty, 0¥, + Ty, w¥y).
For Y; eI'(kerF,) and W, eI"(D, ), using equations (2.3), (2.7), (2.10), (3.3) and (3.4), we have
(VEO(Yy, Wy) = —F.(Vy, W),
= F,(BHVy JW; + C'HVy JW; + ¢Ty JW; + wTy JW;).

For Y; el'(kerF,) and V; €I'(D,), using equations (2.3), (2.6), (2.7), (2.10), (3.3) and Lemma 3,
we have

(VF*)(Y]_, Vl) = —F*(Vyl Vl)'
== F* (BTlevl + CTlevl + d)valBVl + G)VVlevl
+TY1BCV1 + valBCV]_ - COSZGIHVY:LV]_

—cos*0Ty, Vs + sin20Y;[6]V;).

Example

Let R25 be Euclidean space. Let (Y, Y5, ... ........ Y51, Y55) be the coordinates of R25. Define an
almost complex structure J on R?* as follows:

d d d
](a16_Y1+ aza—yz-l-.. ¥ ks a25_1m+ aZSaTZS)
0 N d d b, d
= —a, oY, aq o, e — Ao ETA Ars—1 oY,
where ay, a,, ... ..... ays_1, azsare C®-functions on R2.
Example 1. Define a map F: R® — R?
F(y1,¥2, ety Vo) = (y15in < +y3c0s <, y,)
which is a pointwise v-semi-slant submersion such that
I'(kerF,) =< ] 0o 0 9 9 >
* = x A, M ) ) ) )
. 5% oy, "7 4y, oy, av. oy,
(kerF,)) =< sin « 9 + cos « 0 0 >
r * = Avs A, Ay )
e sin 3v; cos oY, 3,

(kerF)') = D;®D,,
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where

o 0 ) a 9
Dy =<—,—>, D, =< c0S X — — Sin K —,— >,
17 oy’ oy, ' 2 oy, aYs ' 9Y,

Thus is a pointwise v-semi-slant submersion with slant functions 6=c.
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